UMCLASSIFIED 


P-Ojinr-  1  — 'trm 


AD 


v276  747 


HeoAoduced 
ku  ike. 

ARMED  SERVICES  TECHNICAL  INFORMfflON  ACENCY 
iiRLINGTON  HALL  STATION 
ARLINGTON  12,  VIRGINIA 


NOTICE;  When  government,  or  other  drawings,  speci¬ 
fications  or  other  data  are  imefl  for  any  purpose 
other  than  in  connection  with  a  definitely  related 
goverrunent  procurement  operation,  the  U.  S. 
Government  thereby  incurs  no  responsibility,  nor  any 
obligation  what soever 5  and  the  fact  that  the  Govern¬ 
ment  may  have  formulated,  fUmished,  or  in  any  way 
supplied  the  said  drawings,  specifications,  or  other 
data  is  nob  to  be  regarded  by  implication  or  other¬ 
wise  as  in  any  wanner  licensing  the  holder  or  any 
other  person  or  corporation,  or  conveying  any  rights 
or  permlsRlon  to  marmfacturo,  use  or  sell  any 
patented  invention  that  may  in  any  way  be  related 
thereto. 


276  747 


MEASUREMENT  OF  TEMPERATURE,  SALINITY,  AND  VELOCITY  OF  WATER 
^  0)  THROUGH  ELECTROLYTIC  CONDUCTIVITY  MEASUREMENTS 


by  L.L.  Higgins 


Technicel  Report  No.  3609‘01I000«RU>000 
15  Morch  1962 


Prepared  Under  Office  of  Naval  Research 
Contract  Nonr  3474  (oo),  NR  062  276 


SPACE  T  E  C  H  N  E  O  G  Y 

A  SUDSir.  |A»Y  0»  IMOMPS 

8433  FALLHROOK 


LABORATORIES,  INC. 

H  ItAMO  yjOfl'niLOC  IKC. 

PARK.  CALIFORNIA 


A  V  c  N  u  e 


C  A  N  0  Cl  A 


TABLE  OF  CONTENTS 

Page 

1.  INTRODUCTION 


2.  CONDUCTIVITY  DETECTOR 


2.  1 

Concept 

2.  1 

2.  2 

Related  Techniques 

2.  3 

2.  3 

Description  and  Theory 

2.  4 

3. 

TEMPERATURE  DETECTOR 

3.  1 

Description 

3.  1 

3.  2 

Separation  of  Variables 

3.  7 

3.  3 

Resistance -Wire  Thermometer 

3.  11 

3.  4 

Comparison  of  Methods 

3.  13 

4. 

SALINITV  DETECTOR 

4.  1 

Description 

4.  1 

4,  2 

Separation  of  Variables 

4.  4 

4.  3 

TS-Meter 

4.  5 

5. 

VELOCITY  DETECTOR 

5.  1 

Concept 

5.  1 

5.  2 

Electrochemical  Methods 

5.  4 

5.  3 

Description  and  Theory 

5.  7 

5.  4 

Hot-Wire  Anemometer 

5.  14 

5.  5 

Comparison  of  Methods 

5.  25 

6. 

SIGNAL  PHENOMENA 

6.  1 

Electrode  Effects 

6.  1 

6.  2 

Differential  Relations 

6.  7 

6.  3 

Correlated  Signals 

6.  11 

7. 

CONDUCTING  MEDIUM 

7.  1 

Medium  Vai  ahles 

7.  1 

7,  2 

Physical  Data. 

7.  4 

7.  3 

Ocean  Environment 

7.  21 

8. 

DETECTION  THEORY 

8.  1 

Intrinsic  (S/N)  Ratio 

8.  1 

8.  2 

Background  Noise 

8.  9 

8.  3 

Minimum  Detectable  Signal 

8.  11 

8.  4 

(S/N)  Ratio 

8.  22 

8.  5 

Mode  of  Operation 

8.  30 

1 


ELECTRODES 


9.  1 

General  Considerations 

9.  1 

9.  2 

Eye -Type  Electrode 

9.  5 

9.  3 

Other  Electrodes 

9.  15 

9.4 

Polarization  Impedance 

9.  20 

9.  5 

Induction  Probe 

9.  25 

9.  6 

CP -Electrode 

9.  28 

9.  7 

Electrode  Measurements 

9.  35 

9.  8 

Design  and  Construction 

9.  63 

RESISTANCE  CALCULATION 

10.  1 

Potential  Theory 

10.  1 

10.  2 

Axisymmetric  Potential 

10.  8 

10.  3 

Homogeneous  Volume 

10.  12 

10.  4 

Inhomogeneous  Volume 

10.  17 

10.  6 

Homogeneous  Surface 

10.  23 

DETECTOR  HEAD 

11.  1 

General  Considerations 

11.1 

11.2 

Rankine  Probe 

11.2 

11.3 

Cylinder 

11.  14 

11.4 

Wedge 

11.19 

11.5 

Electrode  Position 

1 1.  27 

HEATING  EFFECT 

12.  1 

Elementary  Heating 

12.  1 

12.  2 

General  Electrode 

12.  3 

12.  3 

Internal  Heat  Generation 

12.  1  3 

12,  4 

Boundary  Layer  Heating 

12.  17 

12.  5 

Heat  Transfer  Equation 

12.  25 

12.6 

Non-Linear  Heating 

12.  36 

CONDUCTIVITY  RESPONSE 

13.  1 

Temperature  Fluctuations 

1  3.  4 

13.  2 

Boundary  Layer  Response 

13.  14 

13.  3 

Drift 

1  3.  25 

13,  4 

Response  to  Bubbles 

13.  35 

13.  5 

Differential  Probe 

13.  39 

VELOCITY  RESPONSE 

14.  1 

Isotropic  Turbulence 

14,  1 

14.  2 

One -Dimensional  Case 

14.  9 

14.  3 

Proportional  Fluctuating  Flow 

14.  10 

14.  4 

Boundary  Layer  Response 

14.  12 

14.  5 

Mode  of  Operation 

14.  27 

15.  ELECTRONICS  ANALYSIS 

15.  1  Wheatstone  Bridge  15.  1 

15.  2  Optimurri  Bridge  Network  15.9 

15.3  Balance  Problem  15.23 

15.  4  Low-Noise  Techniques  15.  30 

15.5  Advanced  System s  15.35 

16.  DETECTION  EQUIPMENT 

16.  1  General  Description  16.  1 

16.  2  Electronics  Design  16.  5 

17.  LABORATORY  EXPERIMENTS 

17.1  Electrode  Experiments  17.  1 

17.2  Water  Tunnel  Experiments  17.5 

17.3  Detection  Equipment  Experiments  17.  36 


ADDENDUM 


REFERENCES 


■rJTRODUCTION 


A  measurement  of  the  eli.-.;-., 

-^...■=;rSed  in  flowing  water  conte.u' 

of  ■i.he  water,  the  conc.n:.t 

"  certuir-  conditions,  on  i-h 

^'^®^^nctr':.df.3.  The  techniques 

impendence  of  the  el^ic  t 

.f  mal.e  simultaneous. 

?*  ’’ature .  ooncentr^ti 

in  tK  .  ond^,  , 

01  taes.o  ..anti ties,  t„o 

must  be  ouppleK;.,,.^  ^ 
medium  and  the  us^ 
electrodes.  Via 
techniques  are  see  watjv 


artificia;' 
v.i.i.'i  of  moE' 


A  brief  descriotin 


and  tf. 


die 


■cel  resistance  between  electrodes  im- 
i.ir,  dissolve.!  crlts  depends  on  the  temner-  . 
rution  of  the  electroxyte  jolui.ion ,  xnd 
'■elocity  of  the  water  flowing  between 
. nnsidered  in  this  Report  take  advantage 
...  :  :ai  conductivity  of  the  water  on  these 
i idependent  and  continuous  measurements 
00  (salinity)  and  velocity  at  a  point 
In  order  to  separate  the  contributions 
-ctrolytic  conductivity  measurements 
aent  of  the  dielectric  constant  of  the 
seating  of  the  water  flowing  betv/een  the 
interest  for  the  application  of  these 
water. 

.rinciples  of  meuKurement  with  the  instru- 


^  ■  -li.  following.  The  sensitive  element 

o  e  e  ec  or  consists  of  a  ;  comprised  .if  sn-all  electrodes  exposed 

0  owing  wa'er  of  finxi.e  oxs  vytlr:  conductivity.  The  electrode  resist¬ 


ance  depends  on  the  conductive 


'Viuh,  in  turn,  is  a  function  of  the 


temperature  and  salinity  of  the  v  variations  in  these  quantities 

give  rise  o  electrode  resistarce  vai\..^.(-Sons  -which  are  measurable  with 
e  ec  ronic  equ  pment.^  This  ^m-'-thcwu  of  tk  ?.sui ewent  is  analogous  to  the 
resistance-wire  technique  of  i".mp2rature\..,,..T.gu..,^  uses  the  water 

Itself  as  the  sensitive  element  instead  of\  ,  thin  vlre.  The  temperature 
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very  high  power  where  the  velocity  signal  dominates.  Signals  due  to  huh- 
hles  are  characterized  by  their  pulse  shape.  Temperature  and  salinity 
signals  are  separated  effectively  by  operating  at  ultra-high  frequency 
where  the  capacity  of  the  electrode  is  important.  Two  frequencies  exist 
whore  either  specific  temperature  or  specific  salinity  measurements  may 
be  made.  This  is  a  consequence  of  the  differences  in  temperature  and 
salinity  dependence  of  the  conductivity  and  dielectric  constant  of  the 
medium. 

(d)  The  factors  which  determine  the  ultimate  differential  sensitivity 

of  the  detector  to  variations  in  temperature,  salinity  and  velocity  have 
been  determined.  These  limiting  sensitivities  depend  on  the  operating 
conditions;  for  example,  in  the  ocean  it  is  posslhle  to  measure  temper¬ 
ature  variations  of  the  order  of  10“  °C,  salinity  variations  of  the  order 

of  10"°  $0  and  velocity  variations  of  the  order  of  10“^  knots.  Comparison 
with  conventional  measuring  techniques  indicates  a  superiority,  in  this 
respect,  of  one  or  two  order  of  magnitude. 

(e)  The  frequency  response  of  the  probe  is  determined  primarily  by 
its  physical  size.  Theoretical  studies  of  the  power  sensitivity  spectrum 
of  the  electrode  to  temperature,  salinity,  and  velocity  variations  as 
determined  by  its  geometrical  configuration  have  been  made.  The  limi¬ 
tations  due  to  boundary  layer  flow  have  also  been  included. 

(f)  The  electrical  properties  of  the  electrode  sensing  elements  have 
been  Investigated  theoretically  and  experimentally.  The  potential  field 
of  a  given  electrode  and  the  associated  fvmction  which  determines  the 
sensitivity  at  a  point  in  the  electrode  volume  has  been  analyzed  and 
related  to  the  overall  resistance  of  the  electrode.  Measurements  with 
contact  electrodes  have  been  made  of  the  electrode  impedance  as  a 
function  of  temperature,  salinity,  size  and  shape,  frequency,  surface 
condition,  as  well  as  other  factors.  Numerous  practical  electrode 
designs  have  been  fabricated.  Theoretical  studies  have  been  made  of 
the  induction  and  capacitive  type  probes  which  show  promise  of  being 
superior  to  contact  electrodes  with  respect  to  stability.  Different 
methods  of  mounting  the  electrodes  to  measure  the  fluid  flow  without 
adverse  effects  due  to  the  velocity  boundary  layer  have  been  studied. 

(g)  Electronic  equipment  has  been  designed  and  constioicted  to  meas¬ 
ure  temperature,  salinity,  and  velocity  variations  with  high  sensitivity. 
The  optimization  of  the  electronics  for  this  purpose  involves  analysis 
of  the  bridge  network,  techniques  for  balancing  the  bridge  to  a  high 
degree,  choice  of  operating  frequency,  phase  detection,  euid  low  noise 
amplification  systems.  The  existing  equipment  is  capable  of  detecting 
velocity  variations  and  temperature  (or  salinity)  independently. 

(h)  Laboratory  experiments  have  been  performed  in  a  small  water 
tunnel  to  investigate  the  response  of  small  probes  to  a  known  laminar 
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or  turbulent  velocity  field.  Other  experiments  with  the  high  sensitivity 
detection  equipment  have  been  performed  to  measure  very  small  temperature 
variations  in  a  well  stirred  tank  of  water. 

The  Report  is  divided  into  seventeen  main  sections^  with  subsections, 
figures,  tables  and  pages  numbered  sequentially  in  each  of  the  main  sections. 
For  example,  the  Fifth  Figure  in  Section  Twelve  is  numbered  12. 5- 


1.4 


2o  CONDUCTIVITY  DETECTOR 


The  measurement  of  the  electro.lytic  conductivity  of  a  flowing  conduc¬ 
ting  medium,  such  as  an  aqueous  salt  solution^  is  discussed  in  this  Section. 
Electronic  instrumentation  which  performs  such  a  measurement  will  he  term¬ 
ed  a  "C-meter"  for  brevity  sake. 


2.1  Concept 

The  electrolytic  conductivity  of '"a  solution  is  ordinarily  measured 
by  placing  a  sample  in  a  vessel  which  has  two  electrodes  in  contact  with 
the  solution.  If  the  properties  of  this  "conductivity  ceil"  are  known, 
a  measurement  of  the  electrical  resistance  between  the  electrodes  is  a 
measure  of  the  conductivity  of  the  elution.  The  conductivity  of  a  flowing 
solution  is  obtained  continuously  in  the  same  way  simply  by  making  provi¬ 
sions  for  the  inlet  .and  outlet  of  the  solution  through  the  conductivity 
•  cell.  The  resistance  measurement  is  frequently  made  with  a  br,idge  network 
operating  at  some  convenient  frequency.  A  simplified  diagram  of  such  an 
arrangement  is  shown  in  Figure  2.1  ;  an  oscillator  supplies  a  signal  to 

a  bridge  in  which  the  resistance  of  the  cell  constitutes  one  element  of 
the  four-arm  bridge.  The  output  signal  from  the  bridge  is  indicated  on 
an  ac  voltmeter  and  may  be  used  as  a  measure  of  the  variation  of  electrode 
resistance  from  some  reference  va,lue.  The  electrode  resistance  may  also 
he  measured  by  the  settings  on  the  adjustable  arms  of  the  bridge  which  are 
required  to  produce  a  null  output. 

The  continuous  measurement  of  the  conductivity  of  a  solution  is  of 
particular  interest  in  the  case  of  an  extended  conducting  medium  such  as 
sea  water.  The  variation  of  the  conductivity  cf  the  medium  from  point  to 
point  l.s  obtained  by  moving  the  electrodes  through  the  water  and  observing 
the  resultant  variations  in  the  voltmeter  readings  of  the  bridge  output. 
Accurate  absolute  measurements  of  the  conductivity  requires  a  single  elec¬ 
trode  c.e.1.1  with  stable  c.haracteri sties ,  stable  reference  ’'e.si stances  in  the 
bridge  network,  and/or  a  well  calibrated  voltmeter.  Differential  measure¬ 
ments  of  the  conductivity  of  reasonable  accuracy  but  high  sensitivity  are 
best  made  by  using  two  electrode  cells  in  the  bridge  arr.angement-  instead 
of  one.  The  other  electrode  replaces  one  of  the  ot,her  fixed  arm;,  of  the 
bridge,  and  the  two  electrode  cells  are  physically  separated  from  each 
other  hy  a.  distance  comparable  to, or  larger  than, the  size  of  ths  largest 
conductivity  structure  to  he  measured,  in  the  medium.  The  .:onductivit.y 
cells,  themselves,  should  be  comparable  to, or  sma.ller  than,  the  smallest 
conductivity  structure  that  is  ■*‘o  be  measured, 

The  electrolytic  conductivity  of  a,  solution  is  a  function  of  the 
temperature  and  sa.linity.  The  temperature  coefficient  of  most  electrolyte 
solutions  is  approximately  2  %  per  and  the  conductivity  is  rouglly 
proportional  to  the  concentration  cr  salinity  of  the  solution,  As  a  con¬ 
sequence,  a  measurement  of  the  conductivity  structu'-e  cf  the  medium  depends 
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Figure  2.1  .  Continuous  Flow  Conductivity  Bridge 

on  an  unspecified  combination  of  these  variables  which  are  inhomogeneous 
over  the  (small)  distances  of  interest.  While,  in  some  cases,  it  is  of 
interest  to  separate  the  relative  contributions  of  temperature  and  salin¬ 
ity  to  the  conductivity  variations,  there  are  cases  when  a  direct  deter¬ 
mination  of  the  conductivity  of  the  medium  is  useful.  For  example,  if 
one  is  interested  in  the  way  in  which  a  certain  turbulent  field  mixes 
a  scalar  quan’  i  y  in  the  medium,  the  measurement  of  the  random  conduc¬ 
tivity  field  in  the  medium  suffices  to  answer  this  question.  This  is 
valid  provided  the  scale  of  the  structure  which  is  measured  is  not  so 
small  that  thermal  diffusion  and/or  ionic  diffusion  processes  are 
operative. 

The  refinement  of  the  direct  conductivity  measurement,  in  order  to 
determine  the  values  of  the  other  properties  of  the  medium,  is  the  primary 
purpose  of  this  Report.  We  shall  see  that  the  temperature,  salinity, 
velocity  and  bubble  content  of  the  medium  are  measurable  independently  by 
techniques  involving  the  electrolytic  conductivity  measurement.  If  5R 
is  a  small  change  in  electrode  resistance  of  average  resistance  R,  it  may 
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be  shown  that  small  changes  in  temperature^,  6T^  salinity,  6S,  and  velocity, 
6U,  of  the  mediijm  moving  at  speed  U  relative  to  the  electrode  are  related 

where  p  is  the  temperature  coefficient  of  conductivity,  is  the  salin¬ 
ity  coefficient  of  conductivity,  andZT  the  average  temperature  rise  due 
to  heating  of  the  medium  as  it  flows  through  the  electrodes.  The  develop¬ 
ment  and  consequences  of  this  equation  are  the  object  of  a  large  part  of 
the  analysis  of  this  Report. 


2.2  Related  Techniques  ' 

The  measurement  of  electrolytic  conductivity  has  been  used  for  many 
years  as  a  means  of  determining  the  concentration  of  aqueous  solutions  of 
known  temperature,  and  more  recently  as  a  means  of  measuring  the  temper¬ 
ature  of  a  solution  of  known  concentration.  Examples  of  these  are  now 
given. 

A  stable  electrolytic  sensing  element  for  measuring  temperature  for 
direct  current  operation  is  described  by  Craig  (l).  It  consists  of  a 
solution  of  cuprous  chloride,  hydrochloric  acid,  and  ethyl  alcohol  in  a 
capillary  tube  with  1  mm  bore.  The  electrodes  are  made  of  copper.  The 
temperature  coefficient  of  resistance  is  of  the  order  of  -2  ^  per  °C. 
Tempierature  measurements  obtained  with  this  element  are  accurate  to  with¬ 
in  1°C.  This  type  of  electrolytic  resistance  thermometer  can  be  used  with 
other  electrolytes,  most  of  which  have  a  resistance  coefficient  of  the 
order  of  -2  ^  per  °C,  but  which  can  be  as  high  as  -8.9  ^  per  °C  for  a 
U2.7  ^  FaOH  solution.  Polarization  effects,  the  development  of  gas,  and 
instabilities  are  likely  to  cause  troubles.  The  use  of  ac  equipment  is 
effective  in  reducing  polarization  effects.  It  is  important  to  note  in 
this  electrolytic  resistance  thermometer  that  it  measures  temperature 
specifically  since  concentration  (salinity)  variations  are  eliminated 
by  always  measuring  the  same  mass  of  well  mixed  solution.  Such  a  meas¬ 
urement  is,  in  general,  not  specific  for  a  continuously  flowing  elec¬ 
trolyte  solution  past  the  electrodes. 

A  technique  quite  similar  to  the  conductivity  sensor  of  this  Report 
is  described  by  Prausnitz  and  Wilhelm  (2).,  The  authors  describe  an 
electrical  conductivity  fluctuation  measuring  instrument.  A  small  conduc¬ 
tivity  cell  consisting  of  two  platinum  wires  about  1.0  ram  apart  and 

1.2  ram  in  length  is  immersed  in  a  turbulent  conducting  solution  in  which 
concentration  microstructure  is  riiainhained  by  mixing  dissimilar 
solutions  at  the  same  temperature.  The  variations  in  electrical  resist¬ 
ance  between  the  electrodes  was  used  to  measure  the  turbulent  concen- 
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tration  fluctuations  in  the  flowing  medi'im.  The  experiments  were  so 
designed  that  the  concentration  gradients  were,  relatively,  much  larger 
than  the  temperature  gradients  in  the  solution.  Thus,  the  measurements 
were  essentially  specific  to  sa-linity.  The  instrument  operates  with  a 
10  kc  carrier  and  solutions  of  .001  N  -  .050  N  hj^drochlorlc  acid. 

A  very  important  example  of  a  related  Instrument  is  the  sallnometer 
based  on  the  technique  of  a  temperature  compensated  conductivity  measure¬ 
ment.  A  conductivity  bridge  instrument  for  this  purpose  was  first  success¬ 
fully  used  by  Wenner  (3)  and  recently  modified  and  improved  by  Schleicher 
and  Bradshaw  (A).  Composite  instruments  based  on  this  principle  for 
simultaneously  measuring  salinity,  and  temperature  as  a  function  of  depth 
have  been  developed  (5)*  The  compensation  and  regulation  of  temperature 
are  a  serious  source  of  difficulty  for  high  precision  salinity  measure¬ 
ments  by  this  means  due  to  the  large  temperature  coefficient  of  conduc¬ 
tivity  of  sea  water.  A  powerful  method  to  eliminate  much  of  the  temper¬ 
ature  problem  is  temperature  compensation,  in  which  a  compensating  resis¬ 
tor  or  conductivity  cell  forming  one  arm  of  the  Wheatstone  bridge  is 
exposed  to  the  same  teitq)erature  as  that  of  the  sea  water  under  measure¬ 
ment.  The  ultimate  accuracy  of  sallnoraeters  based  on  a  conductivity  meas¬ 
urement  rests  on  the  tables  of  conductivity  of  sea  water  as  a  function 
of  temperature  and  salinity.  A  general  review  of  this  type  of  sallnometer 
is  given  by  Paquette  and  Hersey  (6,7)8). 


2,3  Description  and  Theory 

A  more  detailed  description  of  instrumentation  for  measuring  the 
conductivity  of  a  flowing  medium  is  given  below. 


Electrolytic  Conductivity 

The  conduction  of  electric  currents  in  electrolyte  solutions  is  due 
to  the  motion  of  the  disolved  ions  rather  than  electrons  as  in  the  case 
of  metallc  conductors,  hence,  the  term  "ionic  conductivity"  or  "elec¬ 
trolytic  conductivity."  The  conductivity  of  metalic  and  electrolytic 
conductors  are  greatly  different;  for  example,  the  conductivity  of  cop¬ 
per  and  sea  water  are  in  the  ratio  lo"^  to  1.  Ohm's  Law  applies  to  elec¬ 
trolytic  conductors,  e,g.,  aqueous  solutions,  but  here  the  relation  is 
less  straight  forward  to  apply  in  practice  because  the  electrolysis  ac¬ 
companying  the  passage  of  a  current  may  cause  both  the  appearance  of 
insulating  films  on  the  electrodes  and  an  increased  electrolytic  resist¬ 
ance  due  to  removal  of  ions  from  the  solution  (polarization).  These  ef¬ 
fects  are  large  for  direct  currents  and  progressively  smaller  at  higher 
alterna.ting  currents. 

Tb.e  electrical  conduction  of  an  electrolyte  depends  on  the  nature  and 
number  of  ions  present.  Generally  speaking,  the  grea+er  the  concentration 
of  ions  the  higher  the  electrical  conductivity..  The  conductivity  is  also 


strongly  dependent  on  the  temperature  of  the  solution.  It  increases  at 
higher  temperature  because  of  the  Increased  mobility  of  the  Ions  respon¬ 
sible  for  electrical  conduction.  For  most  electrolyte  solutions  the 
temperature  coefficient  of  conductivity  is  about  2  ’ja  per  °C.  As  an  example 
of  this  temperature  dependence,  the  conductivity  of  sea  vater  as  a  function 
of  temne nature  from  0  °C  to  100  is  shovm  in  Figure  2.2  .  A  five  fold 

increase  in  conductivity  is  experienced  over  this  temperature  range  a.r, 
this  is  typical  for  most  electrolyte  solutions,  The  variation  of  condv  .• 
tivlty  with  concentration  is  1  Hunt, rated  In  Figure  2.3  for  the  two  com¬ 
mon  and  important  electrolyte  solutions  of  sodium  chloride  (NaCl)  and 
sodium  hydroxide  (NaOH)(9).  The  conductivity  of  NaCl  increases  with 
concentration  up  to  the  saturation  point,  but  NaOH  has  the  interesting 
property  that  a  maximum  in  the  conductivity  occurs  at  a  certain  concen¬ 
tration  (15  '^)  which  is  well  belori;  the  saturation  point  for  that  solution. 
The  conductivity  of  sea  water  is  also  shown  in  that  Figure  as  a  basis 
for  comparison.,  Reference  will  be  made  frequently  to  sea  water  as  an 
example  of  an  aqueous  electrolyte  solution,  VHJich  primar.lly  consists  of 
about  a  3“3  ^  sodium  chloride  (NaCl)  solution,  since  it  represents  one  of 
the  most  important  waters  in  which  the  instrumentation  described  in  this 
Report  finds  application.. 


Electi-pde  Resistance 

The  resistance,  R,  of  a  uniform  conductor  is  directly  proportional 
to  its  length,  and  inversely  p.roportional  to  it,3  cross-sectional  area, 
A.  The  constant  of  proportionality  Is  the  resistivity,  p,  or  the  conduc¬ 
tivity,  cr  .' 


R  -  Pi?  A  1. 

A  ■  C5A  6h 

where  h  ^  =  (^/k)  is  the  "cell  constant.."  The  resistivity  represents 
the  resistance  between  opposite  faces  of  a  centimeter  cube  of  the  conduc¬ 
tor  and  has  the  units  ohm-cm.  Correspondingly,  the  units  of  conductivity 
arc  ohm”"^cm“'^.  The  resistance  between  electrodes  immersed  in  an  elec¬ 
trolyte  solution  is,  in  general,  a  complicated  function  of  the  shape  of 
the  electrode  configuration  and  container  of  the  solution.  Rather  than 
construct  conductivity  ceils  in  which  the  cell  constant  is  known  accurate¬ 
ly  from  the  geometry ,  it  is  much  simpler  to  calibrate  each  conductivity 
cell  by  making  measurements  using  an  electrolyte  of  known  conductivity 
to  obiain  the  cell  constant. 

A  typical  electrode  cell  arrangement  frequently  found  In  use  in 
electrochemical  measurements  Is  shovri  in  Figure  2. A  (lO).  The  elec¬ 
trodes  consist  of  discs  of  platinum  with  platinum  black  surfaces  sealed 
in  a  vessel  in  which  the  quantity  of  electrolyte  is  measured.  A  cell 
arrangement  of  Interest  to  the  present  detection  teclmlques  is  one  which 
allows  the  continuous  flow  of  the  electrolyte  solution  through  the  field 


Figure  2.4  .  Typical  Conduct! /ity  Cell  Design 


Figure  2.5  .  Hydrodynamic  Conductivity  Cell  Design 


of  the  electrodes.  Such  an  arrangement  must  also  take  in  consideration 
the  hydrodynamic  porperties  of  the  flow  through  the  conductivity  cell. 

An  arrangement  of  this  type  is  shown  in  Figure  2.5  where  hoLh  the  elec¬ 
trodes  are  in  the  same  plane,  thus,  presenting  a  smooth  flat  surface  to 
the  fluid  flow.  The  electrodes  consist  of  the  central  metal  disc  and 
the  outer  metal  region  hoth  separated  hy  the  flush  electrical  Insulator. 
The  electrical  wires  leading  to  the  electrodes  are  not  shown  in  the  photo 
one  goes  to  the  main  stock  and  one  to  the  central  disc .  The  fluid  flow 
is  from  the  left  to  right  over  the  wedge  shaped  structure.  For  spacial 
differential  measurements  two  conductivity  cells  are  located  in  close 
proximity  with  a  given  separation  distance.  This  situation  applies  in 
Figure  2.5  where  an  identical  electrode  cell  is  also  located  on  the 
other  face  of  the  wedge  not  visible  in  the  photograph. 

The  dependence  of  the  conductivity,  O',  of  a  solution  on  small  change 
in  temperature  and  concentration  (or  salinity)  can  be  expressed  as 

0-  =  C?  J^l  +  (T  -  Tj  +  (S  -  [j  , 

where  0^  is  the  conductivity  at  temperature  and  salinity  and  p.^ 
and  are  the  coefficients  of  temperature  and  salinity,  respectively. 

The  convention  will  be  adopted  in  this  Report  of  expressing  salinity  in 
units  of  grams  of  salt  to  1000  gms  of  solution  (^o).  With  the  notation 


dcr  =  cr  -  a; 

4T  =  T  -  T, 

and 

4S  =  S  -  S,  ^ 
the  above  expression  becomes 

[¥)■  e,  ^T.|3/S  . 


In  general,  the  temperature  and  salinity  coefficients  of  conductivity  for 
aqueous  electrolyte  solutions  are  positive]  e.g.,  for  sea  water  at  20  °C 


and 


^  =  +2. 1  per  °C 


6  =  +2.5  i  per  . 


As  mentioned  above,  the  resistance  between  electrodes  iirar;ersed  in  a 


solution  is 


where  h  is  the  cell  constant  and  c  the  conductivity  of  the  solution. 

A  small  change  In  electrode  resistance, 4R,  Is  related  to  a  small  change 
in  conductivity  simply  by 

Ro  L<rJ  ’ 

where  Eo  is  the  electrode  resistance  at  temperature  To  and  salinity  S,. 

In  terms  of  the  coefficients  of  conductivity 

id  T  -  p,  ^  S  . 

Since  sea  water  is  one  of  the  most  important  electrolyte  solutions  of 
interest  in  this  Report,  it  is  of  interest  to  look  more  closely  at  its 
electrical  properties.  In  Figure  2.6  the  resistivity  of  sea  water  is 
plotted  as  a  function  of  temperature  and  salinity  over  the  range  of  these 
variables  found  in  most  of  the  world's  oceans  (11 ).  The  resistance  of  an 
electrode  configuration  in  sea  water  with  a  cell  constant  of  1  cm”^  is 
numerically  equal  to  the  resistivity  given  in  Figure  2.6  .  At  a  temper¬ 

ature  of  20  °C  and  a  salinity  of  35  ?^the  resistivity  is  about  21  ohm-cm 
which  corresponds  to  a  conductivity  of  about  .048  ohm“"cni"^.  The  cor¬ 
responding  electrical  conductivity  varies  non-linearly  with  both  temper¬ 
ature  and  salinity,  increasing  with  increasing  temperature  and  increasing 
salinity.  The  conductivity  ranges  from  approximately  zero  at  river  out¬ 
lets  to  about  .060  ohm'^cm"  for  sea  water  of  high  salinity  and  temper¬ 
ature.  The  fact  that  the  resistivity  (or  conductivity)  of  sea  water  is 
a  sensitive  measure  of  its  thermochemical  state  in  the  oceans  is  a  con¬ 
sequence  of  the  two  fold  change  in  this  variable  over  the  range  of  temper¬ 
ature  and  salinity  found  in  the  oceans,  whereas  the  temperature  and  salin¬ 
ity  variables  themselves  experience  a  far  smaller  fractional  change  over 
the  same  range  (a  fractional  change  of  about  l/lO  for  both)*.  The  temper¬ 
ature  and  salinity  coefficients  of  conductivity  for  sea  water  are  shown 
in  Figures  2.7  and  2.8  over  the  range  of  these  variables  of  interest 
in  the  oceans.  It  will  be  noticed  that  these  coefficients  are  largest 
in  the  deeper  waters  where  the  temperature  and  salinity  are  low.  The 
large  temperature  coefficient  of  sea  water  (or  any  electrolyte  solution) 
is  compared  in  Figure  2.9  with  that  of  typical  metals  used  in  resistance- 
wire  thermometers.  The  magnitude  of  the  resistance  of  a  wire  or  elec¬ 
trode  relative  to  the  resistance  at  zero  degrees  is  plotted  in  this  graph; 


*The  fractional  temperature  change  is  with  respect  to  absolute  temper¬ 
ature,  e.g.,  20  °C  is  293  °K. 
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it  should  be  remembered,  however,  that  the  resistance  of  wires  Increases 
with  increasing  temperature  whereas  the  electrode  resistance  decreases 
with  increasing  temperature.  The  temperature  coefficient  of  wires  is  of 
the  order  of  0.4  per  °C  in  comparison  with  2  per  °C  for  aqueous  solu¬ 
tions. 


Electronic  Equipment 

A  simplified  electronic  arrangement  for  measuring  conductivity 
variations  in  flowing  water  is  shown  in  Figure  2.1  '.  Two  electrodes  of 

suitable  design  are  immersed  in  the  water  and  the  resistance  between  them 
is  arranged  so  that  it  represents  one  arm  of  a  Wheatstone  bridge.  A 
bridge  arrangement  is  well  suited  to  the  measurement  of  small  changes  in 
the  value  of  an  electrical  element  about  its  average  value.  Variations 
in  electrode  resistance  due  to  conductivity  changes  caused  by  temperature 
and  salinity  changes  gives  rise  to  a  voltage  across  the  voltmeter,  thus 
providing  a  means  for  measuring  the  combined  temperature  and  salinity 
variations.  The  source  of  electrical  power  indicated  in  this  diagram 
is  an  oscillator  since  it  is  necessary  to  use  a  source  of  high  frequency 
(e.g.,  40  kc)  electrical  power  to  avoid  electrochemical  polarization  ef¬ 
fects  at  the  metal  electrodes.  A  great  variety  of  instrumentation  is  in 
use  today  for  electrolytic  conductivity  bridge  measurements  to  determine 
the  absolute  salt  concentrations  in  solutions  of  known  temperature  (12), 

Although  the  absolute  measurement  of  the  conductivity  of  the  water  is 
important,  the  present  instrumentation  finds  its  greatest  value  in  measur¬ 
ing  small  changes  of  conductivity  in  space  and  time.  That  is,  interest 
is  centered  on  a  differential  conductivity  measurement.  Differential 
measurements  in  time  are  performed  by  comparing  the  instantaneous  signal 
with  the  average  signal  over  a  given  time  interval.  This  is  accomplished 
in  practice  by  an  appropriate  electronic  filterj  a  simple  single  stage 
high  pass  filter  with  a  given  time  constant  is  an  example.  Differential 
measurements  in  space  can  be  performed  by  two  sensing  elements  spaced  a 
given  distance  apart  which  is  comparable  or  larger  than  the  scale  of 
conductivity  microstructure  which  it  is  desired  to  measure.  Such  an 
arrangement  is  shown  in  Figure  2.10  .  The  equipment  consists  basically 
of  a  source  of  alternating  electrical  current  to  drive  the  bridge  net- 
workj  the  double  conductivity  cell  Wheatstone  bridge;  electronic  detec¬ 
tion  equipment  consisting  of  amplifiers,  detector  and  filters;  and 
display  equipment  for  recording  and  measuring  the  resultant  output  signal 
induced  by  the  conductivity  differences  between  the  two  electrodes. 
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3.  TEMPERATURE  DETECTOR 


The  use  of  a  measuremeut  of  electrolytic  conductivity  to  determine, 
specifically,  the  temperature  of  a  solution  is  investigated  in  this  Sec¬ 
tion.  Instrumentation  based  on  this  principle  for  a  temperature  measure¬ 
ment  will  be  termed  a  "T-meter"  for  brevity  sake.  The  characteristics 
of  a  T-meter  are  compared  with  those  of  a  resistance-wire  thermometer  at 
the  end  of  this  Section  in  order  to  evaluate  the  relative  merits  of  the 
new  technique  of  temperature  measurement. 


3.1  Description 

Temperature  measurement  by  means  of  a  conductivity  measurement  is 
now  studied  in  more  detail.  The  key ^problem  of  making  specific  temper¬ 
ature  measurements  without  errors  due  to  salinity  variations  is  set  off 
for  special  consideration  in  Section  3-2  .  The  outstanding  property 

of  the  present  method  of  detecting  temperature  fluctuations  is  its  rela¬ 
tively  high  sensitivity  and  rapid  response  time. 


Sensitivity 

The  original  motivation  for  the  development  of  the  present  detection 
techniques  was  based  on  the  fact  that,  from  elementary  considerations, 
extremely  small  temperature  fluctuations  were  potentially  measurable , 

The  reasoning  was  based  on  the  following  analysis.  Consider  a  pair  of 
electrodes  immersed  in  a  flowing  medium  of  conductivity  0“.  The  resist¬ 
ance,  R,  of  the  electrodes  is  related  to  the  conductivity  of  the  fluid 
medium  by 


where  h  is  the  cell  constant;  h  is  comparable  with  the  size  of  the  elec¬ 
trode  volume.  Assume  that  the  measurement  of  the  resistance  of  an  elec¬ 
trode  is  ultimately  limited  by  the  Johnson  noise  voltage  which  appears 
across  the  resistance.  Suppose  a  voltage,  V,  is  applied  to  the  electrode 
for  the  purpose  of  measuring  its  resistance,  R: 

V  =  IR  , 

where  I  is  the  electrode  current.  For  a  constant  current,  small  varia¬ 
tions  in  resistance,  6R,  cause  small  variations  in  voltage,  6V,  across  the 
resistance  given  by 

M 

V  ■  R  ’ 

The  smallest  detectable  resistance  change  is  set  by  the  condition  that 
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Best  Available  Copy 


SV  is  equal  to  the  random  Johnson  noise  voltage  (l) 


8V  = 


where  k  is  Boltzmann's  constant,  T  the  absolute  temperature  (kT  =  4  x 
10"^^  joule),  and^f  Is  the  bandwidth  over  which  the  temperature  fluc¬ 
tuations  occur.  Rewriting  the  above  relations  we  obtain 


and 


8R  _  J  ~4  kT^a  f  ' 

R  “  y  P 


} 


where  P  is  the  electrical  power  dissipated  in  the  electrode  resistance. 
If  8T  is  the  rms  temperature  fluctuation  of  the  electrode  resistance, 
then 


R 


&T 


> 


where  is  the  temperature  coefficient  of  the  electrical  conductivity  of 
the  fluid  medium.  The  minimum  detectable  temperature  fluctuation  is 
given  by 


8T 


1  ,  /  4kTAf  ' 

"  1/  P 


We  illustrate  the  very  small  magnitude  of  this  temperature  variation  for 
an  electrode  moving  at  velocity,  U,  through  sea  water.  The  bandwidth, A f, 
is  limited  by  the  physical  size  of  the  electrode.  If  is  the  physical 
wavelength  of  the  smallest  scale  of  temperature  microstructure  in  the  sea 
water  measured  by  the  instrument,  then  the  bandwidth  is 


The  wavelength  is  related  to  the  size  of  the  electrode  approximately  by 
the  condition* 


and 


*This  condition  is  probably  too  severe,  a  more  realistic  one  is  A  =  2h 
(see  Sec.  13.l). 
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that  is,  the  cutoff  wavenumber  is  equal  to  the  cell  constant  of  the  elec¬ 
trode  . 


The  above  expressions  are  illustrated  by  the  following  numerical 
example  for  electrodes  in  sea  water: 

(T"  =  .048  ohm  ^  cm  ^ 

=  .021  per  °C 

.  h  =  1  cm 

U  =  12  knots 


then 


and 


V  =  1  volt, 

t 

R  =  21  ohms 

P  =  48  milliwatts 
f  =  100  cps 

/]  =  6.3  cm, 

5T  =  3  X  lO"^  °C. 


Thus,  this  elementary  analysis  indicates  that  extremely  small  temperature 
variations  are  detectable  by  this  method  with  relatively  fast  response 
time  (1.6  x  10“^  sec).  The  analysis  of  the  sensitivity  is  again  carried 
out  in  detail  in  Section  8.3  and,  though  the  results  there  are  not  as 
optimistic  as  above,  it  does  not  change  our  basic  observation  that  the 
present  instrumentation  is  capable  of  high  sensitivity  with  rapid  response 
time. 


Background  Noise 

The  minimum  detectable  temperature  variation  found  above  assumed 
background  noise  due  only  to  Johnson  noise  associated  with  the  thermal 
agitation  of  the  carriers  of  electrical  charge  in  the  electrode  resist¬ 
ance.  If  there  is  a  random  salinity  variation,  BS,  present  in  the  medium, 
the  minimum  detectable  temperature  variation  is  given  simply  by 


5S 


where  is  the  salinity  coefficient  of  the  electrical  conductivity. 

This  limit  of  detectability  is  usually  much  larger  than  that  given  pre¬ 
viously  for  Johnson  noise.  The  reduction  or  removal  of  this  source  of 
background  noise  for  the  temperature  measurements  is  discussed  in  Section 
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3-2  ,  'below. 

Another  source  of  background  noise  Is  associated  with  the  temperature 
rise  of  the  water  caused  by  the  electr^al  power,  P,  dissipated  in  the 
water.  The  average  temperature  rlse,^T,  of  the  water  passing  through 
the  electrodes  is  (Sec.  12. l) 

where  c  is  the  heat  capacity  per  unit  volume  of  the  fluid  and  A  is  the 
"frontal  area"  of  the  electrode  volume.  For  simplicity  we  assume  here 
that  the  frontal  area  is  approximately 


If  the  flow  velocity,  U,  experiences  random  fluctuations,  bU,  (turbulence) 
then  the  temperature  rise  fluctuates  and  appears  as  a  false  temperature 
signal.  The  rms  value  of  these  temperature  fluctuations  sets  the  minimum 
detectable  signal  as 


6T  = 


As  a  numberlcal  example  of  this  noise  limitation,  we  assume  the  values  of 
the  previous  numerical  example,  and  in  addition  •• 


then 


and 


6U  =  .01  knot 

c  =  4.09  joule/cra^/°C  , 

(6u]j=  10"^ 

I  u/ 

^T  ss  10  C 
P  s:  50  niw 
6T  ==  10‘®  °C. 


Thus,  this  source  of  noise  associated  with  electrode  self  heating  and 
turbulence  of  the  medium  is  a  small  but  not  negligible  effect  in  com¬ 
parison  with  Johnson  noise  for  the  example  given. 

The  ultimate  temperature  sensitivity,  when  turbulence  is  the  limiting 
factor,  occurs  when  the  Johnson  noise  limitation  equals  that  due  to  tur- 
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bulence ,  1 .  e ,  when 


=  &T 


[  UkT  ^  f 

Vl/  P 


Rewriting 
width  and 
according 


this  expression  with  the  forms  given  previously  for  the  hand- 
temperature  rise,  we  obtain  the  ultimate  temperature  sensitivity 
to  this  simplified  analysis: 


Sr  - 


ir 


L  ^4* 


'A 


For  the  numerical  values  given  previously,  this  amounts  to  a  temperature 
sensitivity  of  about  10"'^  C.  The  above  expression  shows  the  general 
dependence  of  the  sensitivity  on  the  electrode  size  and  relative  tur¬ 
bulence  level,  viz., 


6T  ~  h 


1/3 


> 


that  is,  the  sensitivity  Increases  as  the  size  of  the  electrode  increases, 
and  decreases  (slowly)  as  the  turbulence  level  increases.  The  electrode, 
thus,  should  be  as  large  as  possible  provided  it  is  not  larger  than  the 
smallest  scale  of  microstructure  to  be  detected;  and  should  be  moved  at 
high  speed  through  the  random  temperature  field.  The  above  analysis  is 
again  carried  out  in  Section  8.3  in  more  detail  and  confirms  the  results 
obtained  here  indicating  a  hi^  temperature  sensitivity  even  in  the  pres¬ 
ence  of  a  turbulent  velocity  field. 


Effective  Temperature 

In  the  event  that  it  is  not  possible  to  separate  the  temperature  and 
salinity  variations  in  their  effect  on  the  measured  conductivity  varia¬ 
tions,  it  is  convenient  to  introduce  the  concept  of  "effective  tempera¬ 
ture,"  8T*,  given  by 


BT 


* 


BT  + 


BS 


That  is,  the  effective  temperature  is  equal  to  that  temperature  variation 
which  would  cause  the  same  conductivity  variation  that  the  actual  temper¬ 
ature  and  salinity  variations  did  cause.  The  sensitivity  theory  given 
above  applies  strictly  to  effective  temperature.  If  the  salinity  varia¬ 
tions,  BS,  are  small  relative  to  the  temperature  variations,  BT,  (as  is 
the  case  in  most  of  the  oceans)  the  effective  temperature  is  approximately 
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equal  to  the  actual  temperature : 


8T^'  ss.  6T 


Since  the  measurement  of  the  temperature  of  the  medium  does  not 
depend  on  the  cooling  of  a  sensing  element  (as  is  the  case  with  the  re¬ 
sistance-wire  thermometer)  but  depends  only  on  the  mechanical  transport 
of  the  fluid  through  the  sensitive  volume  of  the  electrode,  the  frequency 
response  is  determined  only  by  the  physical  size  of  the  electrode.  It 
was  pointed  out  earlier  that  the  bandwidth,  ^3  f,  set  by  this  condition 
was  given  approximately  by 


This  formula  assumes  that  the  velocity  is  essentially  uniform  over  the 
electrode  volume,  The  boundary  layer  at  the  surface  of  the  electrodes, 
where  the  velocity  falls  to  zero,  must  therefore  represent  only  a  small 
portion  of  the  electrode  volume  if  the  above  formula  is  to  be  valid.  As¬ 
suming  the  typical  dimension  of  the  electrode  is  h,  the  boundary  layer 
thickness  is  of  the  order  of 


where  V  is  the  kinematic  viscosity  of  the  fluid.  We  require  that  the 
electrode  dimensions  are  large  in  comparison  with  the  above  boundary 
layer  thickness; 


where  M  is  a  number  of  the  order  of  ten.  Rewriting  the  above  relations 
we  have 


and 
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As  a  numerical  example, 


assume  the  following: 


and,  therefore 


2 

7^  =  .01  cm  /sec 

U  =  12  knots  =  620  cm/sec 

M  =  10 

h  ^  1.6  X  10  ^cm 

Af  =  6l  kc. 


Thus,  a  very  small  electrode  may  he  used,  corresponding  to  a  very  wide 
bandwidth,  before  the  limitations  of  boundary  layer  thickness  become 
important.  These  matters  are  discussed  in  more  detail  in  Section  13.2  . 


3.2  Separation  of  Variables 

The  fundamental  quantity  measured  in  the  present  instrumentation  is 
the  conductivity  of  an  electrolyte  solution  and  its  variations.  These 
variations  are  caused  by  corresponding  changes  in  temperature  and  salin¬ 
ity  if  we  neglect  the  miscellaneous  other  effects,  such  aa  pressure  changes 
and  bubbles  in  the  water  as  considered  in  detail  in  Sectfon  6.1 
Although  one  can  argue,  as  we  have  done  in  Section  2.3  ,  that  a  conduc¬ 

tivity  measurement,  of  itself,  is  a  significant  parameter  to  measure  in 
the  water,  it  is  also  of  interest  to  measure  specifically  and  independ¬ 
ently  the  associated  changes  in  temperature  and  salinity.  Conventionally, 
this  is  done  by  instrumentation  which  is  specific  to  the  particular 
variable  under  consideration,  e.g.,  a  resistance-wire  thermometer  for 
temperature  and  (at  a, much  slower  rate)  a  salinoraeter  based  on  a  temper¬ 
ature  compensated  conductivity  measurement  for  salinity.  In  this  Section 
we  discuss  a  number  of  situations  in  which  the  conductivity  measurement 
is  essentially  a  specific  measurement  of  temperature. 


Lew  Backgro\ttid 

The  first  and  simplest  example  of  this  is  when,  as  a  result  of 
natural  circumstances,  the  variations  of  salinity  happen  to  be  much 
smaller  than  those  due  to  temperature.  As  shown  in  Section  7*3  this 
situation  pertains  to  some  degree  in  most  of  the  world's  oceans.  Typ¬ 
ically,  the  variations  in  conductivity  due  to  salinity  micro structure 
in  the  ocean  are  about  ten  times  smaller  than  those  due  to  natural  temper¬ 
ature  mlcrostructure.  On  the  average,  then,  the  signal  from  a  detector 
based  on  a  conductivity  measurement  operating  in  the  ocean  measures  temper¬ 
ature  variations  and  the  contribution  due  to  salinity  is  about  20  db 
below  that  due  to  temperature.  This  fact  is  of  great  practical  importance 
in  the  applicatlcjn  of  such  instrumentation  to  oceanographic  research 
problems 


3.7 


Another  experimental  situation  where  this  simple  principle  of  temper¬ 
ature  dominance  applies  is  where  a  great  deal  of  heat  energy  can  he  gener¬ 
ated  in  the  experimental  region  as,  for  example,  in  the  turbulence  field 
behind  a  heated  wire  mesh  or  in  a  jet  of  hot  water  Issuing  into  a  volume 
of  cold  water. 


Well  Mixed  Solutions 

Another  situation  where  conductivity  variations  are  due  almost  en¬ 
tirely  to  temperature  variations  occurs  when  the  solution  is  completely 
contained  in  a  vessel  which  is  well  stirred  and  not  in  contact  with  un- 
dlsBolved  quantities  of  the  salt  in  solution.  In  this  case,  there  is  no 
source  or  sink  for  solute  or  solvent.  The  salinity  microstructure  dies 
out  relatively  quickly  due  to  mixing  and  is,  to  a  very  high  degree,  elim¬ 
inated  from  the  measurement.  Hie  ease  with  which  this  is  achieved  in  the 
laboratory,  and  even  in  large  water  tunnels,  is  a  very  important  factor 
in  the  application  of  conductivity  measurements  to  temperature  measure¬ 
ments  in  these  situations.  This  principle  does  not,  of  course,  apply 
to  the  temperature  microstructure  in  the  water  because  many  sources  of 
heat  energy  are  present  in  or  about  the  stirred  solutions.  As  a  matter 
of  fact,  any  form  of  energy,  e.g. ,  the  mechanical  energy  of  the  flowing 
water,  must  ultlmetely  be  converted  to  heat  energy  and  consequently  give 
rise  to  temperature  microstructure.  A  steady  state  equilibrium  situation 
is  reached  in  which  temperature  structure  is  present  but  salinity  struc¬ 
ture  is  completely  absent. 


Zero  Salinity  Coefficient 

Another  technique  for  removing  the  effects  of  salinity  mlcrostruc- 
ture  is  applicable  in  laboratory  experiments  where  the  concentration  of 
the  solution  may  be  varied  at  the  discretion  of  the  experimenter.  By 
referring  to  Figure  2.3  it  is  seen  that  sodium  hydroxide  (NaOH)  has  a 
maximum  in  the  curve  of  conductivity  vs.  concentration.  If  a  solution 
of  such  an  electrolyte  were  to  be  adjusted  to  a  concentration  corresponding 
to  this  maximum,  then  slight  variations  in  concentration  cause  only  small 
second  order  changes  in  conductivity.  If  the  conductivity  of  the  solution 
is  expanded  about  this  point,  the  leading  terra  is 


where  m  is  a  pure  number  and  Oa  is  the  maximum  conductivity  corresponding 
to  the  salinity  .  For  the  NaOH  solution  of  Figure  2.3  , 

=  0.35  ohm  ^cm"^ 

Sa  =  15  ^ 

m  -A  2.0  . 
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As  an  illustration,  suppose  that,  because  of  a  process  outside  the  experi¬ 
menter's  control,  a  1  ^  variation  in  NaOH  concentration  about  is 
continuously  present,  then  the  corresponding  variation  in  conductivity  is 
only  one  part  in  10^.  This  method  constitutes  either  an  additional  re¬ 
duction  of  salinity  background  over  the  last  method  or  one  which  would  be 
applicable  in  the  case  where  a  source  of  the  dissolved  salt  is  always 
exposed  to  the  solution  under  measurement.  The  constant  m  may  possibly 
be  significantly  reduced  by  an  appropriate  choice  of  a  mixture  of  two  salts 
for  example,  NaOH  and  NaCl  as  is  suggested  by  the  curves  of  Figure  2.3 


Dielectric  Loss  in  Water 

The  conduction  of  electricity  in  electrolyte  solutions  discussed  so 
far  has  been  attributed  solely  to  the  motion  of  charged  ions.  This  con¬ 
duction  is  characterized  by  the  resistance  of  the  medium  to  the  flow  of 
electricity,  which,  in  turn,  implies  a  dissipation  of  energy  in  the 
solution,  i.e.,  electrically  speaking,  the  medium  is  "lossy."  This 
source  of  dissipation  of  electrical  energy  is  the  dominant  one  over  a 
very  wide  range  of  the  frequency  of  electrical  oscillations.  In  aqueous 
solutions ,  however,  at  very  high  frequencies  of  the  order  of,  or  greater 
than,  10  kmc  (radar  frequencies)  another  mechanism  of  absorption  of  elec¬ 
trical  energy  becomes  Important  and  is  the  dominant  contribution  to  the 
resistive  component  of  the  medium.  This  phenomenon  has  its  origin  in  the 
dipole  relaxation  absorption  by  the  water  molecules  themselves  (2).  The 
consequence  of  this  is  that  the  conductivity  of  the  water  at  this  high 
frequency  is  Independent  of  the  salinity  of  the  water  (3).  For  example, 
sea  water  and  fresh  water  have  essentially  the  same  electrical  properties 
above  20  kmc.  This  phenomenon  immediately  suggests  making  the  conduc¬ 
tivity  measurements  at  radar  frequencies  so  that  the  measurements  are 
Independent  of  salinity.  The  temperature  coefficient  of  conductivity  is 
still  quite  appreciable  (2  5^  per  °C)  at  these  frequencies  and  is  due  to 
the  temperatui'e  dependence  of  the  water  molecule  dipolar  conductivity. 


Correlated  Signals 

A  measurement  of  conductivity  variations  is  a  specific  Indication  of 
corresponding  temperature  variations,  even  in  a  medium  where  there  are 
also  salinity  variations,  if  these  two  variables  are  linked  by  some  re¬ 
lation,  i.e.,  if  they  are  directly  correlated.  All  that  need  be  known 
in  this  use  is  the  average  relation  between  temperature  and  salinity. 

An  example  of  this  is  found  in  the  ocean  where  it  has  been  known  for  some 
time  that  masses  of  ocean  water  are  characterized  by  a  fixed  relation  be¬ 
tween  its  temperature  and  salinity,  i.e.,  the  so-called  "TS~dlagram" 

(4).  Assuming  this  to  be  the  case,  if  a  small  change  In  salinity, .d  S, 
is  related  to  a  small  change  in  temperature, 4  T,  by  the  equation 

^  S  =  ;^4T  , 
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then  a.  change  In  conductivity  is  given  by 

TT  =  -^4 =  (A-+  VO 

Thus,  the  conductivity  is  specific  to  temperature  (or  salinity,  for  that 
matter)  and  the  only  thing  that  need  otoerwise  be  known  about  the  medium 
is  the  average  value  of  the  parameter  %  which  is  the  slope  of  the  TS- 
diagram.  In  Section  7-3  it  is  shown  that  in  the  ocean  the  typical  value 
of  X  is  about  0.1  per  °C.  If  we  let 


+  »  . 

principle  represents  a  refinement 
over  the  first  mentioned  technique  applicable  to  solutions  with  relatively 
small  salinity  microstructure.  The  correlation  between  temperature  and 
salinity  variations  is  valid  approximately  for  large  scale  masses  of 
water  in  the  ocean  but,  obviously,  it  cannot  hold  down  to  the  smallest 
scale  microstructure  because  of  the  great  difference  in  the  diffusion 
constants  for  temperature  and  salinity.  At  the  smallest  scales  no  cor¬ 
relation  between  temperatxire  and  salinity  should  be  found  and  this  prin¬ 
ciple  of  the  separation  breaks  down. 


and 


then 


// 


h 


7=^  7^  )f 


For  average  ocean  water  0.1.  This 


Salinity  Compensation 

The  conventional  means  for  correcting  a  measurement  of  a  quantity 
for  variations  in  a  spurious  variable  is  to  make  a  measurement  of  the 
spurious  variable  and  compensate  the  original  measurement  with  this  ad¬ 
ditional  data.  Unfortunately  no  instrumentation  presently  exists  for 
rapidly  measuring  the  salinity  on  a  continuous  basis  for  this  means  of 
compensating  the  conductivity  measurement.  This  technique  can  be  general¬ 
ized  to  apply  in  the  case  where  two  non-specific  measurements  of  temper¬ 
ature  and  salinity  by  two  instruments  with  different  response  to  two 
variables  are  combined  appropriately  to  obtain  measures  of  the  temperature 
and  salinity  separately.  Compensation  is  most  effective  If  one  instru¬ 
ment  responds  predominantly  to  salinit/t  This  principle  is  enlarged  on 
in  some  detail  in  Section  h.3  and  appears  as  a  promising  new  method  for 
making  continuous  {ind  simultaneous  measurements  of  temperature  and  salin¬ 
ity  microstructure  in  water. 


*and  the  other  predominantly  to  temperature. 
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Temperature  Dependent  Coefficients 


If  the  temperature  and  salinity  sensitivity  coefficients  depend  on 
temperature,  these  variables  may  be  separated  by  operating  the  electrode 
at  two  different  temperatures.  One  measurement  could  be  performed  at 
ambient  temperature  and  the  other  at  a  higher  temperature  obtained  by 
electrically  heating  the  water  between  the  electrodes.  In  this  way, 
two  equations  based  on  the  two  measurements  are  obtained  with  two  un¬ 
knowns  (temperature,  and  salinity),  which  may  be  solved.  This  method  is 
discussed  in  detail  in  Section  4. 3  along  with  a  class  of  other  such 
compensation  techniques.  The  method  as  described  above  is  difficult  in 
practice  because  the  temperature  dependence  of  the  sensitivity  coefficients 
is  small.  Some  aspects  of  this  double  type  of  measurement  are  discussed 
in  References  (8,9). 


3.3  Resistance-Wire  Thermometer 

One  of  the  most  reliable  and  widely  used  temperature  sensors  is  the 
resistance-wire  thermometer.  Such  an  instrument  is  potentially  capable 
of  a  sensitivity  of  the  order  of  100  u  °C  and  is  capable  of  accurate 
absolute  temperature  measurements  due  to  its  stability.  Temperature 
measurements  in  water  present  some  added  practical  problems  over  those 
in  air. 

The  resistance  wire  thermometer  consists  of  a  fine  wire  which  is 
exposed  to  the  medium  whose  temperature  is  being  measured.  The  resist¬ 
ance  of  the  wire  depends  on  its  temperature  and,  therefore,  on  the  temper¬ 
ature  of  the  medium.  Variations  in  temperature  of  the  medium  give  rise 
to  resistance  variations  which  are  measured  by  electronic  equipment. 

The  earliest  measurements  of  temperature  by  a  resistance  thermometer 
were  those  of  Siemens  in  I87I,  but  it  was  left  to  Callendar  some  years 
later  (1887)  to  develop  the  science  of  precision  resistance-wire  ther¬ 
mometry  (5j6).  a  recent  innovation  in  the  use  of  resistance  thermometers 
in  water  is  the  metal  film  type  element  introduced  by  Ling  (7). 

The  properties  of  resistance  wire  thermometers  for  practical  use 
are  described  by  Mueller  (lO)  and  Lion  (ll).  Some  of  the  salient  fea¬ 
tures  of  these  Instruments  are  discussed  briefly  below.  The  development 
of  the  basic  theory  of  the  operation  of  the  wire  element  is  put  off  to 
Section  5,4  where  it  is  treated  in  connection  with  the  extension  of  this 
inatriiraent  to  the  measurement  of  fluid  velocity,  i.e.,  the  hot-wire  ane¬ 
mometer  . 


Wire  Resistance 

In  general,  the  resistivity  of  metals  increases  with  increasing 
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temperature  (positive  resistance  temperature  coefficient),  whereas  the 
resistivity  of  electrolytes  and  semiconductors  decreases  with  increased 
temperature  (negative  coefficient).  Over  the  range  of  temperature  where 
the  wire  resistance  is  essentially  a  linear  function  of  temperature,  the 
resistance  may  he  expressed  as 

R  =  Rj  ^1  +  p  d 

where  =  T—  T^,  R^is  the  resistance  at  temperature  T*,  and  p  is  the 
temperature  coefficient.  R, is  the  so-called  "cold  resistance."  At  room 
temperature  this  coefficient  is  0.39  for  pure  platinum  and  0.48  ^ 

per  °C  for  tungsten. 


Sensitivity 

The  sensitivity  of  a  resistance-wire  thermometer  is  defined  as  the 
change  in  voltage,  AV,  across  the  wire  due  to  a  temperature,  AT.  For  a 
constant  current  I  thixiugh  the  wire,  we  have 


AV  =  lAR  =  IRjP4T  . 


or  the  sensitivity  is 


Al 

AT 


IR,p 


This  quantity  is  large  if  the  three  quantities  p,  I,  and  R^^are  large. 
Aside  from  the  choice  of  wire  material  which  determines  p ,  this  calls  for 
a  long  thin  wire  which  carries  a  large  current.  The  practical  limitation 
to  these  extremes  is  set  by  the  physical  size  of  the  region  whose  temper¬ 
ature  is  to  be  measured  and  the  fact  that  high  currents  cause  excess 
heating  of  the  wire  resulting  in  a  self-induced  temperature  signal.  This 
effect  relates  to  the  heat  transfer  from  the  medium  to  the  wire  and  is 
treated  later  in  Section  5*4  .  The  temperature  sensitivity  of  conven¬ 
tional  resistance -wire  thermometers  can  be  as  high  as  100  p  C  in  air  as 
well  as  water. 


Response  Time 

The  temperature  of  the  wire  and  medium  are  the  same  only  if  the 
changes  in  temperature  of  the  medium  take  place  slowly  enough  for  a 
complete  heat  exchange  between  the  wire  and  the  medium.  The  rate  of 
change  of  wire  temperature  depends  in  a  relatively  simple  way  on  the 
heat  capacity  of  the  wire,  the  heat  transfer  characteristic,  and  the  temper¬ 
ature  difference  between  the  wire  and  the  medium.  It  is  shown  in  Section 
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;j.j|  that  the  v;lrc  reopondu  to  temperature  changes  like  a  oeries  re¬ 
sistance-capacitance  circuit  with  a  time  constant 

Cw 

time  constant  -  — — . . . . 

where  d  la  the  v;ire  diameter,  Cw  the  heat  capacity  per  unit  volume  of  the 
wire,  k.  the  thermal  conductivity  of  the  fluid  medium  (water  in  this  case) 
and ^ is  the  Nusaelt  number  for  the  wire  in  the  flowing  medium.  A  rapid 
response  to  temperature  variations  calls  for  a  wire  of  small  diameter. 


Errors  and  Compensation 

Spurious  slgnalo  are  generated  in  a  resistance  wire  thermometer  be¬ 
cause  of  a)  the  strain-gauge  effect  in  the  thin  wire  due  to  the  dynamic 
pressure  of  the  flowing  medivim  (v/ater)  on  the  wire,  b)  self- heating  of 
the  wire  by  the  electrical  current  which  generates  a  false  temperature 
reading  dependent  on  the  flow  about  the  wire, and  c)  variations  in  shunt 
resistance  when  the  wire  is  immersed  in  a  conducting  medium  such  as  sea 
\/ater.  'fliese  effects  can  be  reduced  in  a  inediujn  when  the  velocity  is 
uniform  over  tv?o  sensing  wires  in  a  symmetrical  bridge  but  the  temperature 
microstructure  is  not  uniform  over  the  separation  distance  between  the 
wires.  Double  wire  techniques  provide  some  advantages  which  are  not 
possible  with  single  wire  measurements  (12,13,14).  The  resistance-wire 
technique  may  be  used  to  measure  several  variables  of  the  medium  besides 
temperature  (8,9). 


3.4  Comparison  of  Methods 

The  relative  performance  of  the  T-meter  and  resistance-wire  ther¬ 
mometer  operating  in  water  is  now  considered.  This  comparison  is  carried 
out  in  more  detail  in  Section  5-5  along  with  the  comparison  of  the  U- 
meter  and  hot-wire  anemometer.  It  is  sho’.m  in  that  Section  that  the 
temperature  snesltivlty  of  the  T-meter  is  considerably  greater  than  that 
of  the  resistance -wire  thermometer  because  of  the  former's  higher  temper¬ 
ature  coefficient  of  resistance  and  ability  to  dissipate  greater  power 
in  the  sensing  element  before  the  limitations  of  electrode  heating  are 
appreciable.  The  general  utility  of  the  T-meter  is  also  superior  be¬ 
cause  of  the  ruggedness  of  the  sensor  Itself.  The  stability  of  calibra¬ 
tion  probably  is  not  as  good  as  that  of  the  resistance-wire  thermometer 
and,  because  of  the  dependence  on  the  salinity  of  the  water,  the  T-meter, 
in  general,  does  not  measure  temperature  specifically  whereas  the  resist¬ 
ance-wire  thermometer  does.  The  response  frequency  of  both  instruments, 
for  operation  in  water,  is  limited  by  the  physical  size  of  the  sensors. 

It  is  shown  in  Section  5- 8  that  electrode  sensors  can  be  made  much 
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smaller  than  wire  sensors,  thus,  the  T-meter  is  capable  of  a  higher 
frequency  response  than  the  resistance -wire  thermometer. 
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4.  SALINITY  DETECTOR 


The  use  of  a  measurement  of  electrolytic  conductivity  to  determine, 
specifically,  the  salinity  of  a  solution  is  investigated  in  this  Section. 
Instrumentation  hased  on  this  principle  of  salinity  measurement  will  he 
termed  an  "S-meter"  for  brevity  sake.  A  comparison  of  the  S-meter  with 
•'ther  conventional  electronic  means  of  measuring  salinity  is  not  possible 
since  there  are  none  (the  conventional  salinometer  is  a  type  of  S-meter). 
The  instrumentation  described  In  Section  4.3  is  of  interest  since  it 
represents,  it  is  believed,  the  first  example  of  an  instrument  which 
measures  salinity  specifically  by  electronic  means. 


4.1  Description 

The  measurement  of  the  salinity  of  water  by  means  of  a  conductivity 
measurement  is  now  considered  in  more  detail.  The  primary  limitation  to 
making  a  specific  salinity  measurement  by  this  means  is  the  temperature 
background.  In  situations  where  a  specific  measurement  is  possible,  the 
salinity  detector  is  capable  of  high  sensitivity  suid  rapid  response.  The 
following  analysis  closely  parallels  that  for  the  temperature  detector  in 
Section  3.1  . 


Sensitivity 

The  ultimate  sensitivity  of  the  detector  to  salinity  fluctuations 
follows  directly  from  the  simplified  analysis  for  the  temperature  detec¬ 
tor,  but  with  a  change  in  the  p-coefficient: 


1  I  r  ^kT  d  f  ^ 
=  Ps  K  P 


where  ^  is  the  salinity  coefficient  of  conductivity, ^  f  is  the  bandwidth 
of  the  salinity  fluctuations,  P  is  the  electrical  power  dissipated  in  the 
water  and  kT  =  4  x  10"  ^  joule.  Under  the  conditions  assumed  in  Section 
3.1  ,  this  corresponds  to  a  salinity  sensitivity  of  abouL 

SSss  1.1  X  10"^  % 

where  ^  =  2.^  ^  per  • 


This  extremely  high  sensitivity  to  salinity  variations  is  not  realizable 
in  terms  of  a  specific  measurement  unless  -i^onditions  are  such  that  the 
temperature  is  low  or  can  be  compensated  for  in  some  way.  This  matter  is 
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studied  qualitatively  in  Section  4.2  and  in  detail  in  Section  4.3  . 


Background  Noise 


The  above  salinity  sensitivity  is  based  on  the  limitation  imposed  by 
Johnson  noise.  If,  in  fact,  the  background  noise  is  due  to  temperature 
fluctuations,  8T,  In  the  band  of  interest,  then  the  sensitivity  to  salin¬ 
ity  fl\ictuations  is  simply 


&S 


If  the  temperature  background  of  this  type  is  negligible,  consideration 
must  be  given  to  noise  associated  with  fluctuating  electrode  heating  due 
to  velocity  I'luctuations,  6U.  Following  the  corresponding  analysis  of 
this  effect  for  the  temperature  detector,  we  find  that  the  ultimate  salin¬ 
ity  sensitivity  is 


where  is  the  ultimate  temperature  sensitivity  subject  to  the 

background  noise.  The  ultimate  salinity  sensitivity  is  of  the  order 


same 
of  10 


Zero  Temperature  Coefficient 

A  notable  case  of  interest  is  when  the  sensing  element  has  a  zero 
(first  order)  temperature  coefficient.  Such  a  case  is  studied  in  Section 
4.J  ,  where  the  resistive  component  of  a  complex  impedance  seiiaiug 

element  is  found  to  be  independent  (to  first  order)  of  temperature  at  a 
certain  frequency.  This  fortunate  circumstance  has  the  advantage  that 
the  salinity  measurement  becomes,  to  a  high  degree,  independent  of  temper¬ 
ature  background  noise.  The  second  order  temperature  coefficient  of  the 
sensing  element  is,  however,  finite. 

Suppose  that  the  resistance  variations, Z  R,  of  the  sensing  elements 
satisfy  the  equation 


=  P  4  S  +  ^AT^ 
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■where  p  la  the  salinity  coefficient  of  the  resistance,  and^T  are 
salinity  and  temperattire  fluctuations  about  their  respective  average 
values,  and^  is  the  second  order  temperature  coefficient.  The  first 
order  temperature  coefficient  is  assumed  to  be  zero.  The  limit  of  detec¬ 
tability  for  the  salinity  measurement,  5S,  occurs  -when: 

^8S  =  /,  /IT^ 

y  rms 


where^Tj^g  is  the  rms  temperature  fluctuation  background.  As  a  nmerical 
example,  asstmie 


1ft- 
“  10 

2.5  X 

10"^ 

per  ioo 

-  - 

~  10  ~ 

4.0  X 

10"^ 

0-2 
per  C 

and 

rms 

=  lo"^  °c 

then 

8S 

-8 

=  2  X  10 

It  is  clear  that  ^  an  instrument  with  a  zero  first  order  temperature 
coefficient  could  be  obtained,  salinity  measurements  to  the  limit  of 
sensitivity  set  by  Johnson  noise  could  be  made.  An  instrument  with  such 
a  property  is  discussed  in  Section  4.3  •  lu  addition,  it  should  be 
mentioned  that  this  type  of  instrument  is  not  limited  with  respect  to 
electrode  power  because  of  heating  fluctuations  which  occur  when  velocity 
fluctuations  are  present.  This  suggests  the  potentiality  of  even  greater 
salinity  sensitivity  than  10" discussed  earlier  in  this  Section. 


Frequency  Response 

Since  the  detector  has  no  capacity  for  the  measured  variable  (salinity), 
the  response  of  the  detector  is  determined  by  its  physical  size.  As  in 
the  case  of  the  temperature  detector  the  bandwidth, ^  f ,  of  the  detec¬ 
table  salinity  fluctuations  is  approximately* 


A  f 


^  (^) 

2n  ''h'^ 


where  h  ^  is  the  cell  constant  of  the  electrode.  This  expression  is  valid 
within  the  constraints  imposed  by  the  finite  thickness  of  the  velocity 


*A  more  realistic  condition  is  ^  ^  (see  Sec.  I3.I). 


boundary  layer  discuBsed  in  Section  3*1  and  in  more  detail  in  Section 

13.2  . 


k.2.  Separation  of  Variables 

Let  us  now  consider  the  methods  for  making  specific  salinity  measure¬ 
ments  by  means  of  a  conductivity  measurement  in  which  variations  in  temper¬ 
ature  represent  a  small  background.  Several  of  the  methods  to  be  men¬ 
tioned  are  just  the  inverse  of  the  methods  utilized  to  make  specific 
temperature  measurements  considered  in  Section  3.2 


Low  Background 

The  simplest  situation  in  which  specific  salinity  measurements  can 
be  performed  is  when,  because  of  exjjerimental  design  or  natural  processes, 
the  salinity  variations  are  much  larger  than  those  due  to  temperature. 

An  example  of  this  is  the  measurement  of  the  flow  characteristics  of  a 
jet  of  concentrated  salt  solution  issuing  into  a  volume  of  tap  water  at 
the  same  temperature. 


Correlated  Signals 

If  the  temperature  and  salinity  variations  are  directly  correlated, 
as  discussed  before,  a  specific  salinity  (or  temperature)  measurement  can 
be  made  through  a  conductivity  measurement. 


Temperature  Compensation 

The  compensation  technique  involving  two  different  measurements  is 
also  applicable  to  salinity  as  well  as  to  temperature  as  described  pre¬ 
viously.  The  simplest  example  of  this  is  to  simultaneously  measure  temper¬ 
ature  by  some  means  in  order  to  correct  the  conductivity  measurement. 
Salinometers  based  on  a  conductivity  measurement  utilize  this  technique. 


Diffusion  Effect 

An  important  technique  for  separating  salinity  and  temperature  signals 
is  based  on  the  100  fold  difference  in  their  respective  diffusion  con¬ 
stants.  Because  of  the  relatively  small  diffusion  constant  for  salinity, 
small  scale  temperature  micro structure  is  removed  by  diffusion  before 
the  diffusion  process  is  operative  in  smoothing  out  salinity  microstruc¬ 
ture.  In  the  ocean  one  would  expect  to  find  small  scale  salinity  micro- 
structure  present  where  temperature  raicrostructure  is  absent  because  of 
this  effect  (l). 

This  principle  may  be  applied  even  to  large  scale  temperature  and 
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salinity  mi c restructure  in  the  following  way.  The  sensing  electrodes  are 
located  on  a  surface  in  such  a  way  that  a  small  volume  in  the  lAndisturhed 
fluid  medium  experiences  a  large  distortion  due  to  shear  flow  over  the 
surface.  For  example,  this  situation  is  achieved  in  laminar  flow  in  a 
pipe  or  at  the  stagnation  point  of  a  disc  moving  perpendicular  to  the 
direction  of  motion.  A  similar  situation  exists  in  the  turbulently  mixed 
region  behind  a  wire  mesh  screen.  After  the  fluid  has  experienced  great 
distortion,  the  previously  large  scale  temperature  and  salinity  structure 
contains  large  gradients  which  preferentially  remove,  by  diffusion^  that 
component  with  the  highest  diffusion  constant.  With  a  proper  choice  of 
electrode  size  and  position,  the  salinity  microstructure  could  be  measured 
at  a  point  where  the  temperature  variations  are  small. 


Zero  Temperature  Coefflclenn 

The  most  desirable  case  occurs  when  the  sensing  element  has  a  finite 
salinity  coefficient  but  a  zero  (first  order)  temperature  coefficient. 

In  this  case  a  specific  salinity  measurement  can  be  performed  even  in  the 
presence  of  relatively  large  temperature  background  noise.  A  sensing 
element  with  this  property  is  discussed  next  in  Section  4.3  • 


4.3  TS-Meter 

A  principle  of  measurement  is  described  in  this  Section  which  allows 
the  independent  measurement  of  temperature  and  salinity.  It  is  basically 
a  generalization  of  the  ordinary  compensation  technique  in  which  a  primary 
measurement  is  corrected  by  an  independent  secondary  measurement.  In  the 
present  case  the  two  sensing  elements  may  be  functions  of  both  temperature 
and  salinity.  The  conductivity  of  sea  water  is  an  example  of  such  a 
measurable  variable.  An  instrument  based  on  this  principle  for  measuring 
temperature  and  salinity  will  be  referred  to  as  a  "TS-meter. " 

Suppose  there  are  two  Instruments  which  measure  some  parameter  of 
the  water  which  depend,  in  general,  on  both  the  temperature  and  salinity. 

If  the  dependence  of  the  two  instruments  on  these  variables  is  distinct, 
then  the  two  independent  measurements  provide  sufficient  information  to 
solve  for  the  unknown  temperature  and  salinity  (two  equations,  two  un¬ 
knowns).  Examples  of  measurable  quantities  which  depend  differently  on 
temperature  and  salinity  are  the  conductivity,  <J'(T,S),  the  density,  d(T,S), 
and  the  dielectric  constajit,  Ac(T,S),  as  well  as  others.  Our  present 
interest  would  be  with  quantities  which  are  directly  measurable  by  elec¬ 
tronic  means,  i.e.,  conductivity  and  dielectric  constant.  The  TS-meter 
principle  is  most  effective  when  applied  to  sensors  which  can.  be  integrated 
essentially  into  one,  for  example,  the  real  (resistive)  and  imaginary 
(reactive)  parts  of  a  complex  impedance  whose  values  depend  differently 
on  temperature  and  salinity.  It  is  simplest  if  these  two  Impedance  meas¬ 
urements  are  performed  at  the  same  frequency,  however,  to  obtain  more 
distinct  information,  it  may  be  more  desirable  to  perform  the  respective 
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measurements  at  different  frequencies.  A  practical  example  of  the  TS- 
meter  principle  will  occupy  our  attention  later  in  this  Section.  First 
we  develop  the  theory  of  this  principle,  in  particular  an  analysis  of 
the  resultant  errors  and  calibration  techniques. 


Theory 

The  theory  of  the  TS-meter  is  Illustrated  for  an  impedance  whose 
real  and  imaginary  parts  depend  differently  on  temperature  and  salinity. 

The  Impedance  of  an  electrode,  z,  immersed  in  a  flowing  aqueous 
electrolyte  solution  (e.g.,  sea  water)  consists  of  the  resistive,  R,  and 
reactive,  X,  parts: 


z  =  R  +  iX  . 


The  resistive  and  reactive  parts  are  "both  functions  of  the  temperature 
and  salinity.  It  is  fundamental  co  the  principle  of  the  TS-meter  that 
these  functions  of  temperature  and  salinity  are  different.  If  ^R  is  a 
small  change  in  resistance  about  the  average  value  R^,  and  /d  X  is  a  small 
change  in  reactance  about  the  average  value  X,,,  then 


where  A  T  and  A  S  are  small  changes  in  the  temperature  and  salinity  of  the 
solution,  and  the  ^-coefficients  are  given  by 


To  insure  the  independence  of  the  two  measurements,  we  require  (2) 
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A'f?.  /4j<  ^ 

Let  us  simplify  this  notation  to  facilitate  further  analysis  "by  Introduc 
ing 


It 

Xp 

CL,  = 

A 

"  A> 

k. 

■a 

t  = 

S  ' 

=  ^3 

In  this  notation 

+  biS 

A.®  / 

with  the  requirement  that  the  determinant;  D;  is  non-zero: 

X>bS 

According  to  the  principle  of  the  TS-meter,  we  measure  the  quantity 
and  yg  with  electronic  instrumentation  and  then  form  appropriate  linear 
corahinatlons  of  these  signals  to  obtain  a  measure  of  the  temperature  (t) 
and  salinity  (s)  which  are  completely  independent  of  each  other.  Let  the 
linear  combinations  of  the  dli'-ectly  measured  quantities;  y^^  and  yg,  be 

s*  =  A-^%  +  , 

where  t*  and  s*  are  signals  which  approximate^ as  closely  as  the  coeffi¬ 
cients  of  the  linear  combination  will  allow;  the  temperature;  t,  and 
salinity;  S;  of  the  medium.  The  choice  of  the  above  coefficients  of  y-j^ 
and  yg  is  based  of  the  coefficients  of  t  and  s  in  the  previous  (inverse) 
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set  of  linear  equations.  This  linear  combination  of  signals  is  accom¬ 
plished  in  practice  by  an  appropriate  electrical  network  of  passive 
attenuator  and  adder  circuits.  The  ideal  choice  of  the  above  coefficients 
follows  from  the  usual  solution  of  the  linear  eqmtions 


yi  =  S'lt  + 

Vz  =  ^2^  ^2®  ^ 

namely  (z): 

■^1  ('¥')  ^ 


h, 

Thus,  the  ideal  choice  of  the  constants  of  the  linear  combination  (dis¬ 
tinguished  by  hats)  are: 

!D  _  _ 

2) 

have  exactly 

t*  =  t 


•S, 

b, 
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in  which  case 


we 


Such  a  choice  of  coefficients  would  accomplish  our  goal,  that  is,  specific 
and  independent  measurements  of  temperature  and  salinity. 


The  above  ideal  choice  is  obvious;  the  same  solution  could  have  been 
obtained  directly  by  requiring  t  =  t*  and  s  =  s*  so  that 

~&=  i:  s  ~h  ‘^2,  =  A I  {‘t.i'h  ■i'  h>,s^  i-  B, 

and 

ir  -h-  -h 

These  equations  are  satisfied  when 


1  ^  A^c^,,  -f-S, 

0  ^  A,  k  -t-  i>4 


0  Si.  Az.^/  'h 

/  sz  A  z  f-  ^s- 

These  four  equations  in  four  unknowns  have  the  solutions  already  given 
above . 

The  simplest  example  of  a  TS-meter  is  when  one  measurement  (say, 
yj^)  is  almost  exclusively  a  metisurement  of  temperature,  t,  and  the  other 
(saj',  y^)  almost  exclusively  a  tnpn.qijreTriRn+,  nf  sal  ini ty,  s.  Tn  this 
fortuitous  case 


and 

yi  = 


a  ^1  =  0 

0  bg  =  b 

at  yg  =  bs 


(D  =  ab) 
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It  follows  that  =  i.2  =  0,  therefore,  choose  ~  ^2  ~  ^  that 


t*  =  ■-.  Bgyg 


In  this  case  the  measurements  of  both  temperature  and  salinity  are  spec¬ 
ific  even  for  non- ideal  values  of  and  Bg,  however,  errors  may  occur  in 
the  respective  constants  of  proportionality  (calibration  factors).  The 
ideal  values  of  and  Bg  are 


In  the  analysis  that  follows  we  will  tend  to  associate  the  y,  -  meas¬ 
urement  with  a  temperature  measurement  and  the  yg  -  measurement  with  a 
salinity  measurement  (i.e.,  the  subscript  1  is  associated  with  t  and  the 
subscript  2  with  s).  This  association  is  not  fundamental,  however.  The 
test  of  the  TS-meter  principle  is  the  accuracy  with  which  t  and  s  can  be 
measured.  This  topic  is  the  subject  of  the  following  paragraphs. 


Error  Analysis 

Errors  in  the  temperature  and  salinity  measurements  occur  when  the 
coefficients  Aj_,  A2>  Bg  are  not  exactly  equal  to  their  respective 
ideal  values  due  to  spurious  variations  of  the  coefficients  of  each  of 
the  two  measurements,  viz.,  a.^,  bj^,  Sg,  bg.  Let  the  average  value  of 
these  quantities  be  indicated  by  a  zero  subscript.  The  instruments  are 
operated  with  the  coefficieni 
fixed  at  the  average  values : 

hz.o 


A  ■ 

rttc 


/j  ?  o  “  ^Z.0  ~ 


3^0 


of  the  linear  combination 

of  )f-y 

and  yg 

4«=  =  - 

«^/o 

A 

0 

f 

where  D,  = 
instant  by 


^lO^BO""  ^'20^10  •  signals,  y^  and  yg,  are  given  at  any 

=  (ftw  -t-h  h, a -h  ( ^ 
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where  the  coefficients  are 


A  h/o 

Introduce  the  notation: 

^  ^  S 
■^2.0  '^20  S 

then 

=  •£'«,  t  -I-  Si,  s. 

The  linear  coinhinations  of  these  signals  are 

=  A,a  (-1^  Sh,)  t  Ao  (t^O^^-hS 

^  -f  3*0  (isMz.-^S  si»^)  , 

where  the  values  of  t*  and  s*  for  the  average  coefficients  are  denoted  by 
tt  and  sj  : 

—  Ho  ^/o  ~A  ^10 

”  ^*o  0^/0  -h  'ht-O  • 

Regrouping  the  above  expressions 

-i- Bt^Sn-u) -t  -h  Ao'^^2.)s 

S*—  ^  =  (^^2z>  S<^J  'f-B-tr,  -h  C-Az^^f  ^ZO  ^■^z.) 

where  we  see  that  the  measurement  of  temperature  is  not  specific  unless 


and  the  measurement  of  salinity  is  not  specific  unless 


6a^  =  Sag  =  0 


In  general,  these  conditions  do  not  obtain  and  errors  in  the  temperature 
and  salinity  will  occur  due  to  two  effects:  l)  variations  in  the  constant 
of  proportionality  for  each  variable,  i^e.,  the  calibration  factor,  and 
2)  the  occurrence  of  spurious  signals  due  to  the  opposite  variable  be¬ 
cause  the  measurements  are  not  specific. 

To  simplify  the  error  analysis,  assume  the  rms  fluctuations  of  all 
coefficients  are  equal  to  e: 

rA*\s  {ef^/  i  )  _  s  ^ 

^0  bis 

In  the  following,  assume  no  correlation  between  fluctuating  quantities, 
and  squared  qmntities  are  \mderstood  to  be  time  averages: 

(U  fe  0.1 1  e'i\  (aT.  i:  1 4  J  f  "  s= 

Let  the  mean-square  values  of  the  temperature  and  salinity  variations  be 
related  by  the  constant  ^ : 

=  -  Zt  , 


%nen 

•gx  ^to)  ■/-  ko  X 

-A  (AUl 

These  are  the  expressions  which  give  the  resultant  errors  in  the  temper¬ 
ature  and  salinity  measurements  with  the  TS-meter.  These  relations  are 
simplified  using  the  following  equations  which  hold  for  the  average  values 
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of  the  coefficients: 

Q  ■=.  A-fQ  ^te>  ^ 

D  =  Ato  ^JD  'f' 

/  —  ^to  ^2^ 

Squaring  these  equations  we  get 


and 

%'?'>  . 

Without  loss  of  generality,  we  can  choose  the  coefficients  of  the  - 
and  V,,  -  raeasarements  so  that 

'  U 

0  I  w|  1  •  (®'10^20  ^ 

The  quantity  u  may  he  either  positive  or  negative,  and,  we  shall  see,  plays 
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a  fundamental  role  in  the  error  analysis.  The  (average)  determinant  is 

"*  'hip  =  ^/o  .^z©  C/-/^ 

so  that 

4  ^  1  j 


or,  with  consideration  of  the  remge  of  values  of  u,  it  follows  that 


u  <  1  . 


We  will  see  that  the  errors  become  unworkably  large  when  u  — ►  1;  the  er¬ 
rors  are  smallest  when  0  (either  one  or  the  other  measurement  is 

specific);  and  when  u — v  -1  an  intermediate  situation  exists.  In  terms 
of  the  above  notation 


A  to  ^ 

furthermore. 


r/-A)'" 


—  ^  ^  B,o  bio  ^20  —  ^  ^  ^fp  * 


—  Z  ^zo^Zo^o  ^  ^  A/0  Bzo  ^/P  ^  " 


(/-Ar 


—21  4to^zo  ko  i’ao  '^/p  ^/pAe>  =- 


It  follows  that 


'  ^  TW 

C/-A)'- 

! +■  ^ 

/A  ^  2L 

n/'^-/ 1  j.  11- 

or 


These  are  the  error  expressions  that  have  "been  sought. 

Three  limiting  cases  of  the  above  error  formulas  are  now  considered. 

Case  uis  1;  In  this  case  the  errors  are  largest  since  the  measurements 
are  only  slightly  independent.  We  have,  approximately, 

i  yeO-f-y^)  ~ 

-  — JFP) - /-A 


where  the  latter  approximation  is  valid  for  1  (e.g.,  in  the  ocean). 

As  a  numerical  example,  assume  small  variations  in  the  coefficients, 

€  =  .01,  but  the  unfavorable  value  u  =  0.9,  and  ^  -  0.1,  then 


4.1b 


=  0.l4  =  l4  4  error 

rms 


=1.4  =  l40  $  error  . 

rms 

The  temperature  measurements  are  of  fair  accuracy,  hut  the  salinity  meas¬ 
urements  are  completely  confused  unless  long  term  averaging  methods  (cor¬ 
relation  techniques)  are  applied.  Thus,  in  this  case  the  TS-meter  is  of 
no  value  in  separating  the  salinity  and  temperature  signals  even  though 
6  is  small.  This  trouble  lies  in  the  poor  characteristics  of  the  y^  -  and 
yg  -  measurements  in  that  they  differ  only  slightly  from  each  other,  and 
measure  almost  the  same  quantities. 

Case  u  0 ;  In  this  case,  either  one  of  the  other  (or  both)  of  the  y^^- 
and  yg  -  measurements  are  specific.  We  have  approximately 


2  2  2  2 

where  the  latter  approximation  assumes  2p  •  If  2p  <’<>'  then  the 

error  of  the  salinity  measurement  is  about  e.  As  a  numerical  example, 
assume  fairly  large  Instability  in  the  coefficients:  €  =  0.1  and  ^  =  0.1, 
p  =  0.1  then 


=  0.1  =  10  ^  error 

/ 


=  0.17  =  IT  error 


In  this  case,  both  the  tea^je nature  and  salinity  measurements  are  meaning¬ 
ful  although  the  salinity  measurements  suffer  somewhat  additionally  from 
the  lack  of  specificity  of  the  measurements. 
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Case  |i  =  -1;  This  case  illustrates  the  errors  which  occur  when  the 
characteristics  cf  y,  72  are  "orthogonal"  as  described  in  a  later 

paragraph.  This  is  tne  next  best  thing  to  specificity  if  the  latter  cannot 
be  had  in  two  instruments.  Tlie  errors  are  approximately 


AS" 


7/r  / 


where  the  latter  approximations  assume  We  observe,  here,  the 

interesting  fact  that,  in  the  case  of  orthogonal  measurements,  the  lack  of 
specificity  is  somewhat  of  an  aid  in  reducing  calibration  errors  (  /^factor) 
for  the  temperature  measurements.  This  suggests  that  there  is  an  optimum 
p-value  for  a  given  e.  As  a  numerical  example,  assume  e  =  ,05  and  0.1, 
then 


ms 


.035  =■  k  it  error 


0.35  ■=■  15  i>  error 


The  temperature  measurements  are  good  in  this  case,  but  the  salinity 
measurements  suffer  appreciably  from  the  relatively  large  temperature  fluc¬ 
tuations  assumed  in  this  example. 

All  the  cases  above  indicate  that,  while  relatively  good  temperature 
measurements  can  be  made  In  the  ocean,  the  salinity  measurements,  at  best_, 
are  only  of  modest  accuracy.  In  a  later  paragraph  it  is  shown  how  this 
situation  can  be  couaiderauly  iittproveu  upon  by  a  simple  and  continuous 
calibration  technique.  First,  let  us  consider  a  geometrical  interpretation 
of  the  quantities  considered  so  far. 


Geometrical  Interpretation 

The  quantities  actually  measured  are  y^  and  yg' 

y-|^  =  a-j^t  +  bj^s 
yg  =  ugt  +  bgs 


li.lT 


Figure  4.1  "  Characteristic  Lines  of  the  TS-Meter 


The  average  slope  of  the  -  characteristic  line  is 


fV 


=.  ~7^^/  =s 


and  that  of  the  yg  -  characteristic  line  is 


dt  _ 

JT 


The  y^^  -  measurement  is  specific  to  temperature  if  =  0  (hj^  =  O),  i.e., 
yj^  is  independent  of  s.  The  y„  -  measurement  is  specific  to  salinity  if 
G  =  «/2  (Sg  =  O),  i.e.,  yg  is  Independent  of  t.  The  parameter  n  is 


*The  point  of  intersection  of  these  two  lines  detemines  the  instantaneous 
t  and  s  values. 
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This  relation  shows  that  if  either  y-j^  is  specific  to  temperature  (8^  =  O) 
or  yo  Is  specific  to  salinity  (Gg  =  it/2)  or  both,  then  u  =  0,  and  converse 
ly.  The  angle,  0,  between  the  characteristic  lines  is  9  =  0-j^—  Og,  and 


or 


^2.  — 

^  I. 

If  the  two  instruments  are  not  independent  u  =  Ij  6  =  0,  and  the  character 
istic  curves  intersect  nowhere  in  the  t-s  plane.  The  characteristic  lines 
are  perpendicular  if  G  =  jt/2  which  occurs  when 


/-/C 


in  which  case 


/ 


In  this  ease  the  two  measurements  are  said  to  be  "orthogonal,"  The  ex¬ 
treme  case  of  orthogonal  measurements  occurs  when 


|i  =  -1  , 

=  a^(t  +  s) 

=  b2(B  -  t)  , 


Calibration  Technique 

k  simple  technique  is  available  for  calibrating  the  measurement  vrith 
respect  to  temperature.  A  sharp  pulse  of  electrical  energy  is  dissipated 
in  the  water  in  the  electrode  volume.  As  a  result,  a  known  temperature 
rise  occurs  in  the  water.  The  coefficients  of  the  linear  combination  of 
the  measured  signals  8,re  adjusted  so  that  t*  exactly  equals  the  known 
temperature  rise  and  s*  shows  zero  response  to  the  temperature  pulse. 

This  situation  is  illustrated  in  Figure  4.2  .  The  duration  of  the  meas¬ 
ured  pulses  in  this  Figure  is  of  the  order  of  the  response  time  of  the 
electrode.  Adjustments  are  made  to  make  the  actual  and  ideal  response 
coincide.  The  pulsing  for  caJ.ibratior  can  he  done  occasionally  in  order 
not  to  interfere  with  the  actual  measurements,  or,  continuously  and 


and 


yi 
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Figure  4.2  ,  Pulse  Calibration 


periodically  at  a  frequency  com¬ 
parable  with  the  cutoff  frequency 
of  the  electrode  (inverse  response 
time).  At  the  upper  end  of  the 
pass  band  of  the  instrument  the 
calibration  signal  woilLd  not  inter' 
fere  with  the  majority  of  the  sig¬ 
nals  being  observed.  The  heating 
can  be  in  the  form  of  repetative 
sharp  pulses,  but  a  simple  sinusoi' 
dal  heating  signal  is  preferable. 

A  corresponding  simple  and 
direct  method  for  calibration  with 
respect  to  salinity  is  not  avail¬ 
able.  The  obvious  method  for  call' 
brating,  with  respect  to  salinity, 
by  injecting  a  solution  of  known 
salinity  and  temperature  into  the 
field  of  the  electrod^  seems  some¬ 
what  cumbersome  for  the  class  of 
instrumentation  under  discussion 
in  this  Report.  This  procedure 
may  be  used  in  precision  salincm- 
eters  based  on  a  conductivity 
measurement  for  individual  samples 
but  is  not  suitable  for  continuous 
flow  measurements. 


This  calibration  technique  is  studied  analytically  as  follows.  Sup¬ 
pose  the  known  pulse  temperature  rise  is  p.  The  corresponding  outputs 
from  the  two  Instruments  are 

yi  =  ''ip 


72  =  ^2^  ' 


where  use  has  been  made  of  the  fact  that  this  signal  can  be  separated  from 
those  already  occurring  naturally,  due  to  the  t  and  s  variations  in  the 
fluid  medium,  by  appropriate  filtering.  Ptithermore,  the  calibration 
temperature  rise  can  be  made  much  larger  than  the  natural  temperature 
variations.  This  is  particularly  true  for  differential  mlcrostructure 
measurements  involving  two  sensing  elements.  The  linear  combination  of 
the  pulse  signals  are 

t*  =  ■^l^iP  +  B^agp 

g*  =  ^2“lP  • 
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The  requirement  is  to  adjust  the  coefficients  (continuously)  so  that 

t*  =  p  =  known 

and 

3*  =  0  ,  (null  value). 

If  the  adjustments  are  made  continuously,  then. for  all  time^we  know  that 
the  following  equations  hold 


1  -  A-]_a-j^  + 

0  “  Aga^^  ^2^2  * 

This  "being  the  case,  we  have 

-t  'h 

7*-  S  ' 

This  points  up  the  important  fact  that  now  the  s*  output  is  specific  to 
salinity,  i.e.,  s*  does  not  respond  at  all  to  changes  in  the  -temperature 
of  the  medium.  It  is  important  to  note  that  specificity  of  the  salinity 
measurement  is  instired  even  if  only  the  later  of  the  two  conditions  is 
valid  (this  condition  is  easier  to  achieve  in  practice  since  it  requires 
a  null  measurement  Instead  of  an  absolute  measurement).  The  above  cali¬ 
bration  technique  makes  possible  the  measurement  of  salinity  microstruoture 
in  the  presence  of  relatively  large  temperature  microstructure.  Such  a 
technique  is  well  suited  to  measure  small  scale  salinity  mi. cro structure 
in  the  ocean  (with  modest  absolute  accuracy)  but  probably  not  accurate 
enough  for  hi^  quality  absolute  measurements  of  salinity. 

The  error  analysis  for  measurements  using  this  compensation  technique 
is  now  given,  but  first  we  must  decide  how  to  adjust  the  four  "knobs" 
to  obtain  the  two  condition  equations  given  above.  The  two  additional 
conditions  on  the  coefficients  of  the  linear  combination  will  be  chosen 
by  requiring  that  the  coefficients  which  experience  the  least  variation 
will  be  set  to  their  respective  average  ideal  values.  This,  provided  it 
does  not  conflict  with  the  above  condition  equations  (e.g.,  it  is  not 
possible  to  hold  both  Ag  and  Bg  constant,  or  and  constant).  To 
calculate  the  mean-square  variations  in  assume  that  the  mean- 

square  fractional  variations  in  the  coefficients  a2|bn,a2}3g  are  all  the 
same  and  equal  to  €.  The  corresponding  variations  of  the  ideal  linear 
combination  coefficients  can  be  shown  with  some  manipulation  to  be 
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(e  -c*<l) 


2 

For  all  values  of  ti(0  5  l)  the  first  of  these  expressions  is  the 
larger.  Consequently ^  the  conditions  we  impose  are 


A 


2 


and 


®10  ' 


i.e.,  these  "knobs"  are  permanently  set  at  the  average  ideal  values. 
These  conditions  are  con^jatible  with  the  previous  condition  equations, 
which  now  become 


1  ^ 

^  "  ^20*^1  ®2®'2  • 


Solving  these  equations  for  and  Bg  we  get 


and 


/(,  = 

= 


/-  3,0 

Azo  ^ 


The  corresponding  t*  and  s*  signals  are 


±  = 


hi  B 


to 


Cl, 

- 


Taking  mean-square  values  and  using  previous  expressions  we  get 


U  A-'-s  =  — 7,/r—  • 

It  is  important  to  note  that,  as  a  result  of  this  calibration  process, 
no  'y  appears  in  the  errors  for  s*,  i.e.,  temperature  fluctuations  of  the 


medium  do  not  produce  spurious  s*  signals.  As  a  numerical  example,  take 
y  -  0.1,  M  =  0.4  and  e  =  .05,  then 


.015  =  2  ^  error 


=  0.1  -=  10  5^  error  . 

The  errors  in  the  salinity  measurement  are  due  only  to  fluctuations  in  the 
constant  or  proportionality  and  contains  no  error  (to  first  order)  as¬ 
sociated  with  the  temperature  variations  of  the  medium. 

The  means  for  improving  on  the  above  accuracy  of  the  salinlLy  uieaBUx-e- 
ment  is,  as  mentioned  before,  to  expose  the  electrode  volume  to  a  solution 
of  known  salinity  and  temperature.  One  consequence  of  the  heat  pulse  cal¬ 
ibration  scheme  is,  however,  that  now  the  condition  on  the  calibration 
solution  that  its  temperature  be  known  can  be  relaxed.  Since  s*  does  not 
now  respond  to  temperature  changes,  this  condition  is  no  longer  necessary. 
This  greatly  improves  the  prospects  of  a  practical  method  for  also  cal¬ 
ibrating  with  respect  to  salinity,  in  which  case  the  above  errors  in  s* 
can  be  improved  upon. 


TS -Meter  at  Radar  Frequency 

As  a  practical  example  of  an  instrument  based  on  the  TS-meter  prin¬ 
ciple,  let  us  consider  the  impedance  of  an  electrode  at  very  high  fre¬ 
quency  where  the  shunt  volume  capacity  has  an  impedance  of  the  order  of 
the  volume  resistance-  It  is  shown  that  it  is  possible,  by  operating  at 
a  certain  frequency,  to  make  a  specific  measurement  of  either  salinity  or 
temperature  because  of  the  particular  behavior  of  the  salinity  and  temper¬ 
ature  coefficients  of  the  electrode  impedance. 

The  electrode  impedance  has  the  equivalent  circuit  shown  in  Figure 
4.3  at  very  high  frequency.  The  impedance,  z,  is  given  by 


=  R  +  i  X 


where  the  resistive  part,  R,  is 


1  +  k 


and  the  reactive  part,  X,  is 
~kr 


X  = 


1  +  k 


Figure  4.3  . 
Electrode  Impedance 


and  k  =  rxuc.  The  impedance  phase  angle,  is 
tan  ^  ^  =  -k  =.  -rux; 

Suppose  the  resistance  and  capacity  depend  on  a  variable,  £  ,  such  as 
temperature  and/or  salinity.  Tne  fractional  derivatives  of  R  and  X  are 
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where 


It  la  apparent  from  these  relations  that  the  salinity  and  temperature 
coefficients  of  the  resistive  and  reactive  components  of  the  electrode 
impedance  are  functions  of  the  frequency  dependent  phase  factor  k. 

The  temperature  and  salinity  fluctuations  of  the  fluid  medium  are 
measured  "by  means  of  measurements  of  the  fluctuations  of  the  resistance, 
R,  and  reactance,  X.  Is  there  a  value  of  k  for  which  these  measurements 
are  specific?  To  evaluate  whether  such  a  situation  exists,  let  us  assume 
we  are  deaxing  with  sea  water  which  has  the  following  coefficients  at 
20°C  and  35  io  (Sec.  2.3  ) 


To  find  if  such  a  condition  exists  for  the  reactive  component  (for  either 
temperature  or  salinity  changes)  set 


If  such  a  value  of  k  exists,  this  group  of  coefficients’  must  lie  "between 
+1.  For  temperature  and  salinity,  respectively,  this  group  is 

_ _  c>,  30-7 


4.25 


Thus,  values  of  k  exist  for  which  specific  measurements  of  hoth  temperature 
and  salinity  may  be  made.  The  corresponding  values  of  k  are 


■  3.06 


(independent  of  temperature) 
(independent  of  salinity)  . 


The  s.alinity  coefficient  of  the  reactance  in  the  first  case  (k  =  k  )  is 

s 


The  temperature  coefficient  of  reactance  in  the  latter  case  (k  =  k^)  is 


We  now  seek  values  of  k  for  which  the  coefficients  of  the  resistance 
satisfy 


or 

If  such  a  value  of  k  exists,  this  group  of  coefficients  must  lie  between 
zero  and  two.  We  saw  above  that  this  is  the  case.  The  corresponding 
values  of  k  are' 


kg^  =  0.821 

V-r  = 


(independent  of  temperature) 
(independent  of  salinity)  . 


The  salinity 


coefficient  of  resistance  in  the  first  case 


(k  =  k  )  is 

B 

PEB.fpo 
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The  temperature  coefficient  of  resistance  in  the  latter  case  (k  =  k^)  Is 


-Irrh 

pr&  +-  jxs 

These  are  precisely  the  same  as  the  corresponding  coefficients  of  reactance 
at  k^y  and  k^.^^  .  The  relation  between  the  values  of  k  for  resistance 
and  reactance'  is 


The  requirement  of  a  certain  value  for  k  is  really  a  condition  on  the 


operating  frequency  of  the  instrument 

k  =  ruxi 


where  H  is  the  dielectric  constant  of  the  water,  KV  is  the  dielectric 
constant  of  free  space  (  K*  =  8.85  x  10"^^  farad/meter)  and  tf  is  the 
conductivity  of  water.  It  is  important  to  note  that  this  is  independent 
of  the  electrode  geometry  but  it  ^  dependent  on  the  properties  of  the 
medium  (which,  in  turn,  depend  on  the  temperature  and  salinity).  The 
operating  frequency,  f,  is 


For  sea  water  at  20°C  and  35  the  dielectric  corAstant  and  conductivity 
are  (Sec.  7-2  ) 


and 


k  =  73. 8 

(T  =  h.79  ohms‘'^meter 

f,  =  1.17  kmc  . 
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The  operating  frequencies,  corresponding  to  these  values,  for  the  respec¬ 
tive  values  of  k  are  listed  in  Table  4.1  . 


Table  4.1  •  TS-Meter  Operating  Frequencies  in  Sea  Water 


k 

Measure 

Measxire 

Temperature 

Salinity 

Measure 

0.909 

0.821 

Resistance 

1062  me 

961  me 

Measure 

4.48 

3.06 

Reactance 

5.24  kmc 

3.58  kmc 

These  are  well  separatedjfrom  the  practical  standpoint,  and  correspond 
to  ordinary  radar  frequencies.  The  availability  of  electronic  compo¬ 
nents  is  good  at  this  frequency  because  of  the  developments  of  radar 
equipment. 

The  operating  frequencies  in  tap  water  with  conductivity  about 
l/lOO  that  of  sea  water  and  dielectric  constant  of  about  80  lie  in  the 
radio  frequency  range: 


f(,  «  11  me  . 


A  word  of  caution  concerning  the  fact  that  the  electrode  element 
can  be  made  specific  to  either  temperature  or  salinity  is  necessary. 

This  technique  involves  the  same  errors  as  were  considered  before  in 
the  error  analysis  for  the  general  TS-meter  since  the  p-coefficeints 
of  the  electrode  also  vary  with  the  properties  of  the  medium.  We  may 
look  on  this  technique  as  an  intrinsic  example  of  the  TS-meter  prin¬ 
ciple  applied  to  the  sensing  element  itself,  without  the  addition  of 
external  and  auxiliary  electrical  networks  to  perform  the  desired  linear 
combinations  to  obtain  pure  temperature  and/or  salinity  signals.  The 
intrinsic  |i-value  of  the  sensing  element  may  be  defined  as 


where  the  numerical  value  corresponds  to  that  of  sea  water. 

A  fundamental  problem  lies  in  establishing  exactly  at  what  fre- 
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quency  the  measurements  are  independent  of  either  temperature  (fj)  or 
salinity  (f-p).  Continuous  adjustments  are  required  since  these  discrete 
values  of  frequency  change  with  the  salinity  and  temperature  of  the 
medium : 


'k(T,5)  (TC 

For  the  measurement  of  scU-inity,  it  is  clear  that  the  simplest  and  most 
effective  way  of  locating  f*  precisely  and  continuously  is  by  means  of 
the  heat  pulse  calibration  technique  outlined  previously. 

It  is  a  novel  feature  of  this  instrumentation  that  by  just  merely 
tuning  the  frequency  of  the  electrical  power  one  can  change  from  a  temper¬ 
ature  measuring  device  (at  ff.)  to  a  salinity  measuring  device  (at  fg). 
Thus,  by  an  appropriate  automatic  time  sharing  procedure,  in  which  the 
operating  frequency  is  very  rapidly  switched  between  f.^.  and  fg,  the  one 
instrument  provides  simultaneously  Independent  measures  of  the  temperature 
and  salinity  fldctuatlons . 
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5. 


VBLOCm  DETECTOR 


The  measurement  of  the  flow  velocity  of  water  "by  means  of  an  elec¬ 
trolytic  conductivity  measurement  is  studied  in  this  Section.  Instru¬ 
mentation  based  on  this  principle  of  velocity  measurement  will  be  termed 
a  "U-meter"  for  brevity  sake.  The  characteristics  of  a  U-meter  are  com¬ 
pared  with  those  of  a  hot-wire  anemometer  in  water  at  the  end  of  this 
Section  in  order  to  evaluate  the  relative  merits  of  the  new  technique  of 
velocity  measurement. 


5 . 1  Concept 

A  more  detailed  description  of  the  basic  concepts  underlying  the 
operation  of  the  U-meter  is  appropriate.  The  process  of  measurement 
consists  of  three  steps:  l)  velocity  dependent  temperature  rise  due  to 
heating^  2)  electrical  heating  of  the  conducting  medium^  and  3)  temper¬ 
ature  dependence  of  the  electrical  conductivity.  These  three  processes 
take  place  simultaneously  at  one  and  the  same  location j  i.e.,  in  the 
water  Itself. 

The  first  of  these  processes  was  used  by  Thomas  (l)  for  the  measirre- 
ment  of  gas  flow  velocity  but  the  method  applies  equally  well  to  the  meas¬ 
urement  of  any  fluid  flow.  The  method  is  illustrated  in  Figure  5*1  where 
a  gas  is  shown  flowing  in  a  pipe  past  an  input  thermometer,  a  heating 
element, and  an  output  thermometer,  in  that  order. 


/A/Ft/T"  otrrFUT 


Figure  5.1  .  Thomas  Method  of  Velocity  Measurement 


5.1 


T!be  gas  enters  at  a  tea^erature  is  then  heated  by  a  scarce  which  is 
dissipating  heat  energy  at  a  rate,  P,  and  then  leaves  at  a  temperature, 
^2,  after  being  heated.  If  the  input  and  output  ten^eratures  are  meas¬ 
ured  by  thermometers,  and  the  amount  of  input  heating  power  is  known, 
then  the  flow  rate  of  the  gas  can  be  determined  from  the  relation 

P  »  eAU(T2  -  Tj^)  , 


where  c  Is  the  heat  capacity  per  unit  volume  of  the  gas,  A  is  the  cross 
sectional  area  of  the  pipe,  and  U  is  the  average  flow  velocity.  The 
volumetric  flow  rate  Is  Just  AU.  Por  a  given  Input  power  the  measured 
temperature  rise  (Tg  -  Tj^)  varies  inversely  with  velocity,  thus,  the 
teiqperature  Increases  as  the  velocity  decreases.  The  Thomas  method 
illustrates  the  basic  Idea  of  measuring  fluid  velocity  by  measuring  a 
known  and  artificially  produced  tes^rature  rise  In  the  flowing  medium. 

The  second  process  involves  the  means  of  heating  the  flowing  medium. 
Instead  of  heating  the  fluid  by  its  contact  with  a  heated  surface,  as  done 
by  Thomas,  the  medium  may  be  heated  Internally  by  Joule  electrical  heat¬ 
ing  if  it  has  an  appreciable  electrical  conductivity.  Such  a  method  was 
devised  by  Beln  (2)  for  meastiring  the  flow  velocity  of  blood  in  animal 
experiments.  ^Is  method  of  based  on  that  of  Thomas,  however,  the  flow¬ 
ing  medium  can  be  heated  approximately  uniformly  without  using  heating 
elements  which  obstruct  the  flow.  This  situation  is  illustrated  in  Fig¬ 
ure  ^,2  .  The  steady  state  teiqperatwe  rise  is  measured  by  means  of 
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Figure  5.2 


Rein  Method  of  Velocity  Measurement 


temperature  sensitive  elements  in  contact  with  the  walls  of  the  tube. 

Heat  is  supplied  to  the  conducting  fluid  by  the  RF  field  generated  between 
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the  plates  of  a  capacitor  which  surround  the  tube.  The  response  time  of 
such  a  system  is  poor  as  a  consequence  of  the  long  time  required  for  heat 
to  be  transferred  by  conduction  through  the  walls  of  the  tube  to  the  ther¬ 
mometers.  Electrical  heating  can  also  be  accomplished  by  direct  elec¬ 
trical  conduction  by  placing  electrodes  on  the  inner  walls  of  the  tube 
where  it  is  in  electrical  contact  with  the  flowing  medium.  Induction 
coupling  may  be  used  (induction  heating). 

The  third  process  pertains  to  the  fact  that  the  electrical  conductiv¬ 
ity  of  an  electrolyte  solution  depends  on  its  temperature.  This  fact  has 
been  taken  advantage  of  by  Craig  (3)  in  order  to  measure  temperatures  in 
a  way  analogous  to  the  resistance-wire  thermometer  but  uses  the  temper¬ 
ature  coefficient  of  an  electrolyte  rather  than  that  of  a  wire.  This 
idea  was  discussed  in  detail  in  Section  2.3  where  it  was  found  that  the 
temperature  of  a  flowing  liquid  of  finite  conductivity  could  be  measured 
by  means  of  electrodes  in  contact  with  the  fluid.  It  was  shown  there 
that,  the  resistance,  R,  of  the  electrode  is  related  to  the  temperature, 

T,  of  the  fluid  by 

R  =  Ro  -  Tj]  , 

where  Ro  is  the  resistance  at  the  temperature  T^,  and  ^  is  the  temperature 
coefficient  of  conductivity  of  the  medium. 

The  essence  of  the  concept  of  the  U-meter  is  that  the  above  three 
processes  can  be  combined  into  a  single  sensing  electrode  which  simultane¬ 
ously  heats  the  fluid,  measures  its  temperature  and  hence  determines  the 
fluid  velocity.  This  situation  is  shown  in  Figure  5-3  .  The  fluid 
enters  at  temperature  T2_  and  leaves  at  temperature  T2  after  being  heated 
at  a  rate,  P,  by  electrical  currents  which  flow  in  the  medium  from  the 
iraraeraed  electrodes.  The  resistance  of  the  electrodes  is  measured  simul¬ 
taneously  by  means  of  a  bridge  network. 


Figure  5,3  .  U-Meter  Method  of  Velocity  Measurement 


The  temperature  rise  and  velocity  are  related,  as  with  the  Thomas  method, 

ty 

P  =  cAU(T2  -  T;i_)  • 


The  average  temperature  of  the  fluid  in  the  electrode  volume  is 


Ti  + 


and  the  electrode  resistance  is 


Comhlnlng  the  above  relations  we  obtain 


f 


^(Ti 


_ap_ 

2cAU 


This  method  differs  from  the  previous  one  discussed  in  one  Important 
respect,  viz.,  only  one  temperature  measurement  is  made.  As  a  consequence, 
the  velocity  measurement  is  subject  to  errors  due  to  temperature  fluctu¬ 
ations  of  the  meditan?'  This  effect  is  reduced  by  operating  at  high  power 
in  order  to  cause  a  largo  temperature  rise  in  the  electrode  volume.  Neg¬ 
lecting  temperature  fluctuations  of  the  medium,  resistance-velocity  relation 
becomes 


There  is  considerable  similarity  between  this  type  of  sensor  and 
the  hot-wire  anemometer.  The  similarity  lies  in  the  use  of  electrical 
techniques  to  measure  resistance  changes  of  a  temperature  sensitive  element 
which  is  heated  electrically.  The  major  dissimilarities  are:  l)  the 
medium  Itself  is  used  as  the  sensing  element  Instead  of  a  wire,  and  2) 
heat  transfer  is  by  direct  transport  of  the  medium  instead  of  cooling. 

The  latter  difference  is  responsible  for  an  improved  response  time  of  the 
U-meter. 


5.2  Related  Electrochemical  Methods 

Several  methods  are  described  below  which  make  use  of  electrolytic 
conductivity  to  measure  the  velocity  of  solutions.  These  methods,  however. 


^An  identical  unheated  electrode  located  upstream  is  suitable  for  measuring 
T^  to  avoid  this  problem. 
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depend  for  their  operation  on  special  electrochemical  effects,  whereas  the 
present  detector  is  hased  on  the  simple  mechanism  of  Joule  heating  by  an 
electric  current  in  a  conducting  medium. 


It  has  long  been  known  that  the  direct  current  resistance  of  an  elec¬ 
trode  immersed  in  an  electrolyte  varies  with  the  movement  of  the  electro¬ 
lyte.  Apparently  the  first  attempt  to  measure  fluid  velocities  by  means 
of  an  electrolytic  conductivity  measurement  was  reported  in  I917  by  Clever- 
don  (U)  -  he  asked  "Can  the  velocity  of  water  be  measured  by  passing  an 
electric  current  through  it?"  It  was  observed  that  the  resistance  be¬ 
tween  two  electrodes  immersed  in  water  increased  as  the  flow  of  water 
increased  as  shown  in  Figure  5*^  •  Direct  current  was  used  in  these  tests 
and  it  was  emphasized  that  the  results 
of  the  measurement  were  very  erratic 
and  changed  in  an  unpredictable  way  ^  li 
with  experimental  conditions.  The  ex- 
planation  of  these  results  Is  not  .  -v 

clear.  If  the  effect  is  due  to  an 
electrochemical  effect  based  on  ve-  ^ 

locity  dependent  electrolyte  concen-  |j 

tration  gradients,  then  the  resistance  ^  1}  /  jT 

should  have  decreased  with  increasing  O  2d  -/ / 

velocity.  If  a  heating  effect  is  op-  ^  >1*  // 

erative,  the  resistance  should  in-  // 

crease  with  increasing  velocity  as  O  f  |  j  <  1  L  -i. 

observed,  however,  the  electrical  our-  /  2  5  ^  ^ 

rents  and  voltages  Involved  seem  to  be  l/icrAn^  /y-\j 

too  low  (about  a  milliwatt)  to  account  ^  ^ 

for  the  observed  effect.  _ _ 
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Figure  5 . 4 


Cleverdon  Velocity 
Measurement 


Boyer  and  Lonsda].e  (5,6)  studied 
a  probe  for  measuring  low  water  ve¬ 
locities  (fraction  of  a  knot)  by  electrolytic  means.  The  current  flowing 
between  small  electrodes  with  an  applied  do  voltage  is  shown  to  vary  as 
the  square  root  of  the  velocity  of  the  fluid.  An  example  of  the  velocity 
characteristic  of  the  probe  is  shown  in  Figure  5*5  •  The  electrical 
power  involved  in  these  measurements  amounts  to  a  fraction  of  a  milliwatt. 
ThC'  authors  ascribe  the  operation  of  the  sensor  to  an  unknown  combination 
o"  ::omplex  electromechanical  phenomena,  presuiiiably  the  main  one  being  a 
dissolved  oxygen  reaction  at  the  cathode. 


k 
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Figure  5.5 
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Boyer  and  Lonsdale  Velocity  Measurement 


Ranz  (7)  describes  an  electrolytic  methcd  for  measuring  water  ve¬ 
locities.  The  operation  of  the  sensor  is  based  on  a  convection-control- 
led  mass  transfer  process  in  which  the  rate  of  mass  transfer  results  in 
an  electrical  signal  across  the  probe.  It  is  also  stated  that  the  response 
time  seems  to  be  comparable  with^  or  better  than, hot-wire  detectors  because 
"the  measuring  probe  has  no  capacity  for  the  transferred  quantity."  In 
water,  these  processes  are  possible  whenever  electrolysis  occurs  under 
conditions  of  concentration  polarization  (8,9)/  and  they  exist  in  relatively 
uncomplicated  form  as  the  limiting  currents  in  polarographic  analysis  (lO). 


W 


(b) 


The  typical  dc  current- voltage  characteristic  of  a  probe  as  shown  in 
Figure  5.6a  and  Figure  5.6b  illustrates  the  observed  current  -  velocity 
characteristic.  The  power  dissipated  at  the  electrode  is  of  the  order 
of  a  small  fraction  of  a  milliwatt. 

Eskinazl  (ll)  describes  the  results  of  velocity  measurements  baaed 
on  an  electrolytic  conductivity  measurement.  A  do  current  flows  between 
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two  small  closely  spaced  electrodes  and  the  resultant  voltage  across  the 
electrodes  shows  the  following  velocity  dependence:  voltage  =  velocity^ 

+  constant.  The  electrode  power  amounts  to  only  a  small  fraction  of  a 
milliwatt  (SOpa  at  1  volt).  The  following  statement  was  made  concerning 
the  origin  of  the  effect:  "The  narrow  electrical  passage  in  the  electrode 
gap  is  distorted  by  the  velocity  of  the  medium  that  flows  through  the  gap. 
The  velocity  of  the  medium  increases  the  length  of  the  electrical  path 
between  the  electrodes  and  consequently  increases  the  overall  resistance 
of  the  gap."  It  will  be  remembered  that  Cleverdon  (4)  also  found  an  in¬ 
crease  in  electrode  resistance  with  an  increase  in  fluid  velocity. 

The  topic  of  the  variation  of  limiting  direct  currents  in  electrolyte 
solutions  which  la  associated  with  the  rate  of  mass  transfer  at  electrodes 
is  studied  in  detail  in  the  book  by  Delahay  (12). 


5.3  Description  and  Theory 

In  this  Section  the  operation  of  the  U-meter  is  studied  in  greater 
detail. 

The  sensing  element  of  the  U-meter  is  the  water  itself.  Water  of 
finite  electrical  conductivity  is  heated  by  the  electrical  current  which 
flows  in  it  as  it  passes  through  the  field  of  a  small  electrode.  The 
resultant  temperature  rise  of  the  water  depends  on  its  duration  in  the 
vicinity  of  the  electrodes  and,  therefore,  on  the  fluid  velocity.  The 
electrical  resistance  between  the  electrodes  and/or  the  conductivity  of 
the  flowing  medium  depends  on  its  temperature  and,  consequently,  on  the 
velocity  of  the  water.  Thus,  velocity  variations  give  rise  to  electrode 
resistance  variations  which  are  measurable  by  electronic  equipment. 


Electrode  Resistance 

The  electrical  resistance  of  electrodes  immersed  in  an  electrolyte 
solution  depends  on  the  temperature  of  the  solution  and  provides  the  basic 
means  for  translating  the  velocity  dependent  temperature  of  the  flowing 
aqueous  solution  into  an  electrically  measurable  quantity.  The  electrode 
resistance  may  be  expressed  as  follows  over  the  practical  range  of  interest 
from  0"  C  to  100°  C  (boiling): 

R  =  Ro{l-  p(T  -  Tj  (T  -  To)^}  , 

where  R,  Is  the  electrode  resistance  at  the  reference  temperature  To, and 
P  and  y  are  the  linear  and  quadratic  temperature  coefficients  of  the  conduc¬ 
tivity  of  the  solutlonf  For  most  electrolyte  solutions  p  is  of  the  order 
of  2  %  per  °C.  For  sea  water  of  35  salinity  at  20°  C: 

p  =  .021  and  7=  3.9  xio"^  , 


■'^See  Addendum  Ko.  1. 
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A  rough  measure  of  the  non-linearity  of  the  temperature  dependence  of 
the  electrode  resistance  is  that  temperature  rise  (T^  -  To)  where  the 
changes  of  resistance  of  the  linear  and  quadratic  terms  are  equal: 

T^  =  ^  28  °C  , 

which  for  sea  water  occurs  at  about  28  °C.  Actually,  the  non-linearity 
is  appreciable  for  tempemture  changes  considerably  leas  than  this.  The 
non-linearity  is,  thus,  not  small  and  must  be  considered  fur  large  temper¬ 
ature  changes.  In  particular,  it  is  much  larger  than  the  non-Hnearity  of 
typical  resistance  wires. 

For  small  temperature  changes ZiT"=  T  -  T®,  where  only  the  linear  term 
is  Important 

=  Ro  [l-  P4t] 


=  -p4T  =  -a  , 


R 


AR 

Ro 


where i3R  =  R  -  R^  and  a  =  p ^T.  If  the  non-linearity  of  the  resistance  is 
incltided,  this  expression  becomes 

It  *  ^("--^4 

For  sea  water  the  coefficient  of  the  r.oii-llnear  term  is  approximately 


The  average  value  of  termed  the  "over  temperature"  and  To  +  AT  the 
"operating  temperature." 


Heat  Transfer  Equation 

Fundamental  to  the  operation  of  the  U-meter  is  the  relation  between  the 
rate  at  which  heat  is  generated  by  electrical  energy  and  the  fluid  velocity. 
The  heat  transfer  takes  place  primarily  by  forced  convection  of  the  inter¬ 
nally  heated  fluid,  and  transfer  by  conduction,  free  convection  and  radiation 
are  usually  small,  Tlie  heat  transfer  equation  is  discussed  in  detail  in 
Section  12.5  •  The  forced  convection  term  is 

P  =  2cAuZt  , 


where  P  is  the  input  In  electrical  power  to  the  water,  c  is  the  heat 
capacity  per  unit  volume  of  the  water,  A  is  the  "frontal  area"  of  the 
electrode,  U  is  the  fluid  velocity,  and ST  is  the  average  temperature  rise 
throughout  the  electrode  volume  (Sec.  12.1  ).  This  expression  is  approx¬ 
imately  valid  over  the  range  of  Peclet  number  greater  than  ten  (ER^IO). 

If  I  is  the  (rms)  current  to  the  electrode^ the  heat  transfer  equation 
is 

=  2oAuSt  . 

Combining  this  with  the  (linear)  resistance  equation,  we  obtain 


where 


R  -  Ro 


-BU 


2cA 

pRo 


This  expression  is  analogous  to  the  corresponding  equation  for  the  hot¬ 
wire  anemometer  tut  with  a  different  velocity  dependence.  Because  of  the 
difficulty  of  calculating  the  frontal  area  of  a  given  electrode,  the  param¬ 
eters  of  the  above  equation  are  best  obtained  by  experimental  calibration. 
The  velocity  dependence  of  the  above  equation  is  shown  in  Figure  5.7  a- 
long  with  the  sa_me  quantity  for  the  hot-wire  anemometer.  The  dynamic  pres¬ 
sure  as  measured  by  a  pitot  tube  is  included  for  comparison. 


Figure  5.7 


Velocity  Calibration  Curves 
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Electronic  Equliment 


A  simplified  electronic  arrangement  for  the  U-meter  is  shown  in 
Figure  2.1  .  The  electrode  sensing  element  constitutes  one  arm  of  a 

Wheatstone  hridge.  Variations  of  resistance  due  to  velocity  variations 
produces  a  voltage  across  the  voltmeter,  thus,  providing  a  means  for  meas¬ 
uring  the  changes  of  velocity.  A  source  of  altermting  current  is  utilized 
to  heat  the  water  because  of  troublesome  problems  associated  with  elec¬ 
trolysis  at  the  electrodes  when  direct  current  is  used.  As  with  the  hot¬ 
wire  anemometer,  the  associated  electronics  of  the  velocity  detector  may 
be  operated  in  several  ways,  two  of  the  most  importamt  being  a)  constant 
current  operation  (CCO)  shown  in  Figure  and  b)  constant-temperature 
operation  (CTO)  shown  in  Figure  5.9  .  In  the  CCO  mode  the  current  is  held 

constant  and  the  resifLtant  resistance  variations  are  detected  as  voltage 
fluctuations  across  the  electrodes.  In  the  CTO  mode,  which  also  implies 
constant-resistance-operation  (CRO),  the  heating  current  is  automatically 
adjusted  to  hold  the  temperature  (or  resistance)  constant  and  the  result¬ 
ant  heating  current  fluctuations  reflect  the  changes  in  velocity. 


Sensitivity 

The  sensitivity  to  velocity  variations  is  defined  as  the  magnitude  of 
the  factor  of  proportionality  between  the  velocity  fluctuations, AU,  and 
the  consequent  fluctuations  in  voltage, AV,  across  the  electrode  resist¬ 
ance. 


In  the  constant- current  mode,  differentiation  of  the  following  equations 
for  constant  current,  I: 

_  &cA\) 

V  »  IR 


yields  the  sensitivity 


/#•) 


Expressing  I  in  terms  of  d,  it  follows  that 


In  the  constant-temperature  mode,  the  sensitivity  is  obtained  in  a 
similar  manner,  but,  with  the  resistance  held  constant.  The  sensitivity 


5.10 


Figure  5.9  .  Constant-Temperature -Operation 
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in  this  case  is 


and  the  dependence  on  a  is 

fM.)  ^ 

(  ^^/cro 

or 

Z^) 

/CCO 

Since  a  is,  at  best,  about  0.4  for  typical  aqueous  electrolyte  solutions 
(without  boiling  at  the  electrodes)  It  follows  that  the  sensitivity  in 
the  CCO  mode  is  always  less  than  that  in  the  CTO  mode. 


Constant  Power  Operation 

The  above  analysis  adheres  to  the  customaiy  analysis  for  hot-wire 
anemometer.  Frequently  it  is  necessary  to  operate  the  U-meter  at  very 
high  power  where  the  efficient  transfer  of  electrical  energy  from  the 
power  source  to  the  electrode  is  important.  This  is  achieved  when  the 
source  resistance  equals  the  electrode  resistance,  l.e.,  the  source  is 
matched  to  the  electrode.  This  arrangement  corresponds  to  conetant-power- 
operatlon.  This  case  is  analysed  below  and  includes  the  correction  for 
the  non-linearity  of  the  resistance  which  was  not  included  in  the  above 
sensitivity  formulas. 

The  electrode  resistance  is 


R 


Re{l-  ^-<4T-^- 


and  the  small  change  in  resistance  6B  caused  by  a  small  change  8  id T  in  the 
average  electrode  temperature  rise  is  given  by 

where  a  =  p^T.  The  average  electrode  temperature  is  related  to  the 
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electrode  power,  P,  by 


P 

2cAU  ' 


and  a  small  change  in  this  temperature  due  to  a  change,  6U,  in  the  ve¬ 
locity  satisfies 


SAT 

AT 


Combining  the  above  relations,  and  retaining  only  terms  to  the  2nd  order 
in  a 


+- 


where  for  sea  water 


Frequency  Response 

Since  the  velocity  measurement  does  not  depend  on  a  cooling  effect, 
as  with  the  hot-wire  anemometer,  the  frequency  response  is  determined 
primarily  by  the  physical  size  of  the  electrode.  This  topic  is  consider¬ 
ed  in  detail  in  Section  14  .  It  was  pointed  out  in  an  earlier  Section 

that  the  bandwidth, Af,  of  the  velocity  measurement  is  approximately 


where  h'^  is  the  cell  constant  of  the  electrode.  An  electrode  with  a 
typical  dimension  of  1  mm  (h  =  0,1  cm)  moving  at  10  knots  (U  =  51^  cm/sec) 
measures  velocity  fluctuations  over  an  820  ops  bandwidth. 


Additional  Effects 

Several  other  aspects  of  the  U-meter  are  now  mentioned  briefly.  The 
presence  of  the  velocity  and  thermal  boundary  layers  at  the  electrode 
surfaces  modifies  the  response  characteristics  of  the  velocity  detector. 


*A  more  realistic  condition  is  Af  =  ^  .  See  Section  l4. 
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This  effect  is  similar  to  the  "end  effect"  in  the  case  of  the  hot-wire 
anemometer  and  is  studied  in  detail  in  Section  li)-.4  .  The  problem  of 
errors  in  the  velocity  measurements  due  to  temperature  fluctuations . in  the 
medium  is  analysed  in  Section  8.3  .  The  non-linearity  of  the  resistance- 

temperature  characteristic  is  studied  in  Section  12.6  and  the  response  of 
the  U-meter  to  non-uniform  velocities  over  the  sensing  volume  of  the  elec¬ 
trode  is  analysed  in  Section  l4.1  , 


^ . 4  Kct-Wlre  Anemometer 

In  this  Section  a  review  of  the  hot-wire  anemometer  (HWA)  will  be  made 
both  as  background  information  which  is  particularly  useful  because  of  the 
similarity  with  the  U-meter  and  to  develop  formulas  which  will  allow  direct 
comparisons  with  the  U-meter.  Practically  all  of  the  concepts  of  the  hot¬ 
wire  anemometer  carry  over  directly  to  the  electrode  velocity  detector. 

This  review  is  based  primarily  on  the  excellent  general  introductory 
articles  by  Hinse  (13;  and  Kovasznay  (l4).  Several  others  may  be  consulted 
for  references  to  all  aspects  of  the  hot-wire  anemometer  (I5;l6;17;l3). 

The  hot-wire  anemometer  is  the  principal  tool  for  turbulence  research 
today,  The  detecting  element  of  a  hot-wire  anemometer  consists  of  a  fine 
wire  which  is  heated  by  an  electrical  current  and  cooled  by  the  flowing 
medium.  The  resistance  of  the  wire  depends  on  its  temperature  which;  in 
turn;  is  determined  by  the  fluid  velocity.  Thus,  velocity  variations  give 
rise  to  resistance  variations  which  are  measured  by  electronic  instru¬ 
mentation. 

The  earliest  work  (1894)  on  the  hot-wire  concept  for  air  velocity 
measurement  appears  to  be  due  to  Weber  (I9)  and  Oberbeck  (20).  It  was 
not  for  almost  two  decades  that  a  number  of  investigators  turned  to  the 
development  of  this  Instrument  for  air  flow  measurements  in  aerodynamic 
research  (1912).  The  first  systematic  study  (1914)  of  the  basic  prin¬ 
ciple  of  the  hot-wire  anemometer;  i.e.;  the  loss  of  heat  from  wires  (eyl- 
ilnders)  In  a  flowing  fluid;  was  carried  out  both  theoretically  and  experi¬ 
mentally  by  King  (2l).  The  realization  that  the  response  time  of  the 
detector  could  be  improved  artificially  by  electronic  compensation  teoh- 
niiiues  was  first  accomplished  (1928)  by  Dryden  and  Kuethe  (22;23)'  The  Idea 
and  advantages  of  maintaining  the  wire  at  a  constant  temperature  by  a  feed¬ 
back  system  was  advocated  in  1934  by  Ziegler  (24).  Since  that  time  the 
hot-wire  anemometer  has  been  widely  developed  in  all  aspects  of  its  use, 
and  has  found  application  in  airflow  measurements  from  the  very  lowest 
velocities  (25)  to  supersonic  speeds  (26).  The  use  of  this  instrument  in 
water  has  been  slow  to  develop  since  the  work  in  1929  of  Richardson  (27); 
the  first  application  was  made  about  1947.  A  similar  device,  using  a  hot- 
film  instead  of  a  hot-wire,  was  advanced  by  Ling  in  1955  and  has  been 
found  more  useful  for  measurements  in  water  (28). 

The  properties  of  the  hot-wire  anemometer  are  analysed  in  the  following 
paragraphs. 
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wire  Resistance 

The  electrical  resistance  of  a  wire  depends  on  Its  temperature  as 
follows ! 

R  =  R^[l  +  p(T  -  T.)  +  7  (T  -  T,)^j  , 

where  R*  Is  the  resistance  at  temperature  Tb,  T  Is  the  temperature  of  the 
wlre^  euid  3  and  Y  are  the  linear  and  quadratic  temperature  coefficients 
of  resistance  of  the  wire.  For  tungsten: 

P  =  5.2  X  10"3  °c'^  ,  7=  7.0  X  10"^ 

and  for  platinum 

P  =  3.5  X  lO”^  °C"^  ,  y  a  -5.5  X  10‘^  , 


The  quadratic  term  is  appreciable  relative  to  the  linear  term  for  temper¬ 
atures  of  the  order  of 


^  »■  5000  °C  . 

Since  hot-wires  are  ordinarily  operated  at  temperatures  of  the  order  of 
100°Cj  the  non-linearity  is  usually  small. 

Assuming  linearity  we  have 

R  =  Ro  [l  + 


or 


AR 

~Re 


PAT 


Ot  , 


where  R  -  Rb  =  A  R  and  T  -  =  AT.  The  average  value  of  the  temper¬ 

ature  difference, AT,  is  termed  the  "operating  temperature"  or  "over  temper¬ 
ature.  " 


Heat  Loss  Equation 


For  an  Incompressible  fluid,  in  which  the  heat  transfer  does  not 
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modify  the  flow,  King  (21)  It  is  found  that  the  rate  of  heat  loss,  P,  from 
a  circular  cylindrical  wire  in  steady  flow  is 

F=-  A (<  -»-  ), 

where xC  ^d  d  are  the  length  and  diameter  of  the  wire,  K  is  the  thermal 
conductivity  of  the  medium,  and  c  is  the  heat  capacity  per  unit  volume  of 
the  medium.  This  can  be  transformed  into  non-dimensional  form  by  the 
usual  dimensionless  groups: 

X./  P 

5 ,  ■■  Nusselt  number 

rU.  kAT 


Reynolds  number 


Prandtl  number  , 


where “V* is  the  kinematic  viscosity  of  the  fluid  medium.  King’s  theoretical 
law  becomes 


This  law  has  been  superseded  by  the  empirical  relation  (29,30): 

0.4^F  ^0.?7P  ^  ^ 


which  is  valid  for  both  air  and  water. 

For  theimal  equilibrium  conditions  between  the  wire  and  flowing 
medliim  in  steady  state  flow,  the  heat  loss  from  the  wire,  P,  is  just  equal 
to  the  Joule  heat  generated  in  the  wire  by  the  passage  of  the  electrical 
current,  I,  through  the  wire  resistance  R: 
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or 


jc^/e  «  irtc /.ATja4^ 

where  the  temperature  dependent  parameters  K,  P,  and  R  are  evaluated  at 
the  "film  temperature,"  T^,  defined  hy: 


At 

T  4. 

1,  +  2 


llie  average  temperature, zTt,  in  the  vicinity  of  the  wire  is  defined  to  he 


=  Tf  -  To  =  ^  > 

l.e.,  half  the  wire  over- temperature.  It  is  usual  to  write  the  above 
relation  in  the  form 

^  A  +  b/^ 

R-Rc 

where 

/I  =  a.  4-z 


£,  =  c>,^7 


Constant- Current-Operation 

The  sensitivity  of  the  hot-wire  in  constant-ourreat-operation  is 
found  by  differentiation  of  the  following  relations 


(I  =  constant) 

and 

V  =  IR  , 


with  the  result: 
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The  response  of  the  wire  to  rapid  velocity  fluctuations  is  limited 
hy  its  thermal  Inertia.  This  effect  is  calculated  by  equating  the  rate 
of  change  of  the  heat  content  of  the  wire  to  the  input  electrical  power 
minus  the  heat  loss  to  the  flowing  medium: 

^  x’-R- 


where  Cw/  is  the  heat  capacity  per  unit  volume  of  the  wire  material^  and 
(k/4)  d2j2  is  the  wire  volume.  Combining  the  above  dynamic  equation  with 
the  resistance  equation 


R  =  R,(l  +  PAT)  , 


and  considering  only  small  increments  in  resistance  and  velocity  about 
their  respective  average  values  and  : 


r* 


r\  <<^t 


^  K.  Uo  J 

then  we  obtain  the  following  simple  differential  equation 

M 


M  «  I  y 


where 


Cvv  (/ 

4  /c/y 
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The  quantity  M  Is  the  "time  constant"  and  Indicates  the  response  time  of 
the  hot-wire  anemometer.  The  response  time  of  the  resistance-wire  thermom¬ 
eter  corresponds  to  the  case  a  »  o.  The  above  differential  equation  has 
the  following  solution  for  periodic  velocity  variations: 


{ M) 


l//i-  ' 


where  tanljj  >3  <Jl>  The  detector  response  falls  off  at  high  frequencies 
(a:M>l)  and  the  resistance  variations  lag  the  velocity  fluctuations  l3y 
a  phase  angle  ijJ  . 


The  attenuation  and  phase  shift  due  to  the  thermal  inertia  of  the 
wire  may  he  corrected  automatically  by  means  of  a  (passive)  condensation 
network  with  inverse  transfer  characteristics.  By  this  means,  the  response 
time  of  the  hot-wire  in  the  CCO  mode  may  be  increased  by  more  than  a  factor 
of  ten. 


Constant-Temps rature-Operatlon 

The  sensitivity  in  constant-resistance-operation  is  found  in  a  manner 
similar  to  that  for  CCO: 


In  water  the  over-temperature  is  limited  by  boiling  effects  to  about  20°C, 
thus,  the  naximum  value  of  a  is  about 

a  =  .005  X  20  =  0.1  , 

and  it  follows  that  the  sensitivity  in  the  CCO  mode  is  always  less  than 
in  the  CTO  mode.  Expressing  I  in  terms  of  a  we  find 


The  response  of  the  wire  in  the  CTO  mode  is  iatproved  over  that  in  the 
CCO  mode.  Assume  the  automatic  feedback  circuit  which  holds  the  resist¬ 
ance  constant  does  so  with  a  small  but  finite  error  BS.  The  increment 
in  feedback  current^ ^ I,  which  holds  the  temperature  constant  and  which 
also  represents  the  fluctuating  output  signal^  is  related  to  tlie  small 
resistance  fluctuation  by 


^  I  =  — > 

where  is  the  transconductance  of  the  feedback  loop.  Substituting  this 
relation  in  the  heat  loss  and  resistance  equation  we  find  after  some 
manipulation  that  the  time  constant  in  the  CTO  mode  is 


A1 _ 

-t-  / 

where  M  is  the  time  constant  in  the  CCO  mode.  Thus,  if  the  transconduct- 
ance  is  large  the  CTO  time  constant  is  smaller  than  that  in  the  CCO  mode. 
The  Improvement  is  of  the  order  of  100  in  practice. 


/ 


Sensitive  Volume 

The  dimensions  of  the  volume  in  space  which  the  hot-wire  sensee  is 
determined  by  the  length  and  response  time  of  the  wire,  For  measurements 
in  an  isotropic,  homogeneous  turbulence  field,  the  largest  dimension  of  the 
sensitive  volume  determines  the  overall  response  of  the  velocity  detector. 

For  measurements  in  water,  the  length  of  the  wire  usually  sets  the  limitation, 
rather  than  the  time  constant  of  the  wire.  Let  kQ(.^)  be  the  cutoff  wave- 
number  associated  with  the  wire  length  where  the  detector  response  begins 
to  fall  off.  Let  kc(M)  be  the  corresponding  cutoff  wavenumber  associated 
with  the  wire  time  constant.  Suppose  we  require  that  the  wire  length  be 
the  determining  dimension  of  the  sensitive  volume: 

4  U) 

where 

ic  U)  « 

•kc  C/n)  ^  ■ 

Substituting  the  expression  for  M  (with  a  =  0)  we  find 

^  ^  Ms  ^£^(4^ 

7^  I/  Cw  (  ^  /  / 
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which  is  a  cundition  on  the  wire  Reynolds  number  for  a  given  wire  and 
medium.  With  the  expression  for  the  Nusselt  number  this  condition  is 
approximately 

For  a  tungsten  wire  in  sea  water: 


<  =  .006  watt/cii^°C 

V  =  .01  cm^sec 

Cy,  =  2.6  joule/cmV°C 
^  =  300  d 
?  CS.  ^+.7 

the  condition  is 

R  <  30j000  , 

or 

10^  cm^/sec  . 


This  condition  is  satisfied  for  essentially  all  experiments  in  water. 
Thus,  the  wire  length  is  the  determining  factor  of  the  sensitive  volume 
(resolution)  for  operation  of  the  hot-wire  in  (locally)  Isotropic  turbu¬ 
lent  water. 


Typical  Values 

For  comparison  with  the  U-meter,  typical  values  for  the  operation  of 
a  tungsten  hot-wire  anemometer  in  sea  water  are  listed  in  Table  5.1  . 

These  numbers  may  be  compared  with  those  for  the  U-meter  in  Section  5-5 
A  graph  of  the  wire  Nusselt  number  as  a  function  of  velocity  and  wire 
diameter  is  shown  in  Figure  5.10  . 
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Table  5.1  .  "J^ical  Values  for  Operation  of  a  Tungsten  Hot-Wire 

Anemometer  in  Sea  Water  at  3  Knots  (154  om/sec) 


Property 


Value 


Diameter  (d) 

Length  (^)  ’ 

h 

Length/Diameter  (-^/d) 
Resistivity 
Resistance  (R) 

Temperature  Coefficient  (p ) 
Over-Temperature  (2t) 

a  =  p2t 

Time  Constant  (M) 

Wire  Heat  Capacity  (cw) 

Wire  Thermal  Conductivity  (  ) 

Reynolds  Number  (R) 

Nusselt  Number  (/S') 

Prandtl  Number  (P) 

Kinematic  Viscosity  ( ‘V* ) 

Water  Thermal  Conductivity  ( H  ) 
Wire  Temperature 
Current  (I) 

Voltage  (V) 

Povcr  (P) 


3  microns 
1  mm 
330 

-6 

5.5  X  10  ohm-cm 
8  ohms 

.0051  per  °C 
20°C 

0.10 

,  -6 
3.4  X  10  sec 

2.6  Joule  em“^  °C'^ 
2.0  watt  cm  ^  °C"^ 

6.4 

3.0 

4.7 

2  -1 
.  0072  cm  sac 

.0063  watt  cm"^ 

60°C 

0.17  amp 


1.4  volts 
0*2V  vS't't 


Measurements  in  Water 


The  measurement  of  water  flow  velocity  by  means  of  a  hot-wire  began 
in  earnest  in  about  19^7  although  measurements- at  low  fluid  velocities 
(convection  cooling)  had  been  performed  by  Davis  (3l)  in  1924.  Litera¬ 
ture  on  hot-wire  measurements  in  water  are  listed  in  References  (31-46). 

The  hot-wire  anemometer  for  use  in  water  has  not  experienced  as  much 
development  and  successful  application  as  it  has  for  measurements  in  air. 
This  fact  is  due  in  part  to  some  of  the  problems  and  characteristics  which 
are  listed  below  for  operation  in  water: 

a)  Electrolysis  -  the  use  of  direct  current  to  heat  the  wire  sets  up  a 
potential  difference  along  the  length  of  the  wire  which  gives  rise  to 
electrolysis  effects  associated  with  the  dissolved  salts  in  the  water. 

This  results  in  gas  bubbles  forming  and  sticking  to  the  wire,  thus, 
changing  its  heat  transfer  characteristics.  This  problem  is  largely  over¬ 
come  by  the  use  of  alternating  current  which  greatly  reduces  the  elec¬ 
trolysis  process. 

b)  Corrosion  -  in  tap  water  and  sea  water  it  is  foimd  that  the  bare  wire 
material  q.uickly  develops  a  surface  film  due  to  the  corrosive  action  of 
the  electrolyte.  Similar  adverse  effects  take  place  if  dissimilar  metals 
are  present  at  the  probe  due  to  galvanic  currents  between  the  metals.  The 
use  of  a  very  thin  non-conducting  coating  or  film  on  the  wire  reduces  the 
problems  due  to  corrosion.  The  coating  reduces  the  response  of  the  wire, 
however,  at  high  frequencies. 

c)  Contamination  -  the  hot-wire  has  a  tendency  to  accumulate  gas  bubbles, 
dirt,  lint  and  surface  contaminents  when  operating  in  all  but  the  very 
purest  water.  This  causes  cha-nges  in  the  calibration  of  the  wire  and 
produces  erratic  and  non-reproducible  results.  This  is  overcome  somewhat 
by  slanting  the  wire  to  the  direction  of  flow  and  by  avoiding  protuberances 
at  the  wire  mounts  which  might  accumulate  foreign  matter.  A  regular  wire 
cleaning  procedure  is  advisable. 

d)  Calibration  -  as  a  result  of  the  above  effects  it  is  necessary  to 
frequently  calibrate  a  hot-wire  instrument  to  overcome  its  instability. 
I^namic  calibration  techniques,  such  as  exposing  it  to  a  known  turbulence 
field,  have  also  been  suggested. 

e)  Operating  Temperature  -  the  temperature  in  the  vicinity  of  the  wire 
must  not  exceed  the  boiling  point  of  water,  thus,  large  over-temperatures 
are  not  possible  as  is  the  case  in  the  air.  This  results  in  a  lower 
sensitivity  to  velocity  fluctuations. 

f )  Background  Noise  -  the  background  noise  due  to  temperature  fluctuations 
in  the  water  are  relatively  larger  as  a  consequence  of  the  low  operating 
temperature. 

g)  Conductivity  of  Water  -  precautions  in  the  choice  of  wire  parameters 
and  mounting  posts  must  be  taken  to  avoid  the  possibility  of  the  elec- 
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trolytlc  conductivity  of  the  medium  providing  an  appreciable  current  path 
(resistance)  which  shunts  the  wire  and  which  is  also  subject  to  temper¬ 
ature,  and  salt  concentration  variations.  This  effect  is  largest  in  sea 
water. 

h)  Strength  -  the  hydrodynamic  force  of  the  water  on  the  wire  is  about 
1000  times  the  force  experienced  in  air  at  the  same  velocity.  A  thicker 
wire  is  called  for  to  withstand  this  force  at  hi^  velocity. 

l)  Power  -  the  power  required  to  heat  the  wire  in  water  is  much  hi^er 
than  that  in  air  because  of  the  hi£^  thermal  conductivity  and  heat  capac¬ 
ity  of  water. 

J )  Time  Constant  -  as  a  consequence  of  the  above  properties  of  water, 
the  cooling  of  the  wire  is  more  efficient  in  water.  This  results  in  a 
more  rapid  response  than  in  air,  under  the  same  conditions. 

An  Instrument  very  similar  to  the  hot-wire  anemozneter  which  seems 
to  be  better  suited  to  instruments  in  water  is  the  hot-film  anemometer 
introduced  by  Ling  (26, Uh).  The  sensing  element  consists  of  a  very  thin 
platinum  film  fused  to  a  glass  surface  supporting  the  film.  It  is  rugged, 
less  subject  to  contamination  than  the  hot-wire  and  apparently  has  a 
favorable  thermal  response  time. 


Comparison  of  Methods 

The  properties  and  performance  of  the  U-meter  (DM)  and  hot-wire 
anemometer  (HMA)  for  operation  in  water  are  now  compared.  The  compar¬ 
ison  will  cover  the  velocity  sensitivity,  frequency  response^ and  general 
utility  of  each  of  the  sensors.  The  tes^rature  sensitivity  of  the 
instruments  when  operated  as  the  T-meter  and  resistance-wire  thermometer 
is  also  analysed. 

As  a  basis  for  comparison  of  the  minimum  detectable  velocity  varia¬ 
tion,  the  following  criterion  is  assumed:  require  that  both  velocity 
detectors  must  a)  operate  at  the  same  average  over-temperature,  ZTf ,  and 
b)  possess  the  same  cutoff  wavenumber,  k^,  in  a  homogeneous  isotropic 
turbulent  velocity  field.  Of  course,  the  same  flowing  medium  under 
Identical  conditions  is  also  required  for  the  comparison.  In  the  case 
of  the  electrode  sensor,  the  average  over-temperature  is  defined  as 

where  the  integration  is  carried  over  the  entire  electrode  volume,  and 
w  is  the  sensing  distribution  function  of  the  electrode  (Sec.  12,2).  In 
the  case  of  the  wire  sensor  the  average  tenqierature  simply  refers  to  the 
"film  tenqjerature"  rise,  T^  -  To,  which  is  just  half  (by  definition)  of 
the  wire  temperature  rise,  T^^-  T,; 
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The  criterion  for  comparison  requires 


-  AT. 


The  quantities  we  will  want  to  compare  are,  for  example,  the  sensi¬ 
tivity,  signal-to-noise  ratio,  or  resistance,  etc.  If  ^  is  one  of  these 
parameters  then  we  wili  be  interested  in  the  ratio 

ik  = 

^  I//  C//IV+)  ' 

where  the  subscript,  ^  ,  simply  means  that  a  comparative  ratio  is  formed 
for  the  parameter  ijj  . 

As  we  shall  see  later  in  Section  9-3  »  there  are  very  few  electrode 
geometries  which  readily  allow  mathematical  analysis.  For  this  reason 
we  choose  a  simple  electrode  geometry  which  is  mathematically  tenable, 
though  admltedly  idealized.  An  electrode  of  uniform  current  density 
which  is  completely  confined  in  a  circular  cylinder  as  shown  in  Figure 

5.11  is  assumed.  The  average  fluid  flow  is  perpendicular  to  the  axis 
of  the  cylinder  and  the  electrodes  are  represented  by  discs  on  the  top 
and  bottom  of  the  cylindrical  volume.  Fringe  fields  are  neglected  and 
the  velocity  boundary  layer  on  the  disc  electrode  surfaces  is  assumed 
to  be  of  zero  thickness.  This  type  of  U-meter  probe  is  to  be  compared 
with  a  hot-wire  of  length;?  and  wire 
diameter  d  as  shown  in  Figure 

5.12  .  The  corresponding  elec-  i4* 

trode  probe  for  UM  will  be  taken 
to  be  a  "square"  cylinder  with  the 
diameter  equal  to  its  height  and  i 

length,  which  will  be  called  the 

dimension  of  the  cylindrical  elec-  (/  I  I  I  I  I  I  / 

trode.  This  dimension  must  be  .^Lr■^TTT^^ 

chosen  so  that  the  electrode  has 

the  same  cutoff  \javenumber,  k^,  /  j 

of  the  hot-wire  detector.  The  /  \ 


cutoff, wavenumber  is  some  multiple 
of^  -1: 


S6k;Siio< 

VoLUWe 


COA>5r 


COA^^TT 


Figure  5.11  .  Cylinder  Electrode 

The  magnitude  of  is  of  the 

order  of  unity;  its  actual  value  has  been  calculated  in  Section  l4.1 
for  a  square  cylinder:  ^ 

m  =  0.67 


*This  is  incorrect.  The  proper  value  is  m  =  I.29.  This  number  is  more 
favorable  for  the  U-meter  in  the  comparison  with  HWA. 
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This  idealized  electrode  structure 
is  shown  in  Figure  5*13  to  the  same 
scale  as  Figure  ^.12  . 

In  numerical  calculations  we 
will  assume  the  properties  of  the 
hot-wire  anemometer  listed  in  Table 
5.1  operating  in  sea  water. 


V'OUUMB’ 


Figure  5,12  .  Hot  Wire 


Resistance 


P/sc' _ 


Electrode 
Velocity  Probe 


The  resistance  of  the  wire  and 
the  resistance  between  the  electrodes 
are  not  greatly  different  for  use 
in  sea  water  in  spite  of  the  great  Figure  5,3.3 
difference  in  their  respective 
conducting  volumes.  Tliis  is  due  to 

the  fact  that  the  conductivity  of  typical  wire  materials  is  many  orders 
of  magnitude  greater  than  that  of  sea  water.  The  ratio  of  UM  and  HWA 
resistances  is 


R(om) 

K(ilNA) 


c^j^y 


where  p  is  the  resistivity  of  the  wire  material  and  6  is  the  conductivity 
of  sea  water.  For  a  tungsten  wire  in  sea  water  at  20°C  (l.e.,  "cold" 
conditions ) 

<3p  =  (.048)(5.5  X  10"^)  =  2.6  X  lO""^  , 

and  for  a  typical  hot-wire  the  (cold)  resistance  ratio  is 

»  63 
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Thus,  the  electrode  resistance  is  larger  than  the  wire  resistance  by  a 
factor  of  63,  for  example 


R{HWA)  =  8  ohms 
R(UM)  =  500  ohms 


For  operation  In  tap  water  the  ratio  is  about  100  times  larger  (R;^  9^  6300). 
The  temperature  coefficient  of  resistance 


is  of  opposite  sign  and  different  magnitude  for  the  hot-wire  resistance 
and  electrode  resistance.  The  hot-wire  resistance  increases  with  in¬ 
creasing  temperature,  whereas  the  electrode  resistance  decreases  at  high¬ 
er  temperature  (i.e.,  the  conductivity  of  the  water  increases  with  temper¬ 
ature).  The  ratio  of  the  temperature  coefficients  for  the  UM  and  HWA 
detectors  is  approximately 


-.020 

+.005 


-h.O  . 


The  coefficient  of  electrode  resistance  Is  4  times  as  large  as  that  for 
the  hot-wire. 


Power 

The  steady  state  electrical  power  dissipated  in  the  velocity  probes 
depends  on  their  respective  heat  transfer  equations.  For  the  U-meter: 

P  =  2cAUZt  , 


where  c  is  the  heat  capacity  per  unit  volume  of  the  water,  A  is  the  frontal 
area  of  the  electrode,  and  U  is  the  flow  velocity.  For  the  cylindrical 
electrode  configuration,  the  frontal  area  is  (Sec.  12.2  ) 

The  heat  transfer  equation  for  the  hot-wire  is  (Sec.  5.4  ) 

P  =  2«  , 
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where  fC  is  the  thermal  conductivity  of  the  water,  and  /'V is  the  Kusselt 
number  of  the  wire  (which  depends  on  the  velocity  U).  The  ratio  of  these 
is 


where  P  is  the  Prandtl  number  of  the  water,  and  R  is  the  Reynolds  number 
based  on  the  wire  diameter  (the  P^clet  number  is  PR); 

»  - 

R  -  ili- 

,  o 

For  a  3^^  diameter  hot-wire  in  water  at  40  C  and  3  toots 
P  =  lv.7  ^  R  =  6.4  ^  /y  =  3.0 

Under  these  conditions  the  power  ratio  is  (^  =  300  d) 

^  w  400 

Thus,  400  times  as  much  power  is  dissipated  in  the  U-meter  electrodes  as 
in  the  hot-wire. 


Frontal  Area 

A  greater  swept  volume  of  water  is  involved  in  the  measurement  with 
the  U-meter  compared  with  the  hot-wire  anemometer.  It  is  for  this  reason 
that  a  higher  power  level  may  be  used  with  the  U-meter.  The  frontal  area, 
A,  of  the  electrode  sensor  satisfies  the  e(^uation 

P  =  2cAUj^  . 

The  corresponding  frontal  area  of  the  wire,  A^,  may  be  defined  by  the 
relation 


2cA^0  AT-- 
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or 


-  M)  (S^ 

At  large  Reynolds  number,  we  have 

_SS _ a^£. 

thus,  the  frontal  area  of  the  wire  decreases  with  Increasing  velocity  and 
wire  length  ^.e.,  with  increasing  R).  For  3  micron  wire  at  3  knots  in 
sea  water 


Aw  “  0.31  (;<d). 

The  power  ratio,  IJj  ,  is 


This  ratio  is  roughly  equal  to  (>(/d). 


Signal-to-Noise  Ratio 

The  intrinsic  signal'to-noise  ratio,  A  ,  is  more  basic  than  the 
sensitivity  of  a  detector.  A  comprehensive  expression#  has  been  obtained 
for, A  >  in  Section  8.3  for  all  modes  of  operation  and  both  types  of 
detectors.  In  that  Section  we  found  that  the  intrinsic  signal- to-noise 
ratio  is 

/I  -  E*" 

where  R  is  a  parameter  given  in  Section  6.3  which  depends  on  the  type  of 
detector  and  mode  of  operation.  The  ratio  of  signal-to-noise  ratios,  , 
for  the  two  velocity  detectors  is 


#We  take  H  =  1  in  that  expression  and  drop  the  asterisk  notation. 
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where  the  other  variables  are  assumed  equal  for  the  two  detectors.  This 
ratio  is  illustrated  for  the  constant-power-operation  (CPO)  mode: 


=  93 

(+20  db) 

=  400 

(+26  db) 

Ax  =  37,000  . 

(+46  db) 

Thus,  the  minimum  detectable  velocity  variation  in  the  case  of  the  U-meter 
is  considerably  less  than  that  of  the  hot-wire  anemometer;  in  terms  of 
amplitudes  the  relative  detectability  is 


This  remarkable  increase  in  detectability  is  attributable  to  the  greater 
power  dissipated  in  the  electrode  and  the  more  favorable  temperature 
coefficient  of  electrode  reslstsuice.  If  the  velocity  measurements  by 
means  of  both  detectors  is  subject  to  temperature  noise  as  the  primary 
background  noise,  the  difference  in  detectability  of  both  detectors  is, 
of  course,  reduced.  In  the  extreme  case  of  high  background  noise  there 
would  be  no  difference  in  detectability  between  the  two. 

The  theory  given  above  refers  to  an  electrode  with  a  ten^erature 
uniformity  of  50  $  (See.  12.2  ).  We  shall  see  in  Section  12.4  that  bound¬ 
ary  layer  effects  frequently  lower  the  temperature  uniformity  of  an  elec¬ 
trode  thereby  lowering  the  maximum  average  electrode  temperature  rise 
^  T.  The  non-uniformity  of  the  temperature  distribution  in  the  vicinity 
of  a  hot-wire  is  of  no  Importance  since  the  wire  is  placed  at  the  hottest 
point  anyway.  Thus,  in  Ihe  above  coBiparison,  coneiueration  should  be 
given  to  this  effect  which  acts  unfavorably  in  the  case  of  the  U-meter  in 
comparison  with  HWA.  If  me  is  the  temperature  uniformity  of  the  electrode, 
the  velocity  sensitivity  is  proportional  to  m^.  For  example,  if  m=  =  10  ^ 
instead  of  the  50  $  assumed  above,  the  relative  detectability  of  the 
U-meter  is  only  40  »  I90/5  times  superior  to  that  of  the  HWA. 


Frequency  Response 


In  the  comparative  analysis  of  the  sensitivity  of  the  U-meter  and 
hot-wire  anemometer  above,  the  cutoff  frequencies  of  the  two  probes  were 


assumed  equal.  In  this  paragraph  this  constraint  is  removed  in  order  to 
make  a  comparative  analysis  of  the  frequency  response  of  the  two  detec¬ 
tors.  It  was  shown  in  Section  5.4  that  the  response  of  the  hot-wire 
anemometer  in  water  is  determined  solely  "by  its  length  in  an  isotropic 
turbulent  field.  A  similar  conclusion  was  drawn  in  Section  12.5  with 
respect  to  the  U-meter  and  the  physical  size  of  the  electrode  volume. 

Thus,  in  a  comparison  of  the  response  of  these  detectors,  it  reduces  to 
the  question  of  the  practical  limitation  to  how  small  the  respective  probes 
can  be  made.  The  smallest  practical  hot-wire  detectors  are  believed  to 
be  about  3  microns  in  diameter  and  0.5  mm  in  length  (  150  d).  A 

U-meter  probe  constructed  from  a  small  hypodermic  needle  described  in 
Section  9.8  has  an  electrode  volume  of  less  than  0.3  mni  typical  dimension. 
It  appears  that,  if  necessary,  this  can  be  Improved  on  for  this  type  of 
probe  design.  Thus,  electrode  sensors  can  be  made  comparable  or  smaller 
than  the  smallest  hot-wire  sensor.  ^  the  use  of  a  special  cross-wire 
electrode  described  below,  it  is  possible  to  construct  essentially  a  point 
velocity  sensor  of  very  small  dimensions  (.01  mm). 

Consider  the  probe  structure  shown  in  Figure  5*1^  und  5«l^b  consisting 
of  two  crossed  wires  which  are  separated  at  the  point  of  crossing  by  a 
distance  comparable  with  the  wire  diameter.  The  sensitive  volume  of  this 
electrode  configuration  is  in  the  immediate  vicinity  of  the  crossing  in 
spite  of  the  fact  that  the  entire  wire  length  is  exposed  to  the  conducting 
fluid  (assume  the  supports  are  insulated,  however).  If  d  is  the  wire 
diameter,  the  cutoff  wavenumber  is  estimated  to  be,  roughly. 

The  length, A,  of  the  wires  need  not  be  very  large  in  comparison  with  the 
wire  diameter  as  is  the  case  with  the  hot-wire  sensor.  Experience  with 
hot-wire  construction  enables  us  to  estimate  the  smallest  practical  limit 
to  this  type  of  electrode  structure,  viz.,  d  =  Thus,  the  cutoff  wave- 
number  is  about 

kjj^  6000  cm"^  . 

This  represents  an  Improvement  in  this  respect  by  a  factor  of  about  50 
over  the  wire  sensor.  At  a  velocity  of  3  knots  the  corresponding  band¬ 
width,  ^f ,  is 

l^cU 

^Sf  »  =  150  ko 

and  the  Reynolds  number  of  the  wire  is  about  5.  Modifications  of  the  above 
electrode  structure  allows  operation  in  a  boundary  layer  near  a  wall  and 
with  an  additional  wire  or  wires,  differential  spacial  (double  or  triple) 
measurements  may  be  made. 
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Figure  5.1U  .  CrosB-Wire  Electrode 


The  above  discussion  indicates  that,  in  all  cases,  it  is  possible 
to  construct  electrode  sensors  with  a  smaller  sensitive  volume  than  hot¬ 
wire  sensors. 


Utility 

The  comparison  of  the  sensitivity  and  frequency  response  of  the 
U-meter  with  the  hot-wire  anemometer  indicates  the  potential  usefulness 
of  the  former  in  fluid  velocity  measurements.  The  general  utility  of  the 
electrode  velocity  sensor  for  such  measurements  is  now  considered.  Be¬ 
cause  of  the  shape  and  structure  of  the  probe  type  electrodes,  the  sensor 


is  intrinsically  rugged.  This  property  facilitates  the  general  handling 
of  the  instrument  and  it  is  not  subject  to  impact  damage  by  bits  of  matter 
in  the  flowing  medium.  The  durability  of  U-meter  sensing  elements  is, 
thus,  superior  to  that  of  the  fragile  hot-wire  detector.  The  stability 
of  calibration  of  the  U-raeter  for  absolute  velocity  measurements,  however, 
is  probably  not  as  good  in  this  respect  as  the  hot-wire  anemometer.  • 


Temperature  Sensitivity 

It  has  been  necessary  to  delay  the  analysis  of  the  temperature 
sensitivity  of  the  T-meter  (IM)  and  resistance-wire  thermometer  (RWT) 
until  now  because  of  the  need  of  formulas  which  had  to  be  developed  before¬ 
hand.  The  intrinsic  signal- to-noise  ratio,  /\  ,  for  temperature  measure¬ 
ments  is  (Sec.  8.3  )* 


where  Q  is  the  relative  temperature  variation,  and  the  other  quantities 
are  defined  in  Section  8.3  .  We  are  interested  in  the  ratio 


/I  .  ^ 

^  A  (ewt) 

This  ratio  is 


P;^  C5,  400 

(+26  db) 

(+12  db) 

^  Q,4oo 

(+38  db) 

Thus,  the  iiiininium  detectable  temperature  variation  is 


=  80 


times  smaller  for  the  T-raeter  relative  to  the  resistance-wire  thermom' 
eter. 


*We  assume  H  «1  in  that  equation  and  write  P  =  P*H. 
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6.  SIGNAL  PHENOMENA 


In  this  Section,  a  study  of  the  physical  effects  which  cause  measur¬ 
able  changes  in  electrode  Impedance  is  made.  This  Includes  the  effects 
already  considered  in  earlier  Sections  as  well  as  others.  The  differential 
relations  which  exist  between  changes  in  electrode  impedance  and  the  inde¬ 
pendent  variables,  temperature,  salinity  and.  pressure,  are  also  develop¬ 
ed.  The  consequences  of  correlated  Independent  variables  on  the  imped¬ 
ance  measurements  are  considered  at  the  end  of  this  Section. 


6.1  Electrode  Effects 

We  wish  to  make  a  detailed  study  of  all  physical  effects  which  cause  a 
measurable  change  in  the  impedance  of  an  electrode.  One  can  regard  these 
effects,  on  one  hand,  a,&  mechanisms  for  producing  useful  signals  for  meas¬ 
uring  the  properties  of  the  medium,  or  on  the  other  hand,  as  effects  which 
cause  background  noise  tending  to  mask  the  desired  signal.  The  electrode 
Impedance  Includes  contributions  from  both  volume  and  surface  properties 
and  consists  of  resistive  and  reactive  components.  The  detection. of  the 
resultant  changes  in  impedance  are  performed  with  electronic  instruments 
operating  at  a  given  frequency.  For  several  reasons  it  is  desirable  to 
make  these  impedance  measurements  at  relatively  high  frequencies  (greater 
than  1000  cps).  The  only  effects  we  consider  here  are  ones  which  produce 
changes  In  impedance  occuring  and  measurable  in  the  passband  of  the  detec¬ 
tion  equipment.  .Phenomena  not  considered  here  are  active  electrode  effects 
which  cause  a  potential  to  appear  across  the  electrode  impedance,  for 
example?  a)  A  magnetic  induction  effect  In  which  a  strong  magnetic  field 
present  at  the  electrode  coupled  w.ith  the  flowing  conducting  fluid  induces 
a  potential  (1,2,3,),  h)  An  electroklnetic  effect  associated  with  the 
relative  motion  of  the  ions  at  the  electrolyte/electrode  interface  in 
which  a  "streaming  potential"  Is  devel.oped  (4),  c)  The  potential  caused  by 
variations  in  the  in homogeneity  of  the  electrical  properties  of  the  medium 
which  Induces  a  space  cha.rge  in  the  electrode  volume  (5),  ox  d.)  Velocity 
dependent  limiting  direct  currents  in  a  solution  determined  by  mass  transfer 
rates  at  the  electrode  (6, 7, 8, 9.)-  Though  these  effects  can,  and  have  been 
used  to  measure  the  velocity  of  a  fluid,  we  will  not  consider  them  here 
because  the  resulting  potentials  produce  no  effective  change  in  the  elec¬ 
trode  Impeda.nce  at  the  (high)  frequency  of  the  Impedance  measurement. 

There  are  many  electrode  effects,  but  any  given  one  produces  changes 
only  if  there  is  a  corresponding  ctiange  in  the  thermodynamic  variables, 
viz.,  temperature,  pressure,  salinity,  chemical  composition  and  the  relative 
velocity  of  the  fluid  witn  respect  to  the  sensing  electrode.  The  magni¬ 
tude  of  effect  co^iSidered  below  will  be  with  respect  to  small  relative 
fluctuations  in  these  variables  such  as  (6T/t)  or  (6U/’J)*  We  begin  with 
the  two  main  effects  of  Interest  .tr;  ■'.be  present  measuring  techniques. 


Conductivity 

The  electrode  impedance  consists  primarily  of  the  resistance  asso¬ 
ciated  with  the  volume  conductivity  of  the  electrolyte.  The  conductivity 
is  a  relatively  strong  function  of  temperature  and  salinity  of  the  water. 
In  sea  water,  a  1  ^  change  in  temperature  (relative  to  293°  K)  at  20°  C 
gives  rise  to  a  6  ^  change  in  conductivity  and  electrode  resistance;  a  1  ^ 
change  in  salinity  at  35  causes  about  a  1  56  change  in  conductivity.  If 
^  is  the  temperature  coefficient  of  conductivity  (about  2  $  per  C)  and 
Pj  the  salinity  coefficient  (about  2,5  5^  per  the  change  in  electrode 
resistance  is 


=  -  p,  &S  -  p^6T  , 

where  6S,  and  &T  are  the  changes  in  salinity  and  temperature,  respectively. 


Heating  Effect 

The  electrical  energy  developed  in  a  resistive  load  is  dissipated  in 
that  load  as  Joule  heating  resulting  in  a  temperature  rise.  The  electrical 
power  dissipated  in  the  resistance  of  an  electrode  immersed  in  a  flowing 
conducting  medi'Jm  heats  the  medium  and  causes  a  temperature  rise  in  the 
fluid  as  it  passes  through  the  field  of  the  electrode.  It  may  be  shown 
that  the  average  temperature  rise,  St,  of  the  fluid  which  is  flowing  at 
velocity,  U,  through  an  electrode  of  frontal  area  A  is  given  by 


5t 


p 

2cAU  ’ 


where  c  is  the  heat  capacity  per  unit  volume  of  the  fluid,  and  P  is  the 
electrical  power  dissipated  in  the  electrode.  Since  the  conductivity  of 
the  medium  is  a  function  of  temperature,  this  causes  a  change  in  the  elec¬ 
trode  resistance.  Differentiating  this  relation  and  combining  it  with  the 
one  above,  we  find  that  fluctuations  in  the  flow  velocity  cause  the  fol¬ 
lowing  changes  in  electrode  resistajice: 


BR 

R 


This  velocity  dependence  of  the  electrode  resistance  goes  to  zero  if  the 
temperature  rise,  is  small,  i.e.,  if  the  applied  power  is  small.  For 
an  average  electrode  temperature  rise  of  =  20°C,  a  1  ^  change  in 
velocity  causes  a  0.4  $  change  in  electrode  resistance. 


Dielectric  Constant 

Just  as  the  resistance  between  the  electrodes  can  be  calculated  from 
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the  geometry  and  the  conductivity  of  the  medium,  so  can  the  capacity  he 
calculated  from  the  geometry  and  the  dielectric  constant  of  the  medium. 
The  resulting  resistan.oe  and  capacity  satisfy  a  relation  which  is  inde¬ 
pendent  of  the  electrode  geometry  and  dependent  only  on  the  properties  of 
the  flowing  medium 


no  =  —  , 

where  C  is  the  (volume)  electrode  capacity,  <  is  the  dielectric  constant  of 
the  fluid,  K,  is  the  permittivity  of  free  space,  and  o*is  the  conductivity 
of  the  medium.  Thus,  if  the  electrode  resistance  is  known,  the  capacity 
may  he  calculated.  The  electrode  capacity  and  resistance  are  in  parallel. 
If,  as  is  the  case  in  many  instances,  the  reactance,  X,  due  to  the  electrode 
capacity  is  small  in  comparison  with  the  electrode  resistance,  R,  the 
reactance  is  given  approximately  hy 


X  =  -R(R«JC)  , 

where  tU  is  the  angular  frequency  at  which  the  impedance  is  measured.  The 
quantity  RuJC  is  Independent  of  electrode  geometry  and  is  comparghle  to 
unity  only  at  very  high  frequency,  e.g.,  in  sea  water  (35  %  >  20°C) 

RwC  =  1  at  f  =  ■^  =  1.2  kmc  . 

In  tap  water  the  corresponding  frequency  is  about  10  me.  The  dielectric 
constant  of  the  fluid  is  a  function  both  of  temperature  and  salinityj  the 
temperature  coefficient  is  about  0.5  ^  per  °C  and  the  salinity  coefficient 
is  about  0.2  per  %  .  Thus,  in  sea  water,  b.  1  change  in  temperature 

causes  a  1.5  change  in  electrode  reactance,  and  a  1  ^  change  in  salinity 

causes  a  .07  5^  change  in  reactance. 


Impurities 

If  a  localized  inhomogeneity  or  a  foreign  particle  in  the  medium 
passes  through  the  electrode  volume  a  change  in  resistance  is  observed. 
Examples  of  such  impurities  are  gas  bubbles,  bits  of  matter,  oil  traces, 
and  marine  organisms  such  as  plankton.  Ordinarily  these  impurities  are 
non-conductors  and  produce  the  same  effect  as  a  gas  bubble  of  the  same 
shape;  in  general,  however,  any  impurity  with  a  conductivity  different 
from  that  of  the  medium  will  cause  a  small  change  in  electrode  resistance. 
If  &v  is  the  volume  of  a  (spherical)  non-conducting  bubble,  the  resulting 
average  resistance  change  is  (Sec.  lo.h  ) 

8H  1  f  Sv  \ 

R  -  2  V,  y  ' 
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where  is  the  effective  volume  of  the  electrode  field.  Thusja  bubble 
with  a  volume  1  5^  of  that  of  the  electrode  (about  20  f  the  size  in  linear 
dimensions)  produces  a  0.5  ^  change  in  electrode  resistance.  Since  the 
bubble  volume  varies  as  the  cube  of  its  diameter,  the  resistance  change 
becomes  quite  small  for  relatively  small  bubbles. 


Magneto-Hydrodynomic  Effect 

The  electrical  currents  which  flow  in  the  fluid  medium  Induce  a  (weak) 
magnetic  field  which  Interacts  with  the  conducting  medium  producing  an 
auxiliary  current  which  varies  periodically  with  the  frequency  of  the  apr 
plied  alternating  current.  As  a  consequence,  a  virtual  change  in  elec¬ 
trode  Impedance  occurs.  This  effect  occurs  at  the  operating  frequency 
whereas  that  produced  by  a  strong  static  magnetic  field  occurs  at  zero 
frequency.  The  effective  electric  field  strength  produced  in  the  elec¬ 
trode  volume  Is 

U  , 

where  B  is  the  magnetic  field  produced  by  the  currents  flowing  in  the 
medium  and  is  of  the  order  of  (lO) 

UP  oV 

where  V  is  the  voltage  applied  to  the  electrode,  p  is  the  permeability  of 
the  medium  and  p^  is  the  permeability  of  free  space.  The  power  developed 
in  the  electrode^due  to  this  effect  is  of  the  order  of 


6P 


Upp  Vcr 
0 


where  6R  is  the  effective  change  in  electrode  resistance  associated  with 
this  effect,  and  b  is  the  typical  electrode  dimension.  Re-arranging  terms, 
we  find  that  a  small  change  in  velocity,  BU,  causes  an  effective  change 
In  electrode  resistance  of  the  order  of 


5R 

R 


(ROb)^ 


This  magneto-hydrodynamic  effect  is  very  smaU..  An  electrode  of  30  ohms 
resistance  with  a  cell  constant  such  that  Rob  1,  experiences  a  3.0  x  10"^ '  ^ 
change  in  resistance  for  a  1  5^  change  in  velocity  at  3  knots  in  sea  water 

(p  Ai  1). 
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Adiabatic  Temperature  Rise 

If  a  body  moves  through  a  fluid,  a  temperature  rise,  ,  over  ambient 
temperature  is  experienced  at  the  stagnation  point  due  to  the  adiabatic 
compression  of  the  medium  given  by 


where  d  is  the  density  of  the  medium, and  c  is  the  heat  capacity  per  unit 
volime.  A  similar  temperature  rise  is  experienced  due  to  friction  heating 
caused  by  viscous  forces  acting  at  the  surface  of  the  body.  If  an  elec¬ 
trode  is  located  at  a  point  where  such  a  temperature  rise  takes  place,  the 
conductivity  will  be  changed  due  to  the  temperature  rise.  As  a  consequence, 
the  electrode  resistance  becomes  velocity  sensitive.  The  resultant  change 
in  resistance  due  to  a  change  in  velocity  is 


R 


a  1  ^  change  in  velocity  causes  a  10  ^  ^  change  in  resistance  in  sea  water 
at  3  knots  velocity  —  a  very  small  effect. 


Electrochemical  Surface  Effects 

Complicated  electrochemical  processes  take  place  at  the  electrolyte/ 
electrode  interface  and  give  rise  to  additional  contributions  to  the  elec¬ 
trode  impedance  which  are  both  resistive  and  reactive.  This  surface 
impedance  is  associated  with  the  capacity  of  the  electric  double  layer, 
the  reaction  resistance  of  the  electrochemicaJ.  process,  and  the  concen¬ 
tration  polarization  impedance  associated  with  the  diffusion  rates  of  the 
ions  involved  in  the  conduction  processes  (Sec.  9.h  ),  These  phenomena 

are  critically  dependent  on  the  chemical  constitution  of  the  electrolyte 
and  metal  electrode,  the  condition  of  the  electrode  surface,  and  operating 
frequency  as  well  as  the  fundamental  variables  of  temperature,  pressure, 
and  velocity.  Because  of  the  complexity  of  these  processes  and  since 
their  actual  properties  must,  in  each  case,  be  determined  experimentally, 

It,  Is  not  worth  while  to  give  approximate  formulas  for  these  effects. 
Briefly,  let  it  be  mentioned  that  by  the  appropriate  choice  of  operating 
conditions,  a  1  ^  change  in  temperature,  salinity  or  velocity  can  cause  a 
change  in  electrode  impedance  (mostly  reactance)  of  the  order  of  1  Also 
by  another  choice  of  operating  conditions  these  effects  can  be  made  quite 
small,  for  example,  by  operating  at  highi  frequencies  with  platinum  black 
electrodes. 


Geometric  Distortion 

The  resistance  of  an  electrode  configuration  irarrersed  in  an  elec- 
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trolyte  depends  on  the  size  and  shape  of  the  electrode  system.  Variations 
in  temperature  cause  a  distortion  of  this  geometry  due  to  the  thermal 
expansion  of  the  materials  with  which  the  electrode  conductivity  cell  is 
constructed.  Differential  pressures  over  the  electrode  volume  can  also 
distort  the  electrode.  For  example,  the  electrode  geometry  is  changed  hy 
acoustic  vibration  fields  much  like  the  operation  of  a  capacity  microphone. 
The  pressure  effect  is  negligibly  small  in  practically  all  situations  in 
comparison  to  other  effects.  Concerning  the  thermal  expansion  of  the 
conductivity  cell  (11),  the  effect  is  dependent  on  the  expansion  coeffi¬ 
cients  of  the  cell  materialsj  tjrpically  a  1  ^  change  in  temperature  causes 
only  about  a  3  x  10“^  ^  change  in  electrode  resistance.  The  response  time 
of  the  electrode  system  depends  on  the  constitution  of  the  cell,  and  the 
heat  capacity  and  heat  transfer  properties  of  the  electrode  cell  materials. 


Spectnan  Dilation 

If  a  random  distribution  of  some  scalar  variable,  such  as  temperature 
or  salinity,  exists  in  the  medium  to  which  the  electrode  is  responsive, 
it  is  possible  to  measure  the  velocity  by  means  of  the  spectral  distribution 
of  the  scalar  variables.  This  Is  done  by  spectrum  analysing  the  detected 
signal  and  thereby  determining  the  width  of  the  distribution  which  is 
proportional  to  the  average  velocity.  IfA(.is  the  physical  wavelength  of  some 
component  of  the  distribution  which  is  easily  determined  by  the  spectrum 
analysis  (e.g.  where  spectral  distribution  falls  off  rapidly)^ then  the 
width  of  the  spectrum  in  the  frequency  domain  is,  Af,  where 


If  the  turbulence  field  is  in  an  equilibrium  condition,  is  a  constant 
and  the  bandwidth,  Af,  is  proportional  to  velocity.  This  means  of  measur¬ 
ing  velocity  is  statistical  in  nature  and  the  accuracy  of  the  measurement 
Is  determined  by  the  product  of  the  bandwidth  and  smoothing  time,  t,  (or 
response  time)  of  the  measurement.  If the  physical  wavelength  of  the 
turbulent  velocity  fluctuation,  SU,  then  the  smallest  value  of  this  veloc¬ 
ity  fluctuation  which  is  Just  measurable  is 

For  example,  if  the  scalar  field  cutoff  wavelength  is  Ag  0.2  cm,  and 
the  velocity  field  being  measured  is  Au  -  ^0  cm,  a  velocity  measurement 

of  10  ^  accuracy  is  possible. 


Summary 

In  simimary,  the  largest  effects  to  be  considered  are  those  due  to 
conductivity  variations,  the  heating  effect,  Impurities,  and  spectrum 
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dilation.  All  of  these  effects  are  considered  and  exploited  in  this 
Report.  The  variations  in  dielectric  constant  and  electrochemical  effects 
can  either  he  minimized  or  optimized,  as  the  case  may  be,  to  facilitate 
the  physical  measurements  of  the  conducting  medium.  The  effects  due  to 
geometric  distortion,  adiabatic  and  friction  heating  and  magneto-hydro¬ 
dynamic  effects  are  all  quite  negligible. 


6.2  Differential  Relations 

This  Section  deals  vith  expressions  which  relate  changes  in  electrode 
impedance  to  small  increments  in  the  Independent  variables  such  as  tem¬ 
perature  or  velocity.  Coefficients  which  indicate  the  sensitivity  of  the 
electrode  impedance  to  changes  in  these  physical  variables  are  introduced. 
Reference  should  be  made  to  Section  7.1  for  a  description  of  the  three 
types  of  variables,  viz.,  independent  property  and  system  variables. 

Let  be  the  set  of  n  Independent  (signal)  variables  where  i  = 
l,2,...,n.  These  variables  are,  of  course,  independent  of  each  other. 

Let  be  the  least  set  of  property  variables  which  are  necessary  to 
completely  describe  the  value  of  the  electrode  impedance,  z.  Suppose 
this  set  consists  of  m  variables  and  j  =  1,2, — ,m.  These  variables 
depend  only  on  the  independent  variables.  Let[^^,f^be  a  set  of  p  system 
variables  or  parameters  where  k  =  l,2,...,p.  The  variables  are  independent 
of  each  other  and  the  independent  variables.  The  electrode  impedance  is 
completely  determined  if  the  independent  and  the  system  variables  are 
specified,  however,  mathematical  expressions  for  the  impedance  usually 
involve  explicitly  only  the  property  and  system  variables 

The  total  differential  of  the  electrode  impedance,  dz,  with  respect  to  the 
independent  variables,  is  given  by 

If,  ""  +■ 

The  partial  derivatives  of  the  impedance,  z,  with  respect  to  the  independ¬ 
ent  variables,  ,  are  given,  in  turn,  by 
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Consider  a  small  but  finite  increment,  Lz,  in  the  electrode  impedance; 
the  fractional  change  in  the  impedance  is,  to  first  order  in  finite 
increments,  41/  , 


2- 


-n- 

^*1 


The  coefficient  of  in  this  equation  is  denoted  by  and  is  calJ.ed 
"the  -sensitivity  coefficient"  (of  the  impedance): 


The  units  of  P/  are  the  inverse  of  .  These  coefficients  are  given  by  the 
expression 


The  quantity,  ^  ,  is  the  "  »  sensitivity  exponent  of  the  impedance" 

and  Pjj_  is  the  "  -  sensitivity  coefficient  of  The  property 

in  these  coefficients  is  evaluated  at  that  value  corresponding  to  the 
reference  values  of  the  independent  variables,  .  The  quantity  ^ 
is  dimensionless,  and  has  dimensions  of  inverse  -  ij  . 

As  an  example  of  these  coefficients,  consider  an  electrode  with  the 
equivalent  circuit  shown  in  Figure  6,1  .  We  seek  the  temperature  coef¬ 
ficient,  p,,.,  of  this  impedance.  The  resistance,  R,  is  due  to  the  volume 
conductivity,  of  the  solution  and  the  capacity,  C,  is  due  to  the  volume 


* 


'rftehJ 
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dielectric  constantj<,  of  the  solution.  If  h"^  is  the  cell  constant  of 
the  electrode  then,  the  resistance  and  capacity  are  given  by: 

We  assume  that  the  capacity  is  small  so 
that 

J^ujC  =  —  I 

at  the  operating  frequency  oJ/2jr.  In  this 
case,  the  electrode  Impedance  is  approxi¬ 
mately 

Figure  6.1  .  Electrode  The  ^  -  and  K.  -  sensitivity  exponents  of 

Impedance  impedance  are 

?..=  •ff#')  =  eCKcoc) 

Sf.  “  ~  , 

The  temperature  —  sensitivity  cogfficients  of  the  conductivity  and  dielec¬ 
tric  constant  of  sea  water  at  20°C  and  35  5&o(Sec.  7.2  )  are 

A-r-  -  'C- 

The  temperature  coefficient  of  the  electrode  impedance  is 

^  'Pe^“C. 

which  consists  of  real  and  imaginary  parts.  The  fractional  impedance 
change  (  Az/z)  can  also  be  written  in  terras  of  other  dimensionless  quanti¬ 
ties,  viz., 

which  la  "the  -  sensitivity  exponent  of  , "  and 
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which  is  "the  ?;  -  sensitivity  exponent  of  the  impedance"  in  this  notation: 


(^)  =  Sj 


and 


<  -  M  i  -<j-c . 

For  example,  the  temperature- sensitivity  exponent  of  conductivity  of  sea 
water  at  20  G  (293°K)  is 


^(T) - CT 


The  dj^  -  sensitivity  exponents  for  the  properties  of  sea  water  imder 
standard  conditions  are  listed  in  Table  6.1  .  The  References  for  this 
data  are  given  in  brackets;  if  none  appear^  the  data  is  taken  from  Section 
7,2  .  The  pressure-sensitivity  exponents  are  all  quite  small  and  for 
this  reason  pressure  effects  have  not  been  studied  for  detection  purposes 
in  this  Report.  Since  the  dependence  of  the  electrical  conductivity  of 
sea  water  is  of  primary  Inqxirtance  to  this  work,  the  temperature  and 
salinity  coefficients  of  conductivity  (denoted  simply  by  and  , 
respectively)  are  shown  in  Figures  2.7  and  2.8  for  the  range  of  temper¬ 
ature  and  salinity  found  in  the  oceans  (12). 


Table  6.1  .  Absolute  Sensitivity  Exponents  of  Physical  Properties 
of  Sea  Water 


T  =  293°K 

S  =  35 

P  =  1  Atm 

Property  ( ip ) 

Temperature 

Sensitivity 

Exponent 

'V 

S’ 

^  .H  ^ 

■3  g  1  ^ 

td  W  H 

»rl 

3  +»  0) 

(D  'H  a  ^ 

«  ra  0 

g  &  ^ 

Ph  CO 

Density  (d) 

-0.080 

+0.026 

+4.3  X  10‘5  (13) 

Conductivity  (ct) 

+6.2 

+0.89 

+6.8  X  10"^  (14,15) 

Dielectric  Constant  (K) 

-1.5 

-0.095 

- 

Heat  Capacity  (c) 

-0.071 

-0.020 

-1.4  X  10"^  (16) 

Kinematic  Viscosity  (v) 

-6.7 

+0.027 

-4.0  X  lO'^  (17) 

Prandtl  Number  (P) 

-7.8 

+0.043 

- 

Schmidt  Number  (S) 

-12.8 

+0.027 

- 

The  sensitivity  exponents  of  Table  6.1  indicate  the  relative  magni¬ 
tude  of  signals  caused  by  temperature  and  salinity  variations  in  the  ocean 
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for  the  reference  temperature  {293°K)  and  salinity  (35  used  in  the 
Table.  As  shown  in  Section  7-3  >  the  rras  salinity  and  temperature 
variations  are  related  by 


^1^ 

AT 


0.11  ^oper  °C 


30  that 


=  0.11  X 


35 


mity 


6 . 3  Correlated  Signals 

The  measured  variables,  temperature,  salinity,  and  velocity  are 
usually  thought  of  as  independent  variables.  In  certain  situations,  how¬ 
ever,  these  variables  are  coupled  or  correlated  with  each  other  so  that  a 
change  in  one  implies  a  change  in  the  other.  The  best  example  of  this  is 
the  relation  which  exists  between  temperature  and  salinity  of  given  large 
masses  of  sea  water,  i.e.,  the  so-called  "TS-dlagram. "  We  now  analyze 
the  consequences  of  this  correlation  between  temperature  eind  salinity 
micro structure  on  the  measurement  of  the  conductivity  of  sea  water. 

Fluctuations  in  conductivity  of  sea  water  are  related  to  temperature 
and  salinity  variations  by 

Where  p.,.  and  are  the  temperature  and  salinity  coefficients,  respectively. 
Define  a  dimensionless  parameter,  y,  which  indicates  the  relative  magnitude 
of  the  salinity  variations  with  respect  to  the  temperature  variations : 

Also,  define  the  related  parameters 


jh. 

//  - 


where 


The  correlation  between  the  temperature  and  salinity  variations  is 
determined  by  the  correlation  coefficient,/?,  which  is  defined  by 
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The  rms  value  of  the  conductivity  variations  is 


ftC.  =  /? 

or 

If  the  correlation  is  very  small  (p  «l),  then 

if  the  temperature  and  salinity  are  completely  correlated  (p  =  ±1)^  then 

(i±7). 

if  the  salinity  variations  are  very  small  in  comparison  with  the  tempera¬ 
ture  variations,  then 

In  the  ocean  ^  is  approximately  0.1  (small)  and  p  is  probably  near  +1.0 
for  large  scale  microstructure,  and  zero  for  miorostructvire  smaller  than 
the  dissipation  length  (Section  13,  )  of  the  temperature  structure.  In 

any  case,  we  see  that,  in  the  ocean,  the  conductivity  variations  on  the 
average  are  due  primarily  to  temperature  variations ; 


The  changes  of  conductivity  in  a  solution  are  due  to  a  combination  of 
corresponding  fluctuations  in  temperature  and  salinity.  The  magnitude  of 
these  conductivity  fluctuations  can  be  described  in  terms  of  a  fractional 
change,  (  Ao/cr),  or  in  terms  of  an  "effective  temperature  change,"  AT  , 
which  causes  the  same  fractional  change  in  conductivity.  We  could  also 
speak  of  an  "effective  salinity  change,"  AS  ,  which  produces  the  same 
fractional  change  in  conductivity.  If  the  conductivity  change  (  Ao/cr)  is 
known,  then  we  have 
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We  will  tend  to  talk  more  in  terms  of  the  effective  temperature,  AT  , 
because  in  the  water  media  of  most  interest,  viz.,  in  the  ocean  and  water 
tunnel  experiments,  the  conductivity  fluctuations  are  due  primarily  to 
temperature  fluctuations,  i.e.,  the  following  Inequality  holds  in  several 
important  cases 


Typically,  in  the  ocean  the  conductivity  \ariationB  due  to  salinity  are 
about  l/lO  those  due  to  temperature  (Sec.  7-3  )• 

The  effective  temperature  is  related  to  the  actual  temperature  and 
salinity  variations  as  follows; 

or 

=.  AT  ~h  AT-h7jA^ 

The  rms  value  of  the  effective  temperature  is 

where  the  temperature  and  salinity  fluctuations  are  assumed  to  be  inde¬ 
pendent.  If,  on  the  other  hand,  these  signals  are  correlated  then, 

~  ATk^c.  (iTy^  ^ 

where  the  latter  approximation  assumes  1  as  is  the  case  in  the  ocean 

where  y  is  about  l/lO. 

The  fractional  electrode  resistance  variations  in  terms  of  the  effect¬ 
ive  temperature  change  is  simply: 


7.  CONDUCTING  MEDIUM 


The  analysis  of  the  detection  instrumentation  of  this  Report  calls 
for  the  consideration  of  many  variables  and  parameters  which  describe  the 
phenomena  under  study  in  the  conducting  fluid  medium.  It  is  useful  at 
the  outset  to  list  precisely  what  variables  will  be  considered,  it  being 
assumed  that  those  not  mentioned  will  be  of  negligible  Importance  to  the 
aaali’sic .  The  variables  have  been  classed  either  as  "medium  variables" 
because  they  describe  the  physical  state  of  the  medium  in  which  measure¬ 
ments  are  being  made,  or  "system  variables"  because  they  describe  the 
state  of  the  instrumentation  which  is  operative  in  the  measurements.  In 
the  Interest  of  illustrating  the  performance  of  properties  of  various 
aspects  of  the  instrumentation,  certain  typical  or  standard  values  of  the 
physical  variables  will  be  decided  upon  and  used  in  numerical  examples 
throughout  the  Report.  The  oceans  represent  one  of  the  most  important 
conducting  media  for  the  application  of  the  present  instrumentation,  there¬ 
fore  some  of  the  average  properties  of  the  ocean  environment  are  presented 
in  Section  7.3  for  estimating  the  performance  of  the  detection  equipment. 
Tables  of  physical  data  are  given  in  Section  7*2  for  several  conducting 
solutions  which  are  of  interest. 


7.1  Medii.an  Variables 

The  conducting  meditua  under  consideration, here,  is  assumed  to  be  an 
aqueous  electrolyte  solution  (liquid)  which.  In  general,  is  Inhomogeneous 
in  concentration  and  may  contain  solid  impurities.  It  is  this  medium 
which  we  wish  to  adequately  and  concisely  describe  by  a  set  of  variables 
which  specify  the  physical  state  of  the  water.  Simplifying  assumptions 
will  be  made  where  necessary  to  make  the  problem  subject  to  analysis.  Tlie 
thermodynamic  properties  of  the  water  are  described  by  a  chosen  set  of 
"thermodynamic  variables"  and  the  other  physical  properties  by  so-called 
"property  variables,"  Special  reference  will  be  made  to  the  two  important 
oases  of  sea  water  and  tap  water.  Measurements  performed  by  detection 
equipment  refer  to  measurements  of  "independent  variables,"  which,  as  we 
shall  see,  are  taken  to  be  the  thermodynamic  variables  of  temperature, 
pressure,  and  salinity.  The  volume  of  localized  inhomogeneities  such  as 
bubbles  is  another  independent  variable  of  the  medium.  Also  measured  is 
the  velocity  of  the  water  with  respect  to  the  sensing  instrument.  Velocity 
is  a  relative  quantity  and  should  properly  be  considered  both  as  a  medium 
variable  and  system  variable. 

Thermodynamic  Variables 

The  description  of  the  thermodynamic  state  of  a  medium  involves  the 
description  of  the  thermodynamic  state  of  each  of  its  homogeneous  phases. 
Each  phase  is  specified  by  its  content,  l.e.,  the  quantity  of  each  chem¬ 
ical  substance  it  contains,  and  a  specification  of  two  other  thermodynamic 
quantities  such  as  temperature  and  pressure.  A  property  of  the  medium  is 
uniquely  determined  by  specifying  the  temperature,  pressure,  and  content. 


provided  the  relation  "between  the  property  and  these  variables  Is  known 
(l).  If  the  property  under  consideration  is  the  density,  then  this 
relation  is  called  the  equation  of  state;  this  relation  is  known  to  high 
accuracy  for  sea  water  and  fresh  water  (2,3)* 

The  content  or  phase  description  of  the  water  media  of  interest,  viz., 
sea  water  and  tap  ifater,  must  "be  considered  in  more  detail.  In  the  case 
of  sea  water,  it  has  been  found  that  regardless  of  the  absolute  concen¬ 
tration,  the  relative  proportions  of  the  different  major  constituents  are 
virtually  constant,  except  in  regions  of  very  low  salinity  where  minor 
deviations  may  occur.  Oceanographers  have  made  use  of  this  principle  of 
constancy  of  ratios  of  the  major  constituents  of  sea  vrater  in  order  to 
utilize  the  measurement  of  a  single  component  to  determine  the  salinity, 
S(^,  of  a  sample.  We  will  assume  that  sea  water  is  of  constant  relative 
composition  to  the  degree  of  accuracy  with  which  we  are  presently  concerned. 
Sea  water  may  then  be  considered  as  a  composite  electrolyte  solution  whose 
properties  are  single-valued  functions  (unique)  of  temperature,  T,  pressure, 
P,  and  total  salt  content  or  salinity,  S.  The  typical  con?>osition  of  sea 
water  may  be  found  in  the  Reference  (4). 

For  tap  water,  the  principle  of  the  constancy  of  ratios  of  the  com¬ 
ponent  salt  concentrations  is  not  valid.  The  concentration  of  dissolved 
salts  varies  widely  depending  on  the  tap  water  used  (5).  In  order  to 
work  with  a  single  variable  to  describe  the  concentrations  of  salts  in 
tap  water,  we  will  define  an  effective  salinity,  S,  based  on  the  electrical 
conductivity  of  the  tap  water  sample.  This  is  done  in  the  following  man¬ 
ner:  if  <riB  the  measured  conductivity  of  the  tap  water  sample,  and  S(,and 
05 are  the  adopted  standard  salinity  of  sea  water  (Sec.  J.Z  ),  then  the 
effective  salinity,  S,  of  the  tap  water  is  defined  by  the  equation 


The  adopted  standard  values  at  20  C  are  8^  =  35  ?^and  05  =  .0479  ohm  ^om  s 
typically  the  conductivity  of  tap  water  is  about  l/lOO  times  that  of  sea 
water  so  that  S  is  typically  about  0.3  ?^e. 

Random  localized  Impurities  in  the  water,  for  example  bubbles,  will 
be  considered  to  be  internally  homogeneous  and  characterized  by  their 
volume  V. 


Property  Variables 

The  dependent  veuriables  of  the  medium  are  those  physical  character¬ 
istics  other  than  the  temperature,  salinity  and  pressure  and  will  be  termed 
"property  variables."  The  electrical  conductivity,  dielectric  constant 
and  density  are  examples  of  property  variables.  The  property  variables 
are  only  fimctions  of  temperature,  salinity  and  pressure;  if  is  a  prop¬ 
erty  of  the  medium,  then  it  satisfies  the  equation 

vu  B  function  (T,S,P). 
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The  pressure  dependence  proves  to  he  of  negligible  importance  in  the 
present  research. 

Numerous  properties  of  the  medium  are  of  interest  in  the  present 
analysis;  not  all  of  these  properties  are  independent,  however.  For 
example,  the  kinematic  viscosity  is  the  ratio  of  dynamic  viscosity  and 
density.  In  this  Report  we  will  prefer  to  work  with  the  least  number 
of  independent  properties  necessary  for  the  analysis,  and  the  most 
dimensionless  properties  as,  for  example,  the  Prandtl  number  (6).  VJe 
chose  the  following  list  as  the  preferred  set  of  medium  properties: 

Density  (d) 

Electrical  Conductivity  (cr) 

Dielectric  Constant  (k) 

Heat  Capacity  per  Unit  Volume  (c) 

Prandtl  Number  (P) 

Schmidt  Number  (S) 

Kinematic  Viscosity  (V). 

These  are  functions  only  of 

Temperature  (T) 

Salinity  (S) 

Pressure  (P) 

In  the  analysis^ work  will  be  done  with  other  property  variables  (e.g. 
resistivity)  which  are  not  independent  of  the  above  property  variables  as 
required  to  simplify  the  analysis,  but  will  reduce  most  of  the  final 
results  to  the  above  minimal  set  of  property  variables.  The  dependence  of 
these  variables  on  temperature  and  salinity  is  covered  in  Section  7*2  and 
on  pressure  in  Section  6.2  . 

The  parameters  or  variables  which  relate  to  the  characteristics  of 
the  detection  instrument  are  termed  system  variables.-  The  most  important 
of  these,  actually,  is  the  quantity  which  is  measured,  that  is  the  elec¬ 
trode  Impedance.  Others  are  the  electrode  power,  size  and  velocity  in  the 
water  medium.  The  system  variables  have  average  values  which  are  control¬ 
lable  by  design.  Their  fluctuating  values  are  dependent  on  the  indei-jend- 
ent  variables  to  be  measured,  viz.,  temperature,  salinity,  pressure,  cavity 
volume  and  velocity. 

Standard  Conditions 

The  standard  conditions  for  the  thermodynamic  variables  which  are 
assumed  in  this  Report  for  sea  water  are  the  following: 

Temperature  20°C  (293  °K) 

Salii’.lty  35  % 

Pressure  1  Atm 
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For  calculations  where  reference  to  tap  water  is  necessary,  the  same 
standard  temperature  and  pressure  will  he  used.  A  standard  concentration 
of  dissolved  salts  and  gases  is  not  as  meaningful  In  the ' case  of  tap  \ra.ter 
as  sea  water  because  of  the  great  variahility  In  the  composition  of  tap 
water  from  one  location  to  another.  It  seems  more  useful  to  assume  a 
standard  electrical  conductivity  (a  property  variable)  as  a  value  for 
reference.  The  value  assumed  for  tap  water  in  this  Report  is  l/lOO  that 
of  standard  sea  water  i 

4.8  X  lO’^  ohm"^cm'^  ^ 

which  corresponds  to  about  0.4  5^ dissolved  salts  (in  a  variety  of  propor¬ 
tions)  in  pure  water. 

The  assumed  standard  conditions  for  the  property  variables  pertinent 
to  this  work  follows  immediately  from  the  above  standard  conditions  be¬ 
cause  of  their  unique  dependence  on  temperature,  pressure  and  concentration. 
These  standard  values  for  sea  water  and  tap  water  (and/or  fresh  water) 
are  given  in  Table  7.1  below.  More  detailed  data  is  found  In  Section  7.2 
at  non-standard  temperature,  pressure  and  concentration. 


Table  7.1.  Physical  Properties  of  Standard  Sea  Water  and 
Tap  Water  at  20°C  and  1  Atm. 


Variable 

Sea  Water 

Tap  Water 

o 

Density  (d,  gm/cm'^) 

Conductivity  (cr,  ohm”^cm”^) 
Dielectric  Constant  (k) 

Heat  Capacity  (c, Joule/cra^/°C) 
Kinematic  Viscosity  (-^jcm  /sec) 
Prandtl  Number  (P) 

Schmidt  Number  (S) 

1.02W 

.0479 

73.8 

4.092 

.0106 

7.30 

770 

0.9982 

.00048 

80.1 

4.174 

.01004 

7.01 

<-700 

7.2  Physical  Data 

The  measurement  of  temperature,  salinity  and  velocity  of  water  by  the 
principles  of  this  Report  requires  that  the  water  have  a  finite  electro¬ 
lytic  conductivity.  The  water  media  of  most  Interest  for  these  measure¬ 
ments  are  sea  water  and  tap  water.  Other  electrolyte  solutions  of  interest 
in  experimental  measurements  are,  e.g.,  sodium  chloride  and  sodium  hydrox¬ 
ide  solutions.  The  electrical  conductivi^iy,  under  varying  conditions. 


of  a  number  of  aqueous  solutions  are  given  in  this  Section  along  with 
other  physical  properties  which  relate  to  the  analj'sis  of  the  detection 
techniques.  Since  many  of  these  properties  are  approximately  those  of 
pure  waterj  its  characteristics  are  also  listed  (although  its  electrics.! 
conductivity  is  altogether  too  low  for  practical  measurements  by  the 
present  techniques). 

This  somewhat  extensive  compilation  of  physical  data  was  felt  to  be 
worth  while  because  of  its  present  and  future  usefulness  in  the  appli¬ 
cations  of  these  instruments.  The  aqueous  solutions  for  which  data  and 
references  are  given  are: 

Sea  Water 

Artificial  Sea  Water 
NaCl  Solution 
Tap  Water 
Pure  Water 
NaOH  Solution 
KCl  Solution 

For  general  information  concerning  the  properties  of  water  and  aqueous 
solutions  reference  should  be  made  to  Dorsey  (7)  and  the  Physical  and 
Chemical  Handbooks  (8,9)10)*  Because  it  is  necessary  to  operate  the 
velocity  detector  in  a  way  which  brings  the  water  near  boiling,  it  is  of 
interest  to  know  the  physical  properties  over  the  range  from  0  -  100°C, 
which  will  be  done  in  as  many  cases  as  data  is  available.  Much  of  the 
data  presented  in  this  Section  has  been  processed  so  that  it  is  in  units 
convenient  to  the  present  analysis,  (e.g.,  salinities  (^  Instead  of 
concentration  (mole/liter)).  No  claims  will  be  made  for  the  accuracy  of 
the  data  in  this  Section  other  than  to  say  that  its  treatment  was  carried 
out  with  care  and  with  consistency  checks.  In  some  cases  the  accuracy  is 
not  as  good  as  the  original  data  because  some  significant  figures  have 
been  dropped  in  the  Interest  of  space  and  because  very  great  precision  in 
the  values  of  the  properties  is  not  called  for.  In  only  a  few  cases  the 
data  has  been  smoothed  from  original  data  and  may  implicitly  overstate 
the  accuracy  of  the  data.  The  differential  coefficients  with  respect  to 
temperature,  salinity,  and  pressure  of  many  of  the  properties  considered 
here  are  given  in  Section  6.2  .  For  the  purpose  of  making  numerical 
calculations  as  examples  throughout  this  Beport,  certain  "standard  condi¬ 
tions"  have  been  defined  as  discussed  in  Section  7.1  and  in  the  following 
paragraphs . 


Sea  Water 

Sea  water  is  of  primary  concern  as  an  electrically  conducting  solution. 
The  general  physical  properties  and  chemical  composition  of  sea  water  may 
be  found  in  the  References  (4-, 9, 15)*  The  experimental  data  on  the  conduct¬ 
ivity  of  sea  water  (ll,12)  has  been  tabulated  in  Table  7-2  as  a  function 
of  temperature  and  salinity.  It  is  necessary  to  convert  from  the  chlorin- 
ity.  Cl,  of  the  water  to  the  salinity,  S,  by  the  accepted  formula  (13) 
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S  =  0.03  +  1.805  (Cl)  , 

where  both  S  and  Cl  eu^e  expressed  In  ^ units.  This  data  Is  shown  in 
graphical  form  in  Figure  2.6  of  Section  2.3  over  the  range  of  temperature 
and  salinity  ordinarily  fovmd.  in  the  ocean.  The  temperature  and  salinity 
coefficients  computed  from  this  data  are  shown  in  Figures  2.7  and  2.8 
of  Section  2.3  .  The  electrical  properties  of  sea  water  at  very  hi^ 
frequencies  in  the  radar  range  are  treated  by  Saxton  and  Lane  (l4)'.  For 
the  calculation  of  numerical  examples,  it  Is  useful  to  define  a  "standard 
sea  water"  corresponding  to  a  standard  salinity  and  temperature.  The 
standard  temperature  will  be  taken  as  20°C  which  is  more  like  the  temper¬ 
atures  found  in  the  laboratory  than  in  the  average  ocean  temperature 
(15°C).  Concerning  the  standard  salinity,  we  use  that  of  the  so-called 
"no'rmal  water"  prepared  by  the  I^ydrograijiical  Laboratories  in  Copenhagen, 
Denmark  (13)*  chlorinlty  of  normal  water  is  19.38I  corresponding 

to  a  salinity _of  35.02  $0.  The  conductivity  of  this  standard  sea  water 
is  .04790  ohm''^cm“^,  and  the  density  is  1.0248  gm/cm'^.  Although  our 
interest  in  the  properties  of  sea  vreiter  extends  over  the  temperature  range 
from  0°  -  100°C,  data  is  not  available  over  this  range  but  covers  only 
the  range  from  0°  -  30°C.  Furthermore,  many  of  the  physical  properties 
of  actual  sea  water  have  not  been  measured.  It  is  customary  where  such 
gaps  exist  in  the  data  to  use  as  an  approximation  the  properties  of  a 
corresponding  sodium  chloride  (NaCl)  solution.  This  procedure  is  adopted 
here;  data  on  NaCl  is  given  in  a  following  Section.  Some  of  the  physical 
properties  of  standard  sea  water  are  shown  in  Table  7-3  as  a  function  of 
temperature;  the  source  references  are  given  at  the  bottom  of  this  Table. 
The  variation  of  the  density  of  sea  water  over  the  range  of  temperature 
and  salinity  ordinarily  found  in  the  oceans  is  shown  in  Figure  7.6  of 
Section  7.3  .  Also  in  that  Section  are  fowid  data  on  the  average  values 
of  the  properties  of  sea  water  as  a  function  of  depth. 

Table  7.2.  Electrical  Conductivity  of  Sea  Water  as  a  Function  of 

Temperature  and  Salinity  at  Atmospheric  Pressure  (l  Atm) 
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Table.  7.3 


Properties  of  Normal  Sea  Water  (35 -02  ^  as  a 
Function  of  Temperature  at  Atmospheric  Pressure. 


f 

T 

(°c) 

Density  (gm/cm^) 

u 

9> 

P4 

^  0^ 

S  !>  V 

+>  +> 

(«  -H  0 
a)  d 

W  5  ^ 

Electrical 

Conductivity 

(ohm  ^m 

Resistivity 

(ohm-cm) 

Viscosity 

2 

( . 01  cm  / sec ) 

0 

1.0281 

4.0971 

2.955 

33-04 

1.83 

5 

1.0277 

4.0964 

3.403 

29.39 

1.57 

10 

1.0270 

4.0956 

3-855 

25.9^ 

1.36 

15 

1.0260 

4.0937 

4.337 

23.06 

1.19 

18 

1.0253 

4.0927 

4.617 

21.66 

1.11 

20 

1.0248 

4.0920 

4.790 

20.88 

1.06 

25 

1  0234 

4.0883 

5.367 

18.63 

0.94 

30 

1.0217 

4.0860 

5.968 

16.76 

0.85 

Bef . 

3,16 

17 

11 

_ 1 

11 

18 

Artificial  Sea  Water 

The  relative  chemical  composition  of  sea  water  is  found  to  be  quite 
uniform  over  a  wide  range  of  salinity  and  contains  a  large  number  of 
constituents^  the  most  abundant  being  common  salt,  NaCl.  Formulas  for 
mixing  solutions  v:hich  closelj'  approximate  that  of  sea  water  have  been 
developed  and  can  be  used  where  it  is  important  to  simulate  as  closely  as 
possible  the  actual  conditions  which  exist  in  a  sea  water  environment 
(20,21).  The  approximate  quantities  of  the  main  components  of  one  formula 
for  artificial  sea  water  solution  is  listed  in  Table  7.4  (19)*  Because 

of  the  complexity  of  working  with  these  artificial  sea  water  solutions  in 
routine  laboratory  work  and  because  the  precise  chemical  composition  of 
solutions  used  in  experimental  work  is  not  germain  to  the  present  exper¬ 
iments,  these  solutions  were  not  used.  Only  the  simplest  of  approximations 
to  sea  water  was  used  in  the  laboratory  tests,  namely  the  NaCl  solution, 
discussed  subsequently. 


7.7 


Tatle  .  Composition  of  Artificial  Sea  Water 


Salt 

Salinity  (^,) 

NaCl 

25.2 

MgClg 

5.3 

N^2®°4 

4.2 

CaClg 

1.2 

KCl 

0.7 

NaHCO^ 

0.2 

KBr 

0.1 

NaCl  Solution 

A  solution  of  sodium  chloride  (NaCl)  of  appropriate  concentration 
(salinity)  has  physical  properties  which  closely  approximate  those  of 
sea  water.  This  is  of  practical  importance  for  experimental  work  in  the 
laboratory  because  of  the  ease  and  simplicity  of  working  with  a  solution 
of  common  salt  Instead  of  the  more  complicated  artificial  sea  water  solu¬ 
tion  discussed  above.  This  electrolyte  solution  is  probably  the  simplest 
and  most  commonly  available,  hence  there  is  a  considerable  amount  of  data 
available  on  its  physical  properties.  It  is  somewhat  surprising  that  much 
of  the  data  at  higher  concentration  (~’  of  the  order  of  that  found 
in  the  oceans,  has  been  measured  only  in  the  last  decade.  For  use  as  a 
substitute  for  sea  water,  some  convention  must  be  established  in  order  to 
be  able  to  decide  when  sea  water  of  given  salinity  and  temperature  is 
equivalent  to  a  NaCl  solution.  The  following  convention  is  adopted:  a 
standard  NaCl  solution  is  one  which  has  the  same  electrical  conductivity 
as  sea  water  of  35-02  ^salinity  at  20°C  temperature.  The  conductivity 
of  sea  water  at  this  temperature  and  salinity  is  O.OhT^O  ohra''^cm"^.  A 
NaCl  solution  has  the  same  conductivity  at  20°C  at  a  salinity  of  32.84 
A  sodium  chloride  solution  of  this  salinity  has  been  used  in  laboratory 
experiments  as  the  electrical  equivalent  of  standard  sea  water.  The 
adopted  convention  insures  the  equality  of  the  electrical  conductivity  of 
these  solutions,  however,  with  respect  to  the  other  physical  properties 
small  differences  exist.  Since  the  NaCl  solution  is  a  convenient  sub¬ 
stitute  for  experiments  which  are  intended  to  approximate  sea  water,  some 
of  the  properties  of  NaCl  solutions  with  a  salinity  covering  the  approxi¬ 
mate  range  of  sea  water  salinities  have  been  computed  at  atmospheric  pres¬ 
sure  (l  Atm)  and  listed  in  Tables  7*5  to  7.11  .  The  electrical  conduc¬ 
tivity  data  was  taken  from  References  (22-26);  the  density  from  (27),  and 
the  molecular  weight  of  NaCl  is  58.45  gms.  The  electricsil  properties  at 
high  frequencies  (radio  and  radar  range)  is  found  in  References  (28, l4. 
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29;30)'  The  physical  properties  of  standard  NaCl  solution  (32.84  have 
"been  computed  as  a  function  of  temperature  from  o”  -  100°C  emd  are  listed 
in  Table  7 >12  ;  the  References  to  this  data  appear  at  the  bottom  of  the 
Table.  The  diffusion  coefficient  was  assumed  to  vary  in  proportion  with 
the  electrical  conductivity  over  the  temperature  range  in  question  (31, 

32).  The  electrical  conductivity  of  standard  NaCl  solution  at  temperatures 
above  100°C,  listed  in  Table  7.13  and  plotted  in  Figure  7.I  ,  are  of 
interest  in  the  operation  of  the  velocity  sensor  at  great  depths  in  the 
ocean  where  because  of  the  greater  pressure  the  boiling  point  is  increased 
(see  Table  7. 17a for  pure  water).  The  conductivity  of  NaCl  solution  as 
a  function  of  concentration  (mole/liter)  is  given  in  Table  7.14  . 


Table  7.5  .  Concentration  (moles/liter )  of  NaCl  Solution  as  a 
Function  of  Temperature  and  Salinity 


[mole/liter) 

c 

30 

S  (^t) 

31 

34 

35 

36 

32 

33 

15 

.5239 

.5418 

.5597 

•  5776 

.5955 

.6134 

.6314 

16 

.5238 

.5416 

•  5595 

.5774 

.5953 

.6133 

.6312 

T 

17 

.5237 

.5415 

.5594 

.5772 

.5952 

.6131 

.6311 

(°c) 

18 

.5235 

.5413 

.5592 

.5771 

.5950 

.6129 

.6309 

19 

.5234 

.5412 

.5591 

.5770 

.5949 

.6128 

.6307 

20 

.5233 

.5411 

.5589 

.5768 

.5947 

.6126 

.6306 

21 

.5231 

•  5410 

.5588 

.5767 

.5946 

.6125 

.6304 

22 

.5230 

•  5408 

.5586 

.5765 

.5944 

.6123 

•6303 

23 

.5229 

.5407 

.5585 

•  5764 

■  5943 

.6122 

.6301 

24 

.5228 

.5406 

.5584 

.5762 

•5941 

.6120 

.6300 

25 

.5226 

.5404 

.5583 

.5761 

.5940 

.6119 

.6298 
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Table  7*6  .  Density  (gm/cm'^)  of  NaCl  Solution  as  a  Function 
of  Temperature  and  Salinity 


(gm/cm  ) 
lOOO(d-l) 

30 

S 

31 

34 

35 

36 

32 

33 

15 

20.77 

21.51 

22.26 

22.98 

23.66 

24.39 

25.13 

l6 

20.51 

21.22 

21.95 

22.70 

23.41 

24.13 

24.87 

T 

17 

20.29 

20.90 

21.70 

22.41 

23.15 

23.86 

24.59 

(°C)  18 

20.00 

20.68 

21.42 

22.14 

22.87 

23.59 

24.31 

19 

19.77 

20.45 

21.14 

21.90 

22.62 

23.34 

24.06 

20 

19.60 

20.20 

20.90 

21.67 

22.37 

23.08 

23.79 

[  21 

19.24 

19.96 

20.63 

21.40 

22.11 

22.82 

23.53 

22 

19.00 

19.71 

20.39 

21.14 

21.85 

22.56 

23.29 

23 

18.78 

19.40 

20.17 

20.90 

21.59 

22.30 

23.03 

18.51 

19.20 

19.90 

20.64 

21.33 

22.05 

22.79 

25 

18.28 

18.98 

19.67 

20.38 

21.08 

21.81 

22.54 

Table  7*7  •  Resistivity  (ohm-cm)  of  NaCl  Solution  as  a  Function 
of  Temperature  and  Salinity 


(ohm-cm 

/= 

) 

30 

s 

31 

34 

35 

36 

32 

33 

15 

25.39 

24.64 

23.94 

23.28 

22.66 

22.08 

21.52 

16 

24.83 

24.10 

23.41 

22.77 

22.16 

21.59 

21.05 

T 

17 

24.29 

23.57 

22.90 

22.28 

21.68 

21.11 

20.58 

(“c) 

18 

23.77 

23.07 

22.41 

21.79 

21.21 

20.66 

20.14 

19 

23.26 

22.57 

21.93 

21.32 

20.76 

20.22 

19.71 

20 

22.76 

22.09 

21.47 

20.88 

20.32 

19.79 

19.29 

21 

22.29 

21.63 

21.02 

20.44 

19.89 

19.38 

18.89 

22 

21.83 

21.19 

20.58 

20.02 

19.48 

18.98 

18.50 

23 

21.39 

20.76 

20.17 

19.61 

19.08 

18.59 

18.13 

24 

20.95 

20.33 

19.76 

19.22 

18.70 

18.22 

17.76 

25 

20.53 

19.93 

19.36 

18.84 

18.33 

17.86 

17.41 
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Table  7.8  .  Equivalent  Conductance  (ohm  mole  cm  )  of  NaCl 

Solution  as  a  Function  of  Temperature  and  Salinity 


1  ] 

30 

s(^^) 

31 

34 

35 

36 

1  ohm-mole) 

A  ‘ 

32 

33 

15 

75.16 

74.90 

74.63 

74.36 

74.10 

73.84 

73.59 

16 

76.88 

76.61 

76.33 

76.06 

75.79 

75.53 

75.27 

T 

17 

78.62 

78.34 

73.06 

77.78 

77.51 

77.24 

76.97 

c) 

18 

80.37 

80.08 

79.81 

79.53 

79.25 

78.98 

78.72 

19 

82.16 

81.86 

81.57 

81.28 

80.99 

80.71 

80.43 

20 

83.95 

83.65 

83.35 

83.05 

82.76 

82.47 

82.19 

1 

21 

85.76 

85.45 

85.15 

84.84 

84.55 

84.25 

83.96 

1 

22 

87.59 

87.28 

86.96 

86.65 

86.35 

86.05 

85.75 

23 

89.43 

89.11 

88.79 

88.47 

88.17 

87.86 

87.56 

24 

91.29 

90.97 

90.64 

90.31 

90.00 

89.68 

89.38 

25 

93.18 

92.83 

92.50 

92.16 

91.83 

91.51 

91.19 

Table  7,9  .  Electrical  Conductivity  (obm'^cm'^)  of  NaCl  Solution 
as  a  Function  of  Temperature  and  Salinity 


[ohm  ^cm 

100  cr 

30 

S 

31 

34 

35 

36 

32 

33 

15 

3.938 

4.058 

4.177 

4.295 

4.413 

4.529 

4.646 

16 

4.027 

4.149 

4.271 

4.392 

4.512 

4.632 

4.751 

1 

17 

4.117 

4.242 

4.367 

4,489 

4,613 

4.736 

4.858 

'c)  18 

4. 207 

4-335 

4.463 

4.590 

4.715 

4.841 

4,966 

19 

4.300 

4.430 

4.561 

4.690 

4.818 

4.946 

5.073 

20 

4.393 

4.526 

4.658 

4.790 

4.922 

5.052 

5.183 

21 

4.486 

4.623 

4.758 

4.893 

5.027 

5.160 

5.293 

[  22 

4.581 

4.720 

4,858 

4.995 

5.133 

5.269 

5.405 

23 

4.676 

4.818 

4.959 

5.099 

5.240 

5.379 

5.517 

24 

4.773 

4.918 

5.061 

5.204 

5.347 

5.488 

5.631 

25 

4.870 

5.017 

5.164 

5.309 

5.455 

5.599 

5.743 
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Table  7«10  .  Salinity  Coefficient  of  Conductivity  per  5^  of  NaCl 
Solution  as  a  Function  of  Temperature  and  Salinity 


{i>  per  W 

30 

s 

31 

34 

35 

36 

32 

33 

15 

3.043 

2.949 

2.854 

2.763 

2.675 

2.594 

2.521 

16 

3.04i 

2.947 

2.852 

2.761 

2.673 

2.592 

2.519 

T 

17 

3.039 

2.945 

2.850 

2.759 

2.671 

2.590 

2.517 

(°c) 

18 

3.037 

2.943 

2.848 

2.757 

2.669 

2.588 

2.515 

19 

3.035 

2.941 

2.846 

2.755 

2.667 

2.586 

2.513 

20 

3.033 

2.939 

2.844 

2.753 

2.665 

2.584 

2.511 

21 

3.031 

2.937 

2.842 

2.751 

2.663 

2.582 

2.509 

22 

3.029 

2.935 

2.840 

2.749 

2.661 

2.580 

2.507 

23 

3.027 

2.933 

2.838 

2.747 

2.659 

2.578 

2.505 

2k 

3.025 

2.931 

2.836 

2.745 

2.657 

2.576 

2.503 

25 

3.023 

2.929 

3.834 

2.743 

2.655 

2.574 

2.501 

Table  7>11  .  Temperature  Coefficient  of  Conductivity  per  °C)  NaCl 
Solution  as  a  Function  of  Temperature  and  Salinity 


per  °C) 

_ Pr _ 

s(?W 

30  -  36 

15 

2.275 

16 

2.249 

T 

17 

2.224 

(°C)  18 

2.198 

19 

2.173 

20 

2.147 

1  21 

2.121 

22 

2.096 

23 

2.070 

24 

2.045 

25 

2.019 
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Ta'ble  7*12  .  Properties  of  Standard  NaCl  Solution  (32.81+  ^  as  a 
Function  of  Temperature 
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Table 


.12  .  Properties  of  Standard  NaCl  Solution  (32.84 
as  a  Function  of  Temperature 


T 

t*c) 

0 

•  § 

Is 

s 

ll 

QQ 

•d  u 

n  J 

u 

irs 

■y  9  p 

l§  ^ 

0 

1.31 

13.7 

21S0 

4.109 

5 

1.33 

11.5 

1630 

4,107 

10 

1.36 

9-78 

1250 

4.107 

15 

1.39 

8.35 

975 

4.104 

18 

1.40 

7.71 

844 

4.103 

20 

1.4l 

7.30 

769 

4.102 

25 

1.44 

6.39 

624 

4.097 

30 

1.46 

5.67 

511 

4.095 

35 

1.47 

5.11 

424 

4,092 

40 

1.49 

4.60 

355 

4.088 

45 

1.51 

4.16 

300 

4.085 

50 

1.53 

3. 78 

257 

4.079 

55 

1.54 

3.48 

221 

4.074 

60 

1.56 

3.19 

190 

4.068 

65 

1.57 

2.96 

165 

4.061 

70 

1.59 

2.74 

145 

4.054 

75 

1.60 

2.56 

127 

4.047 

80 

1.61 

2.39 

113 

4.037 

85 

1.62 

2.25 

101 

4.030 

90 

1.63 

2.12 

88 

4.021 

95 

1.64 

1.99 

80 

4.012 

\m 

1.89 

73 

4.003 

Ref. 

- 

- 

- 

17,41 

.11 


Talile  7-13  •  Electrical  Conduc¬ 
tivity  of  Standard 
NaCl  Solution 
(32.84  at 
High  Temperature 


T 

,(°c) 

Conductivity 

V.  -1 

ohm  cm 

100 

0.155 

120 

0.181 

140 

0.209 

160 

0.232 

180 

0.252 

200 

0.269 

220 

0.285 

240 

0.299 

260 

0.310 

280 

0.319 

300 

0.328 

320 

0.336 

340 

0.344 

360 

0.350 

Ref. 

26 

Table  7 .14  .  Electrical  Conductivity 
of  NaCl  Solution  as  a 
a^SS^P’^  of  Concentration 


Concentration 

(moles/liter) 

^  *rl  Q 

Conductivity 

(ohm 

0.0 

il4 

.0600 

112 

.0056 

0.001 

111 

.0111 

0.005 

108 

.0541 

0.01 

106 

.106 

0.02 

104 

.208 

0.05 

100 

0.500 

0.1 

95.9 

0.959 

0.2 

91.4 

1.83 

0.5 

84.3 

4.22 

1. 

77.1 

7.71 

1.5 

71.9 

10.8 

2. 

67.3 

13.5 

3. 

59.0 

17.7 

4. 

51.4 

20.6 

5. 

44.5 

22.2 

Reference  (22) 


Tap  Water 

In  most  respects  tap  vater  behaves  very  much  like  pure  water.  The 
main  difference  between  these  two  waters  is  in  their  electrical  conduc¬ 
tivity.  The  conductivity  of  tap  water  is  typically  500  times  that  of 
distilled  water.  The  concentration  of  dissolved  salts  in  tap  water  varies 
considerably  from  location  to  location]  in  Los  Angeles  water  the  salinity 
is  about  0.50  %  i  in  Washington^ D.C.  it  is  about  0.22  ^tc.(5).  The  term 
salinity  here  refers  to  the  grams  of  total  filterable  residue  per  liter 
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Figure  7.  1. 


■iiiipaiii'iiafiiiiiiiiiiiBBaiaiiaaafffllli 

■  a  ■■■■■■■■■■■■■■■■■■  a  a  ■aaaaaaaaaii 

>-  iiaaaaaiapaaaaiiiBaaaaaiaaRBaaiaai 

_  _  ■■■■■■■■■■■■■■■■■■■■■■■■ ■■■■■■■■■■! 

laaaip  ■■■••■aaaiiiBjaB^aiaaaaaaiaaaaaaaaai 


Electrical  Conductivity  of  Standard  NaCl 
Solution  as  a  Function  of  Temperature 


|SS8!S!!!!:I 


tissilExHI 


laaaaaapaaiaaaapaiBaaaaipaai 

iiaiaj8BBaiiaaaiPiaaeapiiaa| 


!■■■■■■■■■■■  ana  aa  ■■■■■■■■■■■■  aa 
j a  paaaaitaaaapitpaapr* - - 

_ aaakPiiBBPiiipapipaaaapiaaRpaaaiRaaRi 

iitaBakiiaaaPaRaaaaaaiPaapaPPiaaaaiaiaaBkitPpaiRiai - 

----------- ------“--“Fa BP ppjpaappppipaaap 


i:i:ib:: 


_  _ ...aaaBPPaaaaaaaaPaaapiitRaBRaitaBaaaaaaaapfaaaaaaaaaaaaapaaai 

)•  .atiaaapaaRaipaaaBaaliapaaRaflRaaaaaapiaasaaaaaBiaaaapaaPPiaaaaaaaaaaaaaaii 

.■■■■■■■■■■■■■■■■■■BBPpraaaBlapiBiaaaipppppaBaaaaaaaaaaapppBaaaiaaeapapaaaai 
jaBpaaiaBfPgiiiapBataaiPaaBBBBPiBaggiaPiaapfBaBaappaaaaaak«afaaaaaaaaaaBaaa<" 
liaiiiiBBiaiialaiiiiBfiiiBBBBapiiaBilailaaiaaaaaaapaaaaaaaRaaaaaaaaaaaBaF— > 
paaaa iBBaa aaa aBapippaaaaiaaaaatiiaaaapaaaaaaaaaaapapaaaaaaaaaaaaaaaaaaaa 
pa|aiiBaaaaipaaatiPaaaaMpaaapaapaaBaaiaRaaaaiiaaaaaiaaaaaaaaaiiaaaaaaaa 

i99:i:999:ig;i99il9999[riiiiulliii:9ii!9ii:99:99:H:9i99iiii9iiiiiiiiiiiiiiiiiiii9MHiiiiMiiiijiiiiiHiHiijiiiiiMii|iiiiHiiiiiiiiiHiiiiiiiiiili>HR 

»aaailBBBaMPlWaaPiaaaa*llaaraanaaaaBBia»ppapaaappppaaaapapaa»PiPPpaaaaapiiaiaaaBBPiiaaaP«paaaaipaaaaaiaaaaipi»aaaaai»"i"aa"aiaaf  "f  »»«**»»»»»a*****S** - 

RBBSaiaBaaSSSRaaiRPaaBaaaiaaaaRif aaaBpaRiaaaBaiBaapaaaaaaapaBaaapaaiaPaaaiapaBaBaBaaaatpaaaiaaaiiaaaiiaaaaFFFaa'ppafaaaiaiaiiPaaikaaiaaiiSliS*****"*********'*'******!!!!!**!' 

:3:s:::8:::ss8:8:;8s::s::;:s:;:::;83:8:::::::8:::::::s:::::s:::;::8::;:::8:::s:::s:::::::::s:::s:::8:::::88!:3::s:s83:iBiBj|::8::s:s:888!Sil8ii8!:BBSBi888iBfl3i83RBBk::satSUpaaptaaj 
:s8s:::88:ss88s;:E88sss:::s:33:::::3::::s:s::::88::ss:::s:::8::8888:::::::8883:8:8s;:::8::B::s8883:y:8::88888:::3838i:!88:8:88a8:8:8:8:8:8:888:88888::s:!8B?!!!*-!!!!!S!!!s»»!!!!!< 
:8ssBB88ss!88B::B!8888Si!8888SS!!SS8si839ssss8ss8888!8s:s::8888:s88:8::8:::!Ssis9B:s!!!!!:s:!8S!sssE!!!!!R!!R!^::::::::::!!!:!!::::;!E::;;:::;:!:::::r~ 


ppappaaBPaaaii 


liRapaaRPapaatRPpiaaaaaaaa 


7.  16 


of  solution  which  la  very  rarely  equal  to  the  seme  quantity  per  1000  grams 
of  solution  The  common  unit  used  in  water  analysis  is  mg/liter  or 

approximately  10"^  The  conductivity  of  the  water  is  related  to  the 
total  concentration  of  the  ionized  suhstemces.  The  amount  of  dissolved 
matter  in  a  sample  (in  mg/liter)  may  often  he  estimated  hy  multiplying 
the  conductivity  (in  10"“(3hm"^cm~^)  hy  an  empirical  factor  which  varies 
from  0.55  "to  0. 9, depending  on  the  soluble  components  of  the  particular 
water  (36).  The  conductivity  per  unit  concentration  of  the  ions  commonly 
found  in  tap  water  is  listed  in  Table  7.15  for  water  with  a  conductivity 
of  about  100  micro-ohm'^cm"^  (5,37>38,39).  This  data  was  prepared  from 
the  values  and  behavior  of  the  conductivity  at  infinite  dilution  (3)*  It 
is  necessary  to  specify  the  concentration  (or  conductivity)  because  the 
conductivity  of  the  water  is  not  directly  proportional  to  the  concentration, 
although  it  is  a  rough  approximation.  As  a  rough  estimate  of  the  coeffi¬ 
cient,  A<  listed  in  Table  7.15  at  a  conductivity  other  than  100  micro- 
ohm"^  cm"  ,  we  have 

AOoo)  ^ 

where  a- is  in  units  of  mlcro-ohm~^cm”^.  As  an  example  of  the  conductivity 
of  ordinary  tap  water,  we  list  in  Table  7.l6  the  concentration  and  conduc¬ 
tivity  of  the  individual  and  total  ions  according  to  the  coefficients  in 
Table  7. 15  .  Applying  the  above  correction  to  the  total  conductivity  for 
the  two  imtera,  we  obtain  the  corrected  conductivity  at  the  bottom  of  this 
Table  along  with  the  conductivity/concentration  ratio.  This  ratio  falls 
within  the  range  previously  mentioned  (.55  -  .90). 

The  effective  salinity  with  reference  to  sea  water  was  defined  in 
Section  7.1  as 


where  05,  Sq  are  the  standard  conductivity  and  salinity  of  sea  water  at 
20°C  (.0479  ohm'^cm"^,  35  ^^).  The  values  of  ^rtare  listed  at  the  bottom 
of  Table  7. 16  for  Los  Angeles  and  Washington,  D.C.  waters.  This  quantity 
has  been  defineu.  to  standardize  tap  water  mcaourements  by  measuring  only 
the  conductivity  and  not  the  individual  salt  concentrations. 

The  variability  of  the  conductivity  from  location  to  location  is  il¬ 
lustrated  in  Table  7,16  ,  but  it  also  varies  with  time  and  water  source 
in  a  given  city.  Laboratory  measurements  here  usually  give  a  conductiv¬ 
ity  of  about  500  n  ohm"^cm"^  instead  of  the  740  n  ohm'^cm"^  listed  in 
Table  7.16  taken  from  Reference  (5). 

For  the  other  physical  properties  of  tap  water  the  values  for  pure 
water  may  be  used  with  good  accuracy. 
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Talile  7* 15-  Conductance  Factors  of  Ions  Commonly  Pound  in  Water 


A>  Equivalent  Conductivity  (25®C) 

10  ^ohm"^cm"^ 

Ion 

Per  me/l 

Per  mg/l 

HCO- 

Bicarbonate 

43.6 

0.715 

Ca"^"^ 

Calcium 

52.0 

2.6o 

co“ 

Carbonate 

84.6 

2.82 

Cl" 

Chloride 

75-9 

2.14 

Mg"^ 

MagneBliim 

46.6 

3.82 

NO" 

Nitrate 

71.0 

1.15 

K-^ 

Potassium 

72.0 

1.84 

Na'*' 

Sodium 

48.9 

2.13 

so;;- 

Sulfate 

73-9 

1.54 

TaDle  7  *16  Conductivity  of  Tap  Water 


Los  Angeles 

Washington,  D.C. 

Ion 

Concentration 

mg/l 

Conductivity 

lO’^ohm'^cm"^ 

Concentration 

mg/l 

Conductivity 
lb"  ohm*^cm"^ 

Bicarbonate 

215 

154 

79 

56 

Calcium 

27 

70 

34 

88 

Carbonate 

■  90 

254 

59 

166 

Chloride 

44 

94 

5.2 

11 

Magnesium 

12 

46 

1.9 

7 

Nitrate 

1 

1 

1 

1 

Potassium 

18 

33 

1.7 

3 

Sodium 

56 

119 

5.1 

11 

Sulfate 

39 

60 

34 

52 

TOTAL 

502 

831 

221 

395 

Corr. 

Conductivity 

740 

372 

Ratio 

0.68 

0.60 

Pure  Water 


In  man;/  respects  the  physical  properties  of  pure  water  and  tap  water 
are  almost  identical.  The  main  exception  is  the  electrical  conductivity. 
Because  of  the  availability  of  data  on  pure  water,  its  physical  properties 
will  he  used  and  tabulated  under  the  assumption  that  they  can  be  used 
with  accuracy  for  ordinary  tap  water.  Tables  for  the  properties^of  inter- 
est^are  listed  in  Table  7.17  as  a  function  of  temperature  from  0°C  to 
100  C.  This  full  range  is  of  importance  because  the  detection  equipment 
is  operated  near  boiling  when  water  velocity  is  being  measured.  The 
sources  of  these  data  are  listed  at  the  bottom  of  the  Table.  Entries 
without  references  were  computed  from  combinations  of  data  with  references. 
The  data  refers  to  atmospheric  pressure  (l  Atm).  Vapor  pressure  data 
above  100°C  shown  in  Table  7*  17a  is  of  interest  in  connection  with  boiling 
at  great  depths  in  the  ocean  (Sec.  12.6  ).  The  properties  of  water  at 
high  (radar)  frequencies  is  found  in  References  (30,  29,  14-5). 


Table  7 •17a.  Vapor  Pressure  of  Pure  Water  at  Hi^  Temperature 


(°C) 

T 

Vapor  Pressure 

(ATM) 

100 

1.00 

120 

1.96 

140 

3.57 

160 

6.10 

180 

9.90 

200 

15.3 

220 

22.9 

240 

33.0 

260 

46.3 

280 

63.3 

300 

84.8 

380 

111 

340 

144 

360 

184 

Ref.  (46) 
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Table  7.17  .  Properties  of  Pare  Mater  as  a  Fxanction  of  Temperature 


T 

<®c) 

0 

0  S- 
(D  -P 

u  § 

s<s 

Kinematic  Viscosity 
.01 

(cm^/sec) 

Heat  Capacity  per 

Uiit  Volume 

(  joule/ cm^/°C  ) 

Thermal  10^ 

Conductivity  (watt/can/ sec) 

§ 

‘1 

•H 

H 

Prandtl 

Humber 

.9993 

87.74 

1.787 

m 

554 

1.314 

13.6 

l.OOCO 

85.76 

1.516 

565 

1.344 

11.3 

.9997 

83.83 

1.306 

Dig 

576 

1.374 

9.51 

.9991 

81.95 

1.139 

4.183 

587 

1.403 

8.12 

.9986 

80.84 

1.055 

4.178 

593 

1.419 

7.44 

20 

.9982 

80.10 

1.004 

4.174 

598 

1.433 

7.01 

25 

.9970 

78.30 

.8929 

4.168 

607 

1.456 

6.13 

30 

.9957 

76.55 

.8010 

4.160 

615 

1.478 

5.42 

35 

.9940 

74.82 

.7237 

4.153 

622 

1.498 

4.86 

i»0 

.9922 

73.15 

.6582 

4.146 

630 

1.520 

4.33 

45 

.9902 

71.51 

.6022 

4.139 

637 

1.539 

3.91 

50 

.9880 

69.91 

.5533 

4.131 

643 

1.557 

3.55 

55 

.9857 

68.34 

.5117 

4.123 

649 

1.574 

3.25 

60 

.9832 

66.81 

.4746 

4.114 

654 

1.590 

2.99 

65 

.9806 

65,32 

.4428 

4.106 

659 

1.605 

2.76 

70 

.9778 

63.86 

.4l4l 

4.097 

664 

1.621 

2.56 

75 

.9749 

62.43 

.3886 

4.088 

668 

1.634 

2.38 

80 

.9718 

61.03 

.3657 

4.078 

671 

1.645 

2.22 

85 

.9686 

59.66 

.3453 

4.069 

673 

1.654 

2.09 

90 

.9653 

58.32 

.3269 

4.059 

676 

1.665 

1.96 

95 

.9619 

57.01 

.3103 

4.050 

678 

1.674 

1.85 

100 

•  9584 

55.72 

.2952 

4.040 

680 

1,683 

1.75 

Befs. 

41,42 

41,30 

4l 

43 

44 

- 
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KCl  Solution 


The  cell  constant  of  a  given  conductivity  cell  is  ordinarily  deter¬ 
mined  "by  a  measurement  with  an  electrolyte  solution  of  known  conductivity 
rather  than  hy  a  computation  based  on  the  geometry  of  the  electrodes.  The 
most  common  solution  for  this  purpose  is  potassium  chloride  (KCl).  The 
conductivity  of  this  solution  is  known  to  very  hi^  accuracy  for  a  number 
of  concentrations  The  specific  conductivity  at  selected  points  is 

listed  in  Table  7«l8  . 

Table  7.l8  .  Conductivity  of  KCl  Solution 


Salinity 

(iQ 

cr  (ohm  ^cm 

0°C 

18°C 

25°C 

71-1352 

7.41913 

0.745263 

0.06518 

0.007138 

0.0007736 

0.09784 

0.011167 

0.0012205 

0.11134 

0.012856 

0.001409 

NaOH  Solution 

Some  of  the  physical  properties  of  sodium  hydroxide  solution  (NaOH) 
are  given  because  of  their  rather  remarkable  electrical  conductivity 
properties.  Among  these  are:  relatively  high  conductivity,  large  temper- 
atwe  coefficient,  and  a  salinity  coefficient  which  is  either  positive, 
negative,  or  zero.  The  use  of  solutions  of  caustic  soda  present  some 
hazard  in  laboratory  experiments  and  therefore  care  must  be  taken  in  han¬ 
dling  such  solutions.  This  compound  is  available  and  is  quite  inexpensive. 
It  is  not  corrosive  to  iron  containers.  The  curves  of  conductivity  vs. 
salinity  for  several  temperatures  shown  in  Figure  7*2  were  calculated 
from  available  data  on  the  equivalent  conductivity  vs.  concentration  (^8)^ 
and  the  density  vs.  concentration  (27).  The  molecular  wei^t  of  NaOH  is 
40.01  grams.  Secause  of  interest  in  a  solution  whose  conductivity  is 
independent  of  salinity  variations  (p^  ==  O),  the  conductivity  at  a  salinity 
of  about  20  ^  has  been  computed  as  a  function  of  temperature  as  shown  in 
Figure  7*3  •  The  temperature  coefficient  at^20°C  is  4.1  $  per  at 
0°C  this  coefficient  is  as  high  as  8.9  56  per  °C  at  saturation  (-^30  ^6). 


7.3  Ocean  Environment 

Data  on  the  typical  values  and  characteristics  of  the  temperature, 
salinity  and  velocity  in  the  oceans  are  useful  to  estimate  the  performance 
of  the  present  instrumentation  at  sea.  Both  steady  state  and  turbulence 
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Figure  7.2. 


Electrical  Conductivity  of  NaOH  Solution 
as  a  Function  of  Salinity 
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Figure  7.  3. 


Electrical  Conductivity  of  NaOH 
Solution  as  a  Function  of  Temperature 
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data  are  of  interest. 


Great  liberties  h8.ve  been  taken  in  obtaining  the  typical  or  average 
characteristics  of  the  ocean.  It  should  be  emphasiiied  that  this  data  has 
value  only  in  making  the  most  general  predictions  concerning  oceanographic 
experiments.  The  average  values  quoted  at  a  given  depth  represent  the 
average  for  all  oceans  of  the  world  and  all  time,  i.e.,  a  year-round  time 
average.  This  average  is  called  the  "world- time-average. "  The  data 
obtained  refers  to  only  the  upper  500  meters  or  1500  feet  of  the  ocean 
depths.  When  an  average  in  depth  is  taken  it  means  an  average  only  over 
this  range  of  depths.  The  basic  data  on  which  the  averages  are  based  are 
obtained  from  The  Oceans  (49).  Simple  mathematical  expressions  are  fitted 
to  the  data  for  steady  state  and  turbulent  quantities. 


Temperature  Distribution 

The  world  wide  temperature  distribution  in  the  ocean  during  the  year 
(49)  when  averaged  with  respect  to  surface  area  and  time  yields  the  fol¬ 
lowing  data 

Table  7.19  •  Average  Temperature  of  the  Oceans 


(Meters ) 

Average  (°c) 

Depth 

Temperature 

0 

23.3 

200 

14.5 

400 

10.6 

A  simple  mathematical  form  which  fits  this  world-time-average  data  is 


where  y  is  the  depth,  T(0)  is  the  surface  temperature,  T(oo)  is  the  hypo¬ 
thetical  temperature  at  great  depth  (although  the  equation  is  valid  only 
for  y  less  than  some  maximum  value  andX  is  a  constant  indicating  the 

rate  of  temperature  decrease  with  depth.  Solving  for  the  three  parameters 
of  this  equation  by  means  of  the  three  data  points  above: 

T(0)  =  23.3  °C 

T(oo)  =  7.4  °C 

T(0)  -  T(co  )  =15.9  °C 
=  817  feet 


7.24 


and  for  =  1500  feet  we  have 

Ay^  =  . 

The  resulting  static  temperature  profile  is  shown  in  Figure  7.4  .  The 

average  temperature  over  depth  from  0  to  ,  To,  is  derived  from  the 
formula  "by  integration: 

i:  f-  \r(o)~T(^)]<^(ht,) 

where 

/-  e~ 

substituting  values  we  obtain 

g(l.8h)  =  0.h58 

T„  =  14.7  °c.  (~15  °C)  , 

This  temperature  Is  attained  at  a  depth  of  about  640  feet  where 

The  root-mean- square  temperature  difference,  LTq  ,  averaged  over  depths 

from  0  to  is  again  found  by  means  of  integration  to  be 

substituting  values  we  have 


ATo  =  3.8  °C.  (-4  °C)  . 

Combining  the  previous  results  it  can  be  said  that  the  world-time- 
depth  average  temperature  in  the  ocean  is 


T  =  15  ±  4  °C. 


for 


0<y  <  1500  feet. 


The  temperature  gradient  is  found  by  differentiation  to  be 


->i 
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Ficure  7  5  Average  Ocean  Salinity  Distri- 
®  ■  ■  bution  as  a  Function  of  Depth 
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and  the  average  gradient  Is 

substituting  values  we  get,  the  world- time -depth  average  gradient: 


.0089  °C/ft. 

.01  °C  per  ft. 


Salinity  Distribution 

Lacking  extensive  data  on  world  salinity  distributions,  as  such,  use 
can  be  made  of  the  fact  that  there  is  a  more  or  less  fixed  relation  between 
temperature  and  salinity  for  a  given  mass  of  water.  In  the  upper  5'30 
meters  of  the  ocean  this  TS-relation  is  rou^ly  linear,  except  at  the 
surface,  for  most  waters  of  the  world.  A  world- time-average  has  been  taken 
of  available  data  (30)  and  is  presented  in  the  next  Section.  In  any  case, 
this  data  provides  information  for  determining  the  average  salinity  profile 
which  is  of  the  same  form  as  that  for  temperature  because  of  the  linear 
relation  between  temperature  and  salinity: 

where  X  is  the  same  as  for  the  temperature  distribution.  Substituting  the 
values  found  in  the  next  Section  we  obtain 


and 


s(o)  =  36.14  'f>, 

S(co)  =  34.45 
S(0)  -  S(oo)  =  1.69 

A"^  =  817  feet. 


The  salinity  gradient  profile  has  the  same  shape  as  that  for  temperature  and 
is  shown  in  Figure  7.5  •  Following  exactly  the  same  procedures  as  in  the 

last  Section  for  temperature  we  obtain 


So  =  35.22  ^6.  ('^35.2 

ASp  =  0.40 

Thus,  we  can  say  that  the  world-time-depth-average  salinity  in  the  oceans 
is 
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for 


S  -  35.2  ±  0.1+  % 
0<:y<  1500  feet. 


The  salinity  gradient  at  depth  y  is 

and  the  average  over  depths  from  0  to  y^  is 

Substituting  values  we  get  the  world-time-depth-average  salinity  gradient: 


.00095  ^per  ft. 


—.001  ^oper  ft. 


TS-Elagram 

Given  masses  of  ocean  water  show  a  characteristic  relation  between 
temperature  and  salinity.  Typically  this  relation  is  linear  in  the  upper 
500  meters  of  the  ocean  except  at  the  surface  (less  than  100  meters)  where 
the  TS-relatlon  frequency  becomes  confused.  The  world-time-average  of 
TS-curves  based  on  available  data  (50)  satisfies  the  linear  relation  in 
the  depth  range  from  5,00  -  100  meters: 

(fs-soV  Ct-%) 

St  =  35.22  $0 

T  =  °C 

=  0.11  ^»per  °C. 

This  average  TS-dlagram  is  shown  in  Figure  7,6  superimposed  on  the  density 
curves  of  sea  water  taken  from  Reference  (51).  The  dots  on  the  straight 
line  segment  represent  the  situation  at  the  surface  (y  =  O)  and  maximum 
depth  considered  (y  =  1500').  The  middle  point  is  the  average  temperature 
and  salinity  which  is  at  an  intermediate  depth  (y  =  640 ' ) .  The  slope  of 
the  TS-dlagram  is 


where 


and 


7.20 


Figure  7.6.  Average  HB-Diagraja  for  the  Oceans 


A  statistical  average  of  this  slope  and  its  rms  variation  obtained  for 
the  data  mentioned  above  is 


This  correlation  between  T  and  S  is  valid  for  relatively  large  regions  of 
sea  water  but  on  a  microscale  it  does  not  continue  to  hold  because  of 
diffusion  processes  which  take  place  at  different  rates  for  thermal  con¬ 
duction  and  ionic  diffusion. 

Table  7.20  •  Properties  of  Average  Ocean  Water  as  a  Function  of  Depth 


(Feet) 

Depth 

oJsH 

3  ^ 

00 

§ 

0 

0 

r 

1 

0 

0 

(H 

0)  > 

Pi  ai 

S: 

-(A. 

'i' 

0 

23.3 

36.14 

1.0247 

4.089 

19.0 

2.02 

2.46 

5.28 

200 

19.8 

35.77 

1.0254 

4.092 

20.6 

2.13 

2.49 

4.86 

400 

17.1 

35.49 

1.0259 

4.093 

22.0 

2.22 

2.52 

4.55 

600 

15.0 

35.26 

1.0262 

4.094 

23.2 

2.29 

2.54 

4.32 

800 

13.4 

35.08 

1.0264 

4.094 

24.2 

2.35 

2.57 

4.l4 

1000 

12.1 

34.95 

1.0266 

4.095 

25.0 

2.4o 

2.58 

4.00 

1200 

11.1 

34.84 

1.0267 

4.095 

25.6 

2.44 

2.59 

3.90 

l400 

10.2 

34.75 

1.0267 

4.096 

26.3 

2.47 

2.60 

3.80 

1600 

9.6 

34.69 

1.0268 

4.096 

26.8 

2.49 

2.6c 

3.74 

Other  Properties 

With  a  knowledge  of  the  average  temperature  and  salinity  as  a  function 
of  depth,  it  is  possible  to  calculate  all  of  the  other  properties  of  sea 
water  as  a  function  of  depth  from  known  physical  data  tabulated  in  Section 
7-2  .  The  world-time-averages  of  seveiml  useful  properties  are  listed 
in  Table  7-20  as  a  function  of  depth.  The  depth  average  of  these  data  is 
the  value  at  about  6OO  to  700  foot  depth. 

Turbulence  Charactt  1 sties 

The  velocity  in  the  ocean  is  a  random  function  of  position  for  the 
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smaller  scale  fluctuations  and  is  araenatle  to  analysis  In  the  fratoework 
of  homogeneous  anisotropic  (layered)  turbulence  theory.  The  velocity 
fluctuations  give  rise  to  the  mixing  of  existing  temperature  and  salinity 
gradients,  thus,  producing  microstructure  of  these  variables  in  the  water 
(52,53j5*+)>  Measurements  have  been  made  which  show  the  existence  of 
temperature  microstructure  (55 >56)  but  no  measurements  are  yet  available 
on  salinity  microstructure  in  the  ocean.  Over  the  velocity  range  where 
viscosity  is  not  important  (inertial  subrange)  the  velocity  spectrum  varies 
as  k  (k  wavenumber)  (57>58);  the  wavenumber,  ki,  where  viscous  dissi¬ 
pation  becomes  important  (near  the  surface)  is  about  k,(.  =  2  cm"^  (59,60,61), 
i.e.,  the  smallest  blobs  of  water  in  motion  are  about  5  mm  in  size.  Tem¬ 
perature  and  salinity  microstructure  is  expected  to  have  a  spectrm  which 
also  varies  as  in  the  inertial  subrange,  if  these  fluctuations  are 

thought  of  as  being  injected  into  the  spectrum  before  the  inertial  range 
starts  (58),  and  if  the  spectrum  is  due  to  the  turbulent  mixing  of  the 
existing  ocean  gradients,  it  varies  as  k'^^  (54). 
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8.  DETECTION  THEORY 


This  Section  deals  with  the  factors  which  set  limits  on  the  detection 
of  small  variations  of  temperature,  salinity  and  velocity  In  water.  The 
theory  developed  here  depends  in  part  on  results  of  later  Sections, 
consequently  familiarity  with  these  Sections  will  facilitate  the  under¬ 
standing  of  the  present  Section.  The  analysis  helow  is  carried  out  for 
temperature  (T-meter)  and  velocity  (U-meter)  measurements,  and  with 
appropriate  changes,  the  theory  for  temperature  measurements  is  applicable 
to  salinity  measurements  (S-meter).  The  ultimate  sensitivity  of  these 
measurements  is  studied  from  the  standpoint  of  the  minimum  detectable 
signal  and  the  slgnal-to-noise  ratio  in  the  presence  of  given  background 
noise.  The  operation  of  the  instrumentation  in  modes  suitable  for  velocity 
and  temperature  (and/or  salinity)  measurements  is  also  included. 


8.1  Intrinsic  Slgnal-to-Noise  Ratio 

All  electronic  detection  devices  are  limited,  at  least,  by  Johnson 
thermal  noise  which  is  developed  across  the  resistance  of  the  sensing 
element.  The  slgnal-to-noise  ratio  (intrinsic)  of  a  detector  relative  to 
the  Johnson  noise  is  a  useful  dimensionless  quantity  of  fundamental  sig¬ 
nificance  in  connection  with  its  sensitivity. 

The  velocity  detector  (U-meter)  and  temperature  detector  (T-meter), 
which  are  based  on  an  electrolytic  conductivity  measurement,  and  the  hot¬ 
wire  anemometer  (HWA)  and  resistance-wire  thermometer  (RWT)  are  now  analysed 
in  a  general  way  to  obtain  their  respective  intrinsic  signal-to-noise 
ratios.  It  is  found  that  a  single  formula  applies  to  all  these  instruments 
(with  appropriate  changes  in  parameters)  in  any  of  the  modes  of  operation 
discussed  in  Section  8.5  • 

The  analysis  begins  by  assuming  the  detecting  element  to  be  a  pure 
resistance,  R,  at  a  temperature,  T^,  which  is  operated  in  electron^  equip¬ 
ment  with  a  bandwidthAf.  The  mean-square  Johnson  noise  voltage,  n*",  across 

i/iixo  icoxdXivji  16  } 


n*-  =  4kTpRAf  , 

where  k  is  Boltzmann's  constant.  The  intrinsic  signal-to-noise  ratio, A, 
for  voltage  fluctuations  Av  across  the  sensing  element  is  defined  as 
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In  the  instruments  considered  above^  there  exists  a  certain  maximum  power 
which  can  be  dissipated  in  the  resistance,  R,  in  order  that  the  temperature 
of  the  sensor  not  exceed  some  maximum  value.  Call  this  maximum  power  P*. 
Define  the  ratio 


(0  s-  H5-  1) 


where  P2_  is  the  actual  steady  state  power  dissipated  in  the  resistance. 
The  siffnal-to-noise  ratio  is  now 


/I 


Wf:,) 


V  = 


H  V' 


where  is  the  rms  voltage  across  the  element,  and  the  fractional  voltage 
fluctuation  is 


Had  we  considered  the  signal  as  current  fluctuations,  Ai,  then 


where 


and 


V 


1 


RI 


1  • 


The  resistance  of  the  sensing  element  varies  (we  assume)  linearly  with 
its  average  temperature.  For  an  electrode  sensing  element 


) 
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where  Rq  Is  the  resistance  at  the  average  ambient  temperature  T^,  p  is  the 
temperature  coefficient  of  the  conductivity  of  the  fluid ySF  is  the  average 
electrode  temperature  rise  due  to  electrical  heating,  and  5T  is  the  temper¬ 
ature  fluctuation  of  the  medium  averaged  over  the  sensing  vol\3me  of  the 
electrode.  For  a  wire  sensing  element,  the  corresponding  equation  is 


R 


=  Ro[l  +  + 


> 


where,  here,  p  is  the  temperature  coefficient  of  resistance  of  the  wire, 

ATw  is  the  wire  over-temperature ,  and  &T  is  the  temperature  fluctuation  of 
the  medium  averaged  over  the  length  of  the  wire. 

To  put  these  equations  on  an  identical  basis,  the  maximum  allowable 
temperature  rise, AT*,  must  be  qualified  for  both  cases.  The  maximum 
temperature  of  a  heated  wire  occurs  at  the  wire  surface.  In  the  case  of 
an  electrode,  the  maximum  temperature  occurs  in  the  downstream  region  of 
the  electrode  and  is  equal  to  the  exit  temperature.  The  average  temperature 
of  the  medium  in  the  case  of  the  wire  is  the  so-called  "film  temperature" 
which  is  half  the  wire  temperature 


AT 


Utilizing  this  fact,  the 
form  which  la  applicable 


resistance  equation  may  be  put  in  the  following 
to  both  electrode  and  wire  sensors; 


E 


Ro[l+epST  +  c'PPt]  , 


where  St  is  understood  to  be  the  average  temperature  rise  of  the  fluid 
medium^  and  for  the  wire  sensor 


€  =  +3  e '  =  +1  , 

and  for  the  electrode  sensor 

e  =  -1  6 '  =  -1  . 

Define  the  dimensionless  quantity 

a*  =  p^*  , 
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where At*  is  the  critical  average  temperature  of  the  medium  beyond  which 
boiling  sets  a  limitation. 

The  power  dissipated  in  the  sensing  element  is  related  to  its  average 
temperature  rise, AT,  at  a  certain  velocity,  U,  by  an  equation  of  the  form 

P  =  St- function  (U) 
or 


where  Uq  Is  some  reference  velocity  (for  example,  the  steady  state 
operating  velocity)  and  f(x)  has  the  form 

f(x)  =  a  +  bx^ 

and  we  require 

f(l)  =  1  =  a  -f  b  . 

This  form  is  applicable  to  both  the  U-meter  and  HWA.  In  the  case  of  the 
HWA,  the  heat  loss  equation  is  (Sec.  5.4  ) 

P  ^  2.Tr  <J.  ^ 

where 


In  terms  of  the  above  quantities 

=  ZTT  k.JL  A  TV  ^ 

where  N,  is  the  value  of/V  at  U  =  Uj,,  and 


or 


0.4^  r 


h  = 


and  m  =  l/2.  In  the  case  of  the  U-meter  the  heating  equation  is  (Sec. 

12.1  ) 


P  =  2cAUAT  , 

which  applies  for  heat  transfer  hy  forced  convection  only.  It  follows  that 


and 


or 


P*  =  2cAUo  AT* 


Combining  the  equations  for  resistance,  power  and  temperature,  we 

get 


Small  changes  in  the  variables  of  this  equation  (resistance,  power,  veloc¬ 
ity,  and  temperature)  are  related  by  the  following  equation  which  is 
obtained  by  differentiation  and  evaluated  at  steady  state  conditions 
(U  =  Uo,  P  =  Pi); 


or 

r  0  t-  f  e  0^,,^  H  6  0(V- H  ^  V/e© 
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where 


and 


Uo 


h 


6  " 


&- 


Later,  in  Section  8.5 
the  varlahles  r,p,i,  and  v 


we  find  that, 
are  related  by 


in  a  given  mode  of  operation, 


i  =  —V  tan  tp 
r  =  v(l  +  tancp  ) 
p  =  v(l  -  tan^  )  , 

whore  (p  is  the  mode  angle.  For  modes  of  operation  where  0  1  ^1  ^ 

it  is  preferable  to  detect  voltage  fluctuations  (v),and  for  rt/2 

it  is  preferable  to  detect  current  fluctuations  (i).  Substituting  these 
equations  into  the  one  obtained  above  we  get  for  voltage  fluctuations: 


D 


I  f  H  j 


(i 


and  for  current  fluctuations 


/  (4- \ 

— -}iwip  j 

L 


V  J 


i  +  ' 

I  +  / 


l+€(X->fH 


We  are  now  in  a  position  to  write  down  the  signal-to-noise  ratio  in 
the  general  case.  We  assume  for  simplicity,  however,  that  the  velocity 
fluctuations,  u,  and  temperature  fluctuations,  0,  are  uncorrelated. 
Correlated  signals  simply  add  another  term  to  o\ir  final  result.  The  above 
equations  are  the  same  on  the  right  side,  but  differ  on  the  left  by  the 
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complicated  expression  in  square  "brackets  which  is  a  function  only  of  the 
mode  angle ^  and  the  group  ea*H.  With  reference  to  the  earlier  expressions 
for  the  intrinsic  slgnal-to-noise  ratio, A,  we  can  now  write  a  single 
expression  for  "both  cases  of  voltage  and  current  fluctuations  as  follows: 


HF^ 


where  F  =  F( ^ ,  ea*H)  is  defined  as  follows; 


I  H 

l+f  /  I  j 


^  -POfZ 

;  I  f  I  i  I  , 


The  function  |f|  is  given  in  Table  8.1  for  the  main  modes  of  operation 
and  for  temperature  and  velocity  sensors  of  either  the  wire  or  electrode 
type.  The  values  listed  refer  to  sea  water  at  20°C  and  a  velocity  of 
3  knots  (15^  cm/sec);  the  wire  diameter  is  3  microns  (see  Table  5.1  ); 
the  maximum  temperature, AT*,  is  20°C  corresponding  to  an  average  water 
temperature  of  4o°C  in  the  sensitive  volume  of  the  detector.  The  pai’am- 
eters  of  the  wire  and  electrode  are  listed  in  Table  8.2  . 


Table  8.1  .  Values  of  the  Function  1f| 


f 

Mode  Angle 

u 

Si 

1- 

tH 

H  =  0 

H  =  0 

5 

H  =  1 

i 

H  =  1 

0° 

(COO) 

1 

1 

0.60 

1.2 

45° 

(CFO) 

0.50 

0.50 

0.50 

0.50 

90° 

(cvo) 

1 

1 

3.0 

0.86 

-45° 

(CRO) 

00 

00 

0.75 

3.0 
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latle  8.2  .  Parameters  of  Wire  and  Electrode  Sensors 


a 

h 

_ 

m 

e 

e’ 

_ 

a^(- 

p 

(^6  per  °C) 

— 

Electrode 

0 

1 

-1 

B 

igg 

2.0 

Wire 

0.19 

1/2 

2 

■ 

0.5 

Tatle  8.3  .  Values  of  the  Function  ]e| 


i 

Mode  Angle 

u 

% 

EH 

H  =  0 

1 

H  =  0 

u 

D 

H  =  1 

s 

H  =  1 

0° 

(cco) 

0.40 

0.10 

0.40 

45° 

(CPO) 

0.20 

0.05 

0.33 

90° 

(cvo) 

0.40 

0.10 

2.0 

-45" 

(CRO) 

CO 

00 

0.50 

In  the  case  where  the  velocity  signal  dominates  (H-*-l) 

where 

77^  M 

signal  dominates  (H-^O) 

,  now 

E  =  Fe  'a*  . 


E  = 


When  the  temperature 


A- 
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The  values  of  the  function  IeI  are  listed  in  Table  8.3  for  the  assmed 
conditions.  The  apparent  paradox  of  infinite  signal-to-noise  ratio  in 
Table  8.1  and  8.3  for  the  CRO  mode  of  the  temperature  detectors  arises 
because  noise  in  the  feedback  loop  has  been  neglected.  This  is  a  special 
case  of  the  "divergent  mode"  of  operation  when  A~^oo  which  occurs  when 

-  =  -~hdiE  • 


In  any  case,  the  active  modes  are  of  no  use  in  connection  with  temperature 
detectors. 


To  compare  the  relative  merits  of  the  wire  and  electrode  sensors,  we 
are  interested  in  the  following  ratios 


A 


(H-»0) 


/[  (U-  /ncref?)  ^  U  - 


(H— 1) 


These  comparisons  are  considered  in  more  detail  in  Section  5.5. 


8.2  Background  Noise 

The  desired  signal  at  the  output  of  a  detector  bridge  network  is  ac¬ 
companied  by  other  signals  which  are  classed  as  background  noise.  In  the 
last  Section  one  of  these  noise  signals  was  considered,  viz.,  the  funda¬ 
mental  noise  associated  with  the  thermal  agitation  of  the  conducting 
element  (Johnson  noise).  Other  background  signals  are  now  considered  in 
order  to  develop  the  theory  of  the  minimum  detectable  signal  in  Section 

8.3  . 

The  (complex)  output  voltage  at  the  Wheatstone  bridge  output  or 
detector  input, Av,  is  given  by (Section  15.I  ) 


where  v  is  the  input  voltage  to  the  bridge,  m  is  the  bridge  factor,  and 
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Az  is  the  variation  in  the  Impedance  z.  The  variations  in  impedance  are 
due  to  variations  in  temperature,  salinity,  velocity  and  boiling  in  the 
sensitive  volume  of  each  electrode.  The  resultant  signal  at  the  detector 
input  is 


where  the  summation  extends  over  the  different  tjrpes  of  Impedance  fluctu¬ 
ations  in  each  electrode, and  the  voltage  v^^  is  due  to  Johnson  noise.  All 
of  these  terms  are  assumed  to  be  statistically  independent  over  the  fre¬ 
quency  band  of  interest.  The  mean-square,AV'^,  of  the  net  signal  is 


Each  of  these  Individual  terms  is  discussed  below. 

Temperature  Av”'^(  temperature)  =  , 

where  M  is  the  magnitude  of  the  bridge  factor,  V  is  the  rras  input  voltage 
to  the  bridge,  M]_  is  the  number  of  sensing  elements  (Sec.  15.2  ),  p  is  the 
temperature  coefficient  of  the  electrode  resistance,  and  &T  is  the  rms 
temperature  fluctuation. 

Salinity  The  term  associated  with  salinity  variations  is  exactly  the 
same  as  that  for  temperature  but  with  the  salinity  coefficient  resistance 
instead  of  that  for  temperature.  In  the  analysis  that  follows, the  salinity 
variations  will  >10  omitted  and  It  u1 1 1  Vip.  imdArntood  thnt  tViA  tAmi^nAt.nrA 
variations  actually  represent  the  "effective  temperature"  variations 
(Sec.  3.1  ). 

Velocity  AV^( velocity)  = 

where  At  is  the  average  electrode  temperature  rise,  and  (5U/U)  is  the  rms 
relative  velocity  variation. 

I 

Boiling  AV^(boiling)  =  mVm^K  , 

where  K  is  a  dimensionless  constant  determined  empirically  in  Section 
17.2  ,  P  is  the  electrode  power,  P^the  power  level  where  boiling  noise 
becomes  appreciable  and  the  exponent  n  is  found  by  experiment  to  be  of  the 
order  of  10  to  25. 


Johnson  Noise 


(vj" 

'  n  rms 


=  4M2RkT  AfF 
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where  M^R  is  the  total  resistance  In  parallel  with  the  detector  Input 
(Sec.  15^.2  ),  R  Is  the  electrode  resistance,  and  F  is  the  overall  noise 
factor*  (Sec.  15.4  )  of  the  detection  electronics. 

p 

The  qualitative  behavior  of AV  as  a  function  of  electrode  power  is 
shown  in  Figure  8.1  .  At  low  power  the  signal  is  due  only  to  Johnson 

noise.  As  the  electrode  power  increases  the  temperature  (or  salinity) 
variations  are  first  detected.  At  still  higher  power  the  signal  due  to 
velocity  variations  dominates,  and  finally,  at  the  highest  power,  boiling 
in  the  electrode  volume  produces  a  signal  which  masks  all  the  others. 

The  optimum  power  level  for  detecting  temperature  or  velocity  variations 
in  the  presence  of  the  other  background  signals  is  considered  in  the  next 
Section. 


8.3  Minimum  Detectable  Signal  , 

The  analysis  of  the  limits  of  detectability  of  temperature  and/or 
velocity  signals  is  now  given.  Reference  will  be  made  to  the  formulas 
for  the  respective  signals  or  background  noise  given  in  the  last  Section. 


Temperature  Signal 

The  minimum  detectable  temperature  variation  is  calculated  first. 
The  rms  "signal"  in  this  case  is 


VWP6T 

The  "noise"  consists  either  of  Johnson  noise  which  is  important  at  low 
electrode  power,  or  velocity  fluctuations  which  are  mportanx.  at,  nigner 
electrode  power.  Boiling  noise  is  of  negligible  importance  over  the  range 
of  interest  for  temperature  measurements.  At  low  power  the  temperature 
measurement  is  said  to  be  "detector-noise-limited,"  and  in  this  case 

AV^( temperature)  =  X  (v^) _ 

n  nns 


or 

~  ‘f-X  /tIfF  RllTAi-  , 

where  the  minimum  detectable  temperature  is  denoted  by  STy,,,  and  is  the 
minimum  signal-to-noise  ratio  for  detectability  of  the  si^al.  Let  the 
input  resistance  of  the  bridge  network  be  MgR^  and  P  the  power  dissipated 


*The  noise  figure  is  10  log  F. 
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Figure  8.1. 


Detector  Output  Signals  as  a 
Function  of  Electrode  Power 


in  the  electrode{8)  which  is  a  factor  of  the  total  power  into  the  bridge 
(Sec.  15.2  ): 


The  bandwidth yif,  of  the  detection  system  corresponds  to  the  cutoff  fre¬ 
quency  of  the  electrode  of  dimension,  b,  and  moving  at  speed,  U,  through 
the  water  (Sec.  9,1  ): 


Af 


where  is  the  "cutoff  wavelength"  of  the  electrode  (Sec.13.1  ).  The 

"cutoff  wavenumber, "  is 


k 


c 


2n 

m^b 


Combining  the  above  relations,  we  obtain  the  minimum  detectable  temperature 
variations  (for  a  given  required  signal-to-noise  ratio)  in  the  detector- 
noise-limited  case: 


’/i 

\  M,  p  y  JJ 


The  sensitivity  improves  as  the  electrode  power,  P,  is  increased.  This 
situation  is  illustrated  in  Figure  8.2  in  the  low  power  region  of  the 

graph. 

At  hi§^er  electrode  power  where 2St  is  appreciable,  the  temperature 
measurements  are  limited  by  velocity  noise.  The  temperature  measurement 
is  "veloclty-nolse-llmited"  in  this  case 

(temperature)  =  A  (velocity ) 

or 

STyl  =  /J  A?,  I/*A)  V* 
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-^(p) 


a  „  Minimum  Detectable  Temperature 
Figure  o.  .  ^  Function  of  Electrode  Power 


Figure  8.3. 


Minimum  Detectable  Velocity  as 
a  Function  of  Electrode  Power 


^  (^1 


The  temperature  r5.se, AT,  due  to  electrode  heating  is  (Sec.  12.5  )• 


AT  = 


2nii^c'b  U 


Thus,  in  the  veloclty-nolse-limlted  case 


= 


)/  P- 


The  sensitivity  decreases  as  the  electrode  power  is  increased.  This 
behavior  is  shown  in  Figure  8.2  . 

The  limiting  cases  considered  above  indicate  that  there  is  an  optimum 
electrode  power,  called  "critical  power,"  for  temperature  measurements, 

P  =  P^,  where  the  minimum  temperature  variations  are  detected.  This  optimum 
value  applies  when 

2  8t5^  =  8t2  . 

Combining  this  relation  with  previous  expressions  we  find  1/^ 


/?  = 


■»!%  F 


4.T  ) ,/ ^ ) 

At.  J  I  U  J 


At  this  optimum  value  of  electrode  power,  the  minimum  detectable  temperature 
variation,  6T^^  is 


-  fi  6T^=\/| 


<^71  = 


jl/i F (  'kV 
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The  significant  dependence  of  6T^on  these  parameters  is 


6T^/ 


-1  Mi/3 

I  uj 


thus,  small  temperature  variations  are  test  measured  at  hi^i  speed  with 
large  electrodes  (provided  they  are  not  larger  than  the  temperature  struc¬ 
ture  under  study)  and  in  waters  of  low  ambient  turbulence.  The  dependence 
on  relative  turbulence  level  is  Insensitive,  however. 

The  variation  of  BTywith  P  is  conveniently  expressed  in  terms  of  the 
optimum  temperature  sensitivity,  ST^^,  and  the  critical  power,  P^,,  as 
follows : 


where  &Tyis  velocity-noise-limited  for  P  >  Pj,  and  detector-noise-limited 
for  P<;  Pj..  This  function  is  shown  In  Figure  8.2  . 

As  an  estimate  of  the  minimum  detectable  temperature  variation,  STyjy 
and  the  critical  power  for  temperature  measurements,  P^,,  we  assume  a  unity 
signal-to-nolae  ratio  and  a  noise  factor  (Sec.  l6.1  )  of  two: 

>  =  1  (0  db) 

F  =  2  (3  db)  . 


Also  assume  the  use  of  a  double  sensing  element  bridge  using  eye-type 
excci.xuaco  ^  one  vtixaco  ua  m-euiu  I'l-uuuiucio  axe  gxven  xn  xaoxc  o.p  ;•  uiiucx' 
these  conditions  we  have 


and 
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and 


/?  =  /.  7 


These  values  of  ST^o  and  Pj,  are  tabulated  for  several  situations  in  Table 
8.4  of  the  next  Section. 


The  minimvim  detectable  velocity  variation  is  now  calculated.  The 
"signal"  in  this  case  is 


VMP  at 


and  the  "noise"  is  that  due  to  internal  noisej  temperature  variations  and 
boiling  noise.  In  the  case  of  velocity  measurements,  we  must  distinguish 
between  the  voltage  Vi  (ms)  applied  to  the  bridge  for  the  purpose  of  the 
measurement  and  the  (incoherent)  voltage  VgCrms)  which  is  utilized  solely 
to  heat  the  water  flowing  in  the  electrode  volume.  The  total  power  dis¬ 
sipated  in  each  electrode,  P,  consists  of  the  power,  P2_,  due  to  the  signal 
source,  and  the  power,  P2,  due  to  the  heater  source: 


P  =  P1+P2  . 

This  matter  is  discussed  in  more  detail  in  Section  8.5  . 

If  the  velocity  measurements  are  "detector-noise-limlted, "  then 

Av2(velocity)  =  A  > 

where  A  Is,  now,  the  minimum  slgnal-to-noise  ratio  for  velocity  measure¬ 
ments.  This  equation  implies 

where 


8.17 


The  minimum  detectable  rms  velocity  variation  in  this  case  is  8U,.,.  Com¬ 
bining  these  relations,  we  find 

"1  ‘Iz- 

/fe; )_  17  .  fjkr^_i!l\ 

As  discussed  in  Section  8.5  ,  this  equation  is  applicable  when  the  aux¬ 
iliary  heater  power  is  off  (Pg  =  O).  This  expression  is  shown  in  Figure 
8.3  in  the  low  power  region  of  the  graph.  The  velocity  detectability 
improves  as  the  electrode  power  increases. 

At  higher  electrode  power  where  the  velocity  measurement  is  "temper- 

w*  WMA  -AASi/AQW  — WV  AAGbV  C 

AV^ (velocity)  =  A  AV^( temperature) 
or 
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The  detectahility  continues  to  Improve  as  the  power  increases. 


At  very  hi^  pover^  where  the  measurement  is  '"bolling-noise-llmited" 


or 


or 


where 


AV^ (velocity)  =  A 


AV^ (toiling) 


^  4r 


p 


In  this  case,  the  detectahility  is  worsened  by  further  increasing  the 
power.  Thus,  an  optimum  power,  P*,  exists  for  the  detection  of  velocity 
fluctuations . 

A  nrAT +nr  sro  v*-!  o  +  ■<  nn  MT  .  Ha  A+’.AVnmH  nprt  “hv 

the  sum  of  the  background  noises,  thus,  in  general 


A  graph  of  this  function  is  shown  in  Figure  8.3  as  a  fvmction  of  total 
electrode  power,  P,  for  P2  =  0.  In  actvial  operation,  however,  when 
,P3^P^,  the  signal  power  Pq_  is  held  constant  and  further  increase  in  P 
is  made  up  by  an  Increase  in  Pg.  When  P  is  comparable  with  or  less  than 
P  ,  the  heater  power  is  off  (Pg  =  O).  This  matter  is  discussed  in  Section 

8.5  < 


The  absolute  mlnimvim  detectable  velocity  variation,  6Uy„  occurs, 
generally,  at  s.  power  level  well  above  P  ,  where  Johnson  noise  is  negli¬ 
gible  and  p2_  is  a  constant.  In  this  region,  only  the  last  two  terras  of 
the  above  equation  are  appreciable  and 


8.19 


where  P*  is  the  optimum  electrode  power  and 


and 


where AT/^is  the  electrode  temperature  rise  at  P  =  i,e. 


AT;,  = 


2ni|^cb  U 

For  large  values  of  n,  P* 


Thus,  velocity  measurements  are  hest  performed  at  the  highest  possible 
electrode  temperature,  consistent  with  the  limitations  of  boiling  noise, 
and  at  low  electrode  velocity  (for  example,  in  the  vicinity  of  a  stagnation 
point).  Numerical  examples  of  the  minimum  detectable  velocity  are  given 
at  the  end  of  Section  d.h  • 


Besistance  Signal 

The  minimum  detectable  resistance  change, A Ry(rras),  as  determined  by 
Johnson  noise  is 


=  M. 


•Z- 

V 


or 


4)ikT  F  ^ 


2. 


The  ultijnate  detectability  of  resistance  variations  is  set  by  the  maximum 
allowable  electrode  temperature  rise.  This  follows  since^  if 


and 


Af 


U 

b 


P  =  Zit^cb^UAT 


then 


This  expression  represents  the  minimum  detectable  resistance  change  due 
to  any  effect  taking  place  at  the  electrode  which  changes  the  electrode 
resistance.  For  £in  optimum  differential  bridge  with  two  resistive  eye- 
type  electrodes,  we  have 


and 


nx  'm4!L  /jfi.  M  / 


O,  63 


At  c.  ), 


As  a  numerical  example,  assume 


A  =  1 
F  =  2 

kT  =  4  X  10"^^  Joule 
^  =  10°C 

c  =  4.1  Joule/cmV°C 

b  =  0.5  cm 
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then 


■=  XIO 


8.4  Signal-to-Noise  Ratio 

Conalder  a  fluid  medium  with  velocity  fluctuations  BU(rms)  and  temper¬ 
ature  fluctuations  &T(rms)  in  the  pass  band  of  a  detector  moving  at  velocity 
U  through  the  medium.  The  signal-to-noise  ratios  for  temperature  and 
velocity  measurements  are,  respectively: 


Af  -  A 


5T  >2 
BTvj 


A.  =  X 


6U  ]2 

8UJ 


> 


where  A  is  the  minimum  signal-to-noise  ratio  for  the  detectability  of  a 
signal.  These  ratios  are  now  investigated  as  a  function  of  electrode 
power. 


Temperature  Signal 

The  signal-to-noise  ratio,  Ar>  is  a  maximum  where  the  minimum  detec¬ 
table  temperature  is  smallest,  i.e.,  at  P  =  where  5T,,  =  51^^: 


2. 


At  other  values  of  electrode  power  in  the  vicinity  of  we  have 


This  function  is  illustrated  in  Figure  8.4  .  The  useful  range  of  power, 
P,  for  temperature  measurements  is  determined  by  the  condition: 

At  ^ 


In  order  to  determine  the  limits  of  this  range  of  electrode  power,  assume 
&T^?>8Tyj.  The  lower  limit  is  set  by  the  internal  detector  noise;  denote 
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this  limiting  power  by  : 
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and 


In  terms  of  the  quantities  and  Pj,,  we  have 


The  slgnal-to-noise  ratio,  ,  is  a  maximum  where  the  minimum  detec¬ 
table  velocity  is  the  smallest,  l.e.,  at  P  =  P*  where  8U  = 


At  other  values  of  electrode  power  in  the  vicinity  of  P*,  we  have 


This  function  is  illustrated  in  Figure  8.4  .  The  useful  range  of  power, 

P,  for  velocity  measurements  is  determined  by  the  condition; 

At,  >  A  • 

In  order  to  determine  the  limits  of  this  range,  assume  8UbS>8U^j.  The  lower 
limit  is  set  by  temperature  background  noise  and  occurs  at  P  =  P^: 
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For  A  =  1,  ~  general, 


The  upper  limit  is  set  by  boiling  noise  and  occurs  at  P  = 


Thus,  the  useful  range  of  electrode  power  for  velocity  measurements  is 


P" 

X 


P  r  P, 


US 


and  the  following  inequality  is  valid: 


?;;  <  P*  <  T?us  • 


In  terms  of  the  quantities  P",  P*  and  P^-  ,  we  have 


and 
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Numerical  Examples 

The  results  of  the  previous  Sections  are  now  evaluated  under  specific 
assumed  conditions  as  examples  of  the  quantities  that  have  heen  discussed. 
Three  representative  situations  in  which  the  detection  equipment  might  he 
used  are:  a)  experiments  in  the  laboratory,  b)  oceanographic  experiments, 
and  c)  water  tunnel  experiments.  The  conditions  which  are  assumed  to 
pertain  in  these  experimental  situations  are  described  in  more  detail 
below.  In  all  cases,  the  use  of  an  optimum  double  element  wheatstone 
bridge  with  eye-type  electrodes  is  assumed. 

Laboratory  An  experimental  arrangement  similar  to  that  used  for  the  work 
of  this  Report  is  assumed.  A  tub  of  artificial  sea  water  is  stirred  in 
such  a  way  that  the  turbulence  intensity  is  high  (~10  $)  and  the  average 
water  speed  is  low  (0.5  knot).  By  appropriate  thermal  shielding  the  ther¬ 
mal  microstructure  may  be  reduced  to  a  low  level  (lO  p  C)  for  structure 
of  small  scale  (l  cm). 

Ocean  An  experimental  arrangement  at  sea  is  assumed  in  which  the  detec¬ 
tor  is  moved  at  low  speed  (3  knots)  through  deep  ocean  water  where  the 
turbulence  level  (.001  knot)  and  temperature  variations  (lO  p  C)  are  small 
for  structure  of  small  size  (l  cm). 

Water  Tunnel  Assume  the  detector  is  used  for  hydrodynamic  research  in  a 
water  tunnel  filled  with  NaCl  solution  (or  tap  water).  A  relatively  high 
speed  (20  knots)  is  assumed  in  water^of  1  turbulence  intensity,  and 
high  temperature  mlcrostructure  (.Oi  C).  A  small  scale  probe  (.05  cm)  is 
used  in  the  teats. 

Numerical  examples  of  the  minimum  detectable  signals,  and  other 
parameters,  are  listed  in  Table  8.4  under  the  assumed  conditions  Tl'»ted 
in  Table  8.5  • 
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Table  8.4  •  Numerical  Examples  of  Minimum  Detectable  Signals 


Parameter 

Laboratory 

Ocean 

Tunnel 

U 

0.5  knots 

3.0  knots 

20  knots 

(8U/U) 

0.1 

.0003 

.01 

8T 

10 

10  |a°C 

.01  °c 

5U 

.05  kts 

.001  kts 

0.2  kts 

3.2  |i°C 

0.5  d°C 

9.0  pOC 

6Uvo 

0.8  likts 

4.8  nkts 

.018  kts 

^^T^max 

10  db 

26  db 

60  db 

^^u^max 

96  db 

46  db 

21  db 

b 

0.3  cm 

0.3  cm 

.05  cm 

A 

0.13  cm^ 

0.13  cm^ 

.0038  cm^ 

R 

27  ohms 

27  ohms 

160  ohms 

AT. 

24  cps 

150  cps 

5.9  kc 

Ptw 

.035  mw 

0.25  raw 

.008  uw 

Pc 

0.52  nw 

0.15  watts 

16  raw 

Px 

2.8  raw 

5.0  watts 

31  watts 

p* 

170  watts 

1.0  kw 

350  watts 

Pye 

600  watts 

1.9  kw 

490  watts 

Pa 

550  watLs 

3.3  kw 

64o  watts 

6.0  cm"P 

6.0  cm"P 

36  cra"^ 
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Tatle  8.5  •  Assumed  Values  of  Numerical  Examples 


Parameter 

Value 

M 

0.25 

Ml 

2 

1 

M3 

0.5 

Mjj 

0.5 

III3 

3.5* 

m4 

1.5 

K 

.002 

n 

23 

X 

1 

p 

2 

20°C 

c 

4.09  joule/ 

P 

2.1  ^  per  °C 

kT 

4  X  10"^^  joule 

*A  more  suitable  value  is  “^2,  See  Section  13.I  and  l4.1. 
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8.5  Mode  of  Operation 

The  performance  of  a  velocity  detector  depends  on  the  mode  of  opera¬ 
tion  of  the  electronics,  for  example,  constant -current  or  constant-temper 
ature  operation.  A  general  description  of  the  mode  of  operation  of  a 
detector  is  given  in  this  Section.  Techniques  for  determining  the  temper 
ature  and  velocity  structure  in  the  medium,  and  for  locating  the  optimum 
operating  power,  are  also  considered. 


Velocity  Detector  Mode 

Consider  a  resistive  sensing  element,  R,  utilized  to  detect  the 
velocity  of  a  flowing  medivun.  It  is  customary  to  distinguish  four  modes 
of  operation  of  this  sensing  element  in  conjunction  with  the  associated 
electronic  equipment: 

1.  Constant-current-operation  (CCO) 

2.  Constant-resistenoe-operation  (CRO) 

(Sometimes  called  constant-temperature 
operation,  CTO ) 

3.  Constant-voltage-operation  (CVO) 

4.  Constant-power-operation  (CPO). 

'i'his  terminology  is  used  in  connection  with  the  operation  of  a  hot- 
v/lre  anemometer,  and  is,  of  course,  directly  applicable  to  the  velocity 
detector  of  this  Report. 

These  four  modes  of  operation  are  never  exactly  achieved  in  prac¬ 
tice  and  all  gradations  between  the  "pure"  modes  of  operation  are  pos¬ 
sible.  It  is  useful  to  introduce  a  single  parameter,  the  "mode  angle," 
tp  ,  which  is  capable  of  cheiracterizing  any  mode  of  operation. 

Suppose  a  voltage,  V,  is  applied  to  the  resistance,  R,  causing  a 
current,  I,  to  flow  and  dissipating  a  power,  P.  These  four  electrical 
quantities  are  interrelated  and  if  any  two  are  known,  the  other  two 
may  be  calculated.  We  would  prefer  to  think  of  I  and  V  as  the  inde¬ 
pendent  variables  and  P  and  R  as  the  dependent  variables  (orthogonal 
pairs).  Let  the  steady  state  or  average  values  of  these  quantities  be 
denoted  by  a  zero  subscript.  Ohm's  Law  is 


and  the  Joule  Heating  Law  is 

P  =  VI  . 

For  a  particular  mode  of  operation,  a  known  relation  between  the  inde- 
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pendent  variables  (voltage  ajid  current)  exists,  therefore  only  one  variable 
suffices  to  determine  the  other  three.  Considering  only  small  increments 
of  the  variables  about  their  average  values,  a  simple  diagram  can  be 
drawn  to  show  the  various  modes  of  operation  as  in  Figure  8.5  •  The  slope 
of  these  (linear)  relations  local  to  the  average  operating  point  is 

where is  the  "mode  angle."  Clearly,  by  the  proper  choice  of  this  angle 
the  four  modes  of  operation  may  be  Identified  as  well  as  all  intermediate 
modes.  For  a  lanique  characterization,  we  require  that 

-jt/2  <i(p^  . 

The  values  of  for  the  main  modes  of  operation  are  listed  in  Table  8.6 
below. 

Table  8.6  .  Mode  Angle  for  Detector  Operation 


Mode 

Angle 

Mode  of 
Operation 

0° 

CCO 

45° 

CFO 

90° 

CVO 

-45° 

CRO 

Several  relations  between  the  electrical  variables  are  conveniently 
written  down  by  introducing  the  following  dimensionless  variables  suitable 
for  small  signal  analysis: 


The  current -voltage  relation  becomes 


and 


i 


-V  tan 


f 


r  =  V  -  i 
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Figure  8.5.  Mode  Angle 
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p  =  V  +  i 


^=- ''  ( ~i-  {f-fl 


It  follows  from  the  relation 


i  =  -  V  tan  , 

that  the  relative  current  fluctuations  are  larger  than  the  relative 
voltage  fluctuations  (therefore,  preferably  measured)  for  those  modes  for 
which 

«A  <l^fl  ^  «/2  ; 

and,  conversely  when 

0  sS  I  I  ^  «/4  . 


Active  Mode 

The  negative  mode  angles  -n/2  <  0  apply  to  instruments  utilizing 

negative  feedback  to  regulate  the  electrical  variables.  The  most  important 
example  of  this  is  the  CRO  mode  in  which  the  resistance  is  held  constant 
by  regulating  the  power  to  the  sensing  element. 


Consider  the  sensing  element  as  a  load  on  a  source  of  voltage 
which  has  an  internal  impedance  Z.  The  resultant  voltage,  V,  and  current, 
I,  of  the  sensing  element  are 


R  +  Z 
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The  voltage  source,  ,  consists  of  a  constant  voltage,  Visci)  and  a  variable 
voltage,  >  which  originates  in  a  feedback  loop  based  on  variations  in 
the  resistance  of  the  sensing  element: 


V5  =  V«  +  . 

The  main  circuit  for  the  sensing  element  is  shown  in  dark  lines  in  Figure 
8.6  j  the  li^t  lines  of  this  Figure  correspond  to  a  bridge  network  to 
measure  resistance  variations  providing  the  input  signal  for  the  feedback 
loop.  Assume  the  light  and  dark  circuits  are  independent  (for  example, 
by  operating  the  two  at  different  frequencies)  except  for  the  signal  in 
the  feedback  loop  which  sets  . 


Small  changes  in  the  variables  of  the  equation 


V 


ys 


R  +  Z 


> 


yields 


or 


where 


V  =  ^^  +  rM  , 


and 


(0<M<  1) 


The  feedback  loop  involving  the  Wheatstone  bridge  makes  a  measurement  of 


AR 

Ru 

and  amplifies  it  by  a  factor  A  and,  thus,  generates  the  signal  AV^  .  These 
quantities  are  related  by 


8.34 


or 


Ar 


This  defines  the  meaning  of  the  gain,  A.  Combining  the  above  equations 
we  get 


V  =  (A  +  M)  r 


comparing  this  equation  with  that  involving  the  mode  angle : 

r  =  (l  +  tan^  )  v  , 


we  find 


tan^ 


1  -  A  -  M  \ 
A  +  M  j 


The  total  circuit  is  called  "passive"  if  the  feedback  loop  is  non¬ 
operative  (A  O)  and  "active"  otherwise.  The  values  for  the  three  main 
passive  modes  are  given  in  Table  8.7  below. 

Table  8.7  .  Passive  Modes  of  Operation 


Mode 

M 

tanp 

CCO 

0° 

00 

1 

0 

CPO 

1 

1/2 

1 

CVO 

90° 

0 

0 

00 

The  interesting  "active"  case  is  when  the  feedback  is  large  (A-*-oo); 
in  this  case 


tan  ^  =  -  1  and  ^  -  45°  , 

which  corresponds  to  constant-resistance-operation. 

The  feedback  loop  can  be  characterized  by  its  trans conductance,  g^^^, 
which  is  defined  as 


f  ^ 

j: 


A. 


8.35 


or 


or 


/  -h 


■Utf  -  .  -^±1^ 


Dual  Operation 

Methods  are  now  considered  for  determining  the  temperature  and  velocity 
fluctuations  in  a  medium  with  detection  equipment  capable  of  dual  velocity 
and  temperature  measurements. 

Consider  the  output  signal  from  the  bridge,  with  the  exclusion  of 
boiling  noise; 


AV^  =  (vjj)^^^g+AV^(  temperature)  +  (velocity)  . 

Let  the  intrinsic  slgnal-to-noise  ratio  of  the  detector  output  be 

AV^ 

rv 

u  AUiO 

The  above  expression  for, AV,  may  be  written 

A^=  1  +  APi  +  BPi(Pi  4  Pg)^  , 

where  the  quantities  A  and  B  are  determined  as  follows.  The  temperature 
signal  is  equal  to  the  detector  noise  at  P^^  =  P^^  : 

l^AE,^  • 

The  temperature  signal  is  equal  to  the  velocity  signal  at  Pq.  +  Pg  =  ^x’ 


A  Si  BPx 
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It  follows  that. 


The  dependence  of  Ao(whloh  is  proportional  to  the  detector  output)  on 
P2_  and  Pg  provides  a  means  for  determining  P^^and  Pj^  from  which  the 
properties  of  the  turbulent  medium  may  be  determined. 

The  power  level  is  detemined  experimentally  by  first  observing 
the  output  for  ?£  =  P-j^  =  0  which  is  due  entirely  to  Johnson  noise : 


A.= 


1  . 


Then,  with  P2  =  0,  the  signal  power  is  increased  until  the  output  is 
doubled  at  which  point  P^  = 


1 


or 


■^11 


=  R 


T/V 


ine  term  cue  to  velocity  is  neglected  at  this  power  level.  Then,  with 
Pi  =  P-i-j^  =  the  heater  power  is  increased  until  the  output  is  again 
doubled  at  which  point  ^2  =  ^22= 


2  -h 


(■ 


fr/j  i'  Pe-Z. 

Fk 


■2. 


or 


Fr,, Vi:  F>,  > 


How  that  and  Vy  have  been  determined,  the  optimum  operating  power  for 
temperature  measurements  is  calculated  as  follows : 


8.37 


A  similar  technique  may  be  used  for  determining  the  optimum  operating 
power,  P*,  for  velocity  measurements,  however,  a  close  estimate  is 


^  0  *  5  f 

where  Pyg  is  the  point  where  boiling  noise  is  comparable  with  the  velocity 
signal.  The  above  equation  is  useful  since  the  boiling  noise  decreases 
very  rapidly  below  * 

In  dual  operation,  a  procedure  must  be  defined  for  setting  the  values 
of  the  signal  power,  Pj^,  and  heater  power,  P2.  The  signal-to-noise  ratios 
for  temperature  and  velocity  measurements  are  degraded  only  slightly, or 
not  at  allj if  the  following  "program"  is  followed.  For  temperatwe  measure¬ 
ments  where  P^  P^j,  shut  off  the  heater  source  (Pg  =  O)  so  that  Pj^  =  Pg* 
For  velocity  measurements  where  P  set  the  signal  source  so  that 

and  make  up  the  additional  power  with  the  heater  source ; 


^2  =  P  • 


Following  this  procedure,  the  temperature  measurements  are  not  at  all 
Impaired  and,  in  the  case  of  the  velocity  measurpmor.+-^  ^  ^  j- 
uv;.'xuw  i yo  xuxx  =  p,  Pg  “  by  at  most  a  factor 


1 


> 


which  is  nearly  equal  to  \mity. 
necHRsary  only  that  P-j^  »  in 
preciably  below  its  full  value. 


In  general,  it  may 
order  that  y  is 


be  shown  that  it  is 
not  reduced  s.p- 


0.38 


9.  ELKCTRODES 


The  properties  of  electrodes  suitable  for  measuring  the  conductivity 
in  a  flowing  medium  are  studied  in  this  Section.  Surface  contact  elec¬ 
trodes  are  covered  primarily,  although  some  of  the  properties  of  induction- 
coupled  and  capacity-coupled  probes  are  also  considered.  Experimental 
measurements  on  electrodes  and  design  techniques  are  described  at  the 
end  of  this  Section. 


9.1  General  Considerations 

The  electrodes  for  detection  purposes  in  water  should  be  designed 
with  two  considerations  in  mind,  one  relating  to  the  electrical  properties 
and  the  other  to  the  hydrodynamic  properties  of  the  electrode  configura¬ 
tion.  The  combined  constraints  of  these  factors  on  the  choice  of  an 
electrode  are  the  following.  It  is  required  that  the  fluid  flow  be  lam¬ 
inar  and  uniform  over  the  sensitive  volume  of  the  electrode,  and  that  the 
field  of  the  electrode  be  localized  and  as  uniform  as  possible.  The 
uniformity  of  the  flow  and  electrode  field  is  important  to  avoid  "hot 
spots"  which  occur  at  a  stagnation  point  or  at  the  edge  of  an  electrode. 

The  only  way  to  avoid  the  high  current  density  which  occurs  at  an  edge 
is  to  have  the  electrode  and  Insulators  intersect  at  90°.  A  well  local¬ 
ized  field  is  produced  by  two  electrodes  in  close  proximity  with  an  elec¬ 
trode  area  comparable  with  the  area  of  the  insulators  between  the  electrodes. 
It  has  not  been  possible  to  design  an  electrode  which  meets  all  these  re¬ 
quirements,  in  particular,  one  that  a)  has  no  stagnation  point,  b)  has 
a  ravoracie  v decreasing)  pressure  gradient  ovei  the  bUi.sii.g  vuiujue,  c)  is 
of  smooth  or  streamlined  shape,  and,  d)  has  a  finite  and  fairly  uniform 
current  density  over  the  entire  electrode  volume.  The  ruggedness  of  the 
electrodes  is  an  important  practical  consideration.  One  type  of  electrode 
which  fulfills  all  of  these  requirements,  except  for  the  "edge  effect," 
is  an  electrode  flush  mounted  in  a  plane.  The  simplest  type  of  flush 
electrode  is  the  "eye-type"  consisting  of  a  central  electrode,  a  concen¬ 
tric  Insulator  and  an  outer  electrode  of  large  extent.  For  measurements 
which  call  for  a  small  sensitive  volume,  a  "probe-type"  configuration 
is  used.  This  consists  of  a  thin  streamlined  probe  with  an  electrode 
located  at  the  tip. 

The  theoretical  properties  of  the  electrode  studied  in  this  Section 
are  based  on  the  analysis  developed  in  other  Sections,  in  particular,  the 
formulas  of  Section  10. 


Electrode  Characteristics 

The  various  properties  of  an  electrode  arrangement  are  described  by 
"characteristic  numbers"  which,  along  with  some  reference  dimension,  may 
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be  used  to  calculate  the  performance  of  the  sensor.  These  properltes 
have  been  developed  at  various  points  in  the  Report  and  are  brought  to¬ 
gether  here  for  a  comprehensive  understanding  of  electrodes.  The  char¬ 
acteristic  numbers  depend  only  on  the  "shape"  of  the  electrode  configura¬ 
tion  and  are  referred  to  some  reference  dimension,  b,  which  is  chosen 
arbitrarily  to  characterize  the  "size"  of  the  electrode.  The  dimension 
b  Is  usually  comparable  with  the  radius  of  the  configuration. 


Resistance  Number 

The  resistance  of  an  electrode  is  ordinarily  described  by  the  "cell 
constant,"  Ro^  which  has  units  of  inverse  length.  The  "resistance  num¬ 
ber,"  ra,  is  defined  by  the  equation 


Rob  =  m  . 


Effective  Electrode  Area 

For  electrodes  with  dissimilar  positive  and  negative  electrodes, 
with  non-uniform  current  density,  the  "effective  electrode  area,"  S, 
is  defined  by  the  equation  (Sec.  10. 5  ) 

j  /ccT^  I  j  f  I 


where  the  integration  is  carried  out  over  the  surface  of  both  elec¬ 
trodes  and 


The  effective  separation  between  the  electrodes,  night  be  described 
by  the  length 


RdS  . 

If  the  field  is  uniform,  the  area  S  is  just  equal  to  the  actual  elec¬ 
trode  area.  The  characteristic  number  of  S  is  defined  by 

S  =  mgb^  . 
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Frontal  Area 


The  average  temperature 
trode  volume  is  given 


rise, ^T,  of  water  passing  through  the  elec- 


/IT 


P 

2cAU 


where  P  is  the  power  dissipated  in  the  water,  c  is  the  heat  capacity 

per  \init  volume  of  the  water,  U  is  the  water  velocity  and  A  is  the  "frontal 

area"  of  the  electrode  (Sec.  12.1  ).  The  characteristic  number  for  A  Is 


A  =  m^^b^  . 


Effective  Volume 

A  measure  of  the  volume  of  the  field  of  an  electrode  is  the  "effec¬ 
tive  volume, "'14  defined  by  (Sec.  12.2  ) 


/=  % 


and 


Dipole  Moment 

The  field  at  great  distance  from  an  electrode  corresponds  to  that  of 
a  dipole.  The  number,  m^,  which  determines  the  dipole  moment  of  the  elec¬ 
trode  is  defined  by  the  equation  (Sec.  10. 1  ) 

^  =»  'Wo 

where  r  is  the  radius  from  the  center  of  the  electrode,  and  rt/2  -  i/'  is 
the  polar  angle  from  the  axis  of  symmetry  of  the  electrodes. 


Radius 

The  root-mean- square  radius  of  the  electrode  configuration  is  defined 

C,  -  J 

and  the  corresponding  characteristic  number  Is 
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The  average  radius  is  defined  simply  as 


Cutoff  Wavenumber 

The  finite  size  of  the  electrode  configuration  limits  the  size  of  the 
smallest  blohs  of  water  whose  properties  are  measured  with  full  response. 
The  cutoff  wavenumber  for  temperature  measurements,  kj,,  of  an  electrode 
due  to  its  finite  size  Is  defined  to  be  (Sec.  13.I  ) 


which  is  related  to  the  rms-radius  by  the  equation 


rras 


The  cutoff  wavenumber  for  velocity  measurements  is  (Sec.  l4.1  ) 


where  c  =  I'Sj  is  the  first  moment  of  the  w-dlstribution: 

^  —  fy  ■TV  J'O . 


Temperature  Uniformity 


The  maximum  temperature  rise,^  of  water  passing  through  an 

electrode  sets  the  limit  of  electrode  power  before  boiling  sets  in.  The 
average  electrode  temperature  rise,  however,  determines  the  sensitivity 
to  the  velocity  of  the  medium.  The  "temperature  uniformity"  of  the  elec¬ 
trode  is  defined  as  (Sec..  IE.2  ) 


AT  _ 


<■  /. 


Uniformity  is  desirable  in  order  to  achieve  high  sensitivity. 


Static  Heat  Transfer 

If  the  water  in  the  electrode  volume  is  static,  the  heat  transfer 
to  the  medium  is  determined  by  thermal  conduction.  The  "static  heat 
transfer  constant,"  m^,  is  defined  by  the  equation  (Sec.  12.3  ) 


where  |C  is  the  thermal  conductivity  of  the  medium. 

A  list  of  the  characteristic  numbers  discussed  above  is  given  in 
Table  9*1 


Table  9*1  •  Electrode  Characteristic  Numbers 


Parameter 

m- Number 

Resistance  Number 

m 

rms-Radlus 

mi 

Effective  Electrode  Area 

mg 

Frontal  Area 

mij, 

Effective  Volume 

mg 

Dipole  Moment 

mo 

Cutoff  Wavenumber 

Temperature  Uniformity 

"*5 

Static  Heat  Transfer  Constant 

9.2  Bye -Type  Electrode 

One  of  the.  simplest  and  most  practical  flush  electrodes  is  the  eye- 
type  electrode  illustrated  in  Figure  9,1  .  The  simplicity  of  this  elec¬ 
trode  configuration  does  not  extend  to  its  mathematical  analysis.  Neither 
closed  form  or  series  expressions  have  been  obtained  for  its  potential 
field  or  resistance.  The  negative  or  ground  electrode  lies  In  a  plane  in 
the  region  p  b  whereab  is  the  outer  diameter  (pupil)  of  the  electrode 
configuration.  The  positive  electrode  also  lies  in  the  plane  in  the  region 
p  ^  a  whereas  is  the  inner  diameter  (iris)  of  the  arrangement.  The  region 
b  p  >■  a  is  a  ooplanar  insulator.  The  "size"  of  the  electrode  refers 
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to  the  dimension,  b,  and  the  "shape"  to 
the  ratio  a,  -  a/b. 


OU-PEIS- 


Figure  9.1 


I^ye-Type 

Electrode 


a  =  1  is  (1,2,3) 


Resistance 

I'he  resistance  of  the  eye-type 
electrode  is  evaluated  only  in  the 
limiting  cases  of  small  (a  —*0)  or 
large  (a  — »•  l)  inner  electrode.  The 
resistance  for  intermediate  values  of 
a  (0<a<l)  is  estimated  graphically 
with  the  aid  of  the  limiting  cases. 

The  limiting  case  a  ;S  b  is  consid¬ 
ered  first.  In  this  case  the  resist¬ 
ance  is  low  and  the  field  in  the  gap 
is  similar  to  that  of  a  slit  between 
serai-infinite  planes  of  opposite 
polarity  as  discussed  in  Section 
9.3  .  The  current  density  near  the 
center  of  the  electrode  is  approximately 
equal  to  that  for  the  case  when  a  =  b, 
for  which  the  solution  is  known.  The 
unit  potential  gradient  for  the  case 


g. 

Th 


where  p  =A  b,  J^jCx)  and  Ji(x)  are  Bessel  functions  of  the  first  and 
second  order,  p  is  the  radius,  and  E( A )  is  the  complete  elliptic  Integral 
of  the  second  kind.  The  resulting  current  density  in  this  case  becomes 
infinitely  large  for  p  — ^  b  and  the  electrode  resistance  is  zero.  How¬ 
ever,  if  in  the  region  p  w  b,  the  gradient  is  replaced  by  that  of  a  cor¬ 
responding  slit  with  a  gap  (b—  a),  a  finite  electrode  resistance  is 
obtained  which  is  an  approximation  for  the  case  a  — ►  1.  The  unit  poten¬ 
tial  gradient  for  the  slit  is  given  in  Section  9.3  as 


/ _ 


where 


and 


a 


Provided  h  —  a  a,  the  above  approximations  to  the  potential  gradient 
feather  into  each  other  in  the  vicinity  of  p;S  a.  Calculating  the  resist 
ance  by  the  formula  (Sec.  10. 3  ) 


we  find 


^  \ 
/-X  ) 


4 


This  is  the  approximation  to  the  resistance  number  for  the  eye-typie  elec¬ 
trode  for  a  «  1,  and  is  shown  in  Figure  9.2  as  the  dotted  curve  in  the 
region  as*!. 

In  the  limit  a  — »  0,  the  resistance  reduces  to  that  of  a  disc  (Sec. 

9.3  ): 


Rtfa  =  i 
or 

R5b  =  . 

The  next  higher  approximation  in  terms  of  small  a  requires  the  use  of  the 
variational  method  described  in  Section  10. 3,  however,  that  has  not  been 
done  because  of  the  complexity  of  the  method.  This  approximation  has 
been  carried  out  in  the  following  way:  Assume  that  the  gradient  over  the 
central  electrode  is  approximately  the  same  as  that  for  a  disc,  vis., 

7^  ^  f 
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where 


and 


The  coefficients  and  are  known  in  the  two  limiting  cases: 

a  =  1:  Ap  =  it/2  A^  =  fl/4 

O!=0:  A^=l  Aj^  —  0  * 


which  corresponds  to  the  values: 

=  1  +  0.36 
Ai  =  0.49  oA 

The  approximate  resistance  number  is 


4  (j-t  ^ 


9-9 


This  function  is  shown  In  Figure  9.2  as  the  dotted  curve  in  the  region 
of  small  a  values.  A  smooth  curve  joining  the  two  limiting  approximations 


is  also  shown  in  Figure  9.2  ,  and  the 

listed  in  Table  9.2  •  The  "standard" 

Table  9.2  .  Resistance  Number  for 

ohe  ^e-!]Vpe  Electrode 


a 

(R0b)a 

(Rdb) 

0.0 

0.250 

00 

0.1 

0.249 

2.49 

0.2 

0.246 

1.23 

0.3 

0.239 

0.797 

0.4 

0.229 

0.573 

0.5 

0.216 

0.432 

0.6 

0.200 

0.333 

0.7 

0.182 

0.260 

0.8 

0.159 

0.199 

0.9 

0.129 

0.143 

1.0 

0.000 

0.000 

is  found  from  the  above  expression  by 
trode  ( 4 ) : 


resulting  resistance  number  is 
eye-type  electrode  used  in  this 
work  is 

a  =  0.477 
(R<5b)Q!  =  0.219 


R6b  =  0.459 


Potential  Field 

The  potential  gradient  for 
the  region  p  <.  a  is  approximately 


where  p  =  y  a  and  f(y  )  =  . 

The  gradient  for  the  region  P5»b 
integration  over  the  inner  else¬ 


where  p  =  b  and 

(4+§Ai)+(f  A.  -  i)  0^^- 

The  potential  in  the  gap  a<p<.ib  is  calculated  from  the  above  potential 
gradients  by  an  approximate  method  since  the  direct  suialytical  method  is 
too  complicated.  The  approximation  is  based  on  the  fact  that  near  the 
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of  the  electrodes,  whether  on  the  electrode  proper  or  in  the  gap,  the 
magnitudes  of  the  gradients  are  approximately  equal.  On  this  basis  we 
conclude  that  near  the  inner  electrode 

and  near  the  outer  electrode  the  gradient  is 

i/rdS)  -  (^ _ /  (^<i) 

Integrating  these  expressions  in  the  gap  region  we  obtain  the  dashed 
curves  of  Figure  9*3  for  a  =  O.UTT-  The  smooth  curve  Joining  these  is 
approximately  equal  to  the  potential  in  the  electrode  gap.  Of  course, 
the  potential  la  zero  for  p>b  Eind  unity  for  p<  a.  The  axial  potential 
is  shown  in  Figure  9.3  as  the  dotted  curve  and  represents  a  smooth  curve 
joining  the  known  values  close  to,  and  far  from,  the  surface.  The  first 
moment,  m^,  of  the  surface  potential  fomid  by  numerical  integration  of  the 
curve  of  Figure  9.3  is  ^ 

=  f  ^  ~  i?.  2  S»  ■ 

o 

The  moment  n^may  also  be  obtained  from  the  surface  gradient  at  large 
distance  from  the  electrode: 

According  to  Section  10.1  ,  the  gradient  for  a  dipole  field  is 

^  ir 

and  on  comparing  these  expressions  we  find 

'W-o  «  ^  o.'Zl 

ir^ 

which  is  in  fair  agreement  with  the  above  graphical  method  of  obtaining 

m^. 

The  corresponding  potential  gradient,  given  by  the  expressions  above 
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for  b(  V®  )j  is  shovn  In  Figure  9.4  .  The  divergence  of  the  current 
density  at  the  edges  of  the  electrodes  is  apparent  in  this  graph.  The 
axial  potential  gradient  is  shown  as  the  dotted  curve  in  Figure  9*4  . 

At  great  distance  from  the  electrode  (p  >>11)  the  potential  field 
corresponds  to  that  of  a  dipole.  The  equipotential  (solid  lines)  and 
current  (dotted  lines)  surfaces  in  this  case  are  shown  in  Figure  9.5  , 
where  the  two  opposite  charges,  which  constitute  the  virtual  dipole,  are 
located  at  the  center  of  the  electrode.  The  horizontal  line  corresponds 
to  the  plane  of  the  electrode. 


Bye-TyPE  ^ 


Figure  9.5  .  "Potential  and  Current  Surfaces  at  Great 
Distance  from  the  Eye-iype  Electrode" 

The  sensing  function,  w,  is 
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•w  a* 

-  (b 

This  function  shows  even  a  larger  range  of  variation  over  the  electrode 
volume  than  the  gradient,  plotted  in  Figure  9-^  • 


Characteristic  Numbers 

Because  of  the  complexity  of  the  field  of  an  eye-type  electrode, 
it  is  not  possible  to  calculate  the  characteristic  numbers  exactly.  In 
addition,  a  difficulty  arises  because  of  the  infinitely  large  current 
density  at  the  electrode  edges,  which  causes  the  "effective  volume,"  v»  , 
and  "effective  electrode  area,"  S,  to  be  zero.  Both  of  these  quantities 
are  finite  if  a  slight  radius  of  curvature  at  the  edges  is  assumed;  in 
that  case  the  parameters  depend  logarithmically  on  the  radius  of  curvature. 
The  frontal  area.  A,  is  estimated  to  be 

A  =  1.5  b^  ,  or  ni2  *=  1.5 

for  a  =  0.48.  As  shown  earlier  the  resistance  number  in  this  case  is 

Rdb  =  m  =  0.459  ; 

and  the  dipole  number  is 

m^  =  0.23  . 


9.3  Other  Electrodes 

The  properties  of  several  other  types  of  electrodes  are  of  use  in  the 
theoretical  and  experimental  analysis  of  the  present  detection  techniques. 
Most  of  the  ones  discussed  below  have  been  singled  out  because  of  their 
intrinsic  simplicity  and  ease  of  mathematical  analysis. 


Parallel  Plates 

The  simplest  electrode  arrangement  consists  of  two  parallel  rectan¬ 
gular  plates  with  a  uniform  field  between  the  plates.  Edge  effects  are 
neglected.  The  simplest  parallel  plate  geometry  corresponds  to  a  cubic 
electrode  volume  with  sides  of  length  2b.  This  arrangement  iu  used  several 
times  in  this  Report  to  illustrate  basic  principles.  The  characteristic 
numbers  of  this  simple  electrode  arrangement  are  listed  in  Table  9*3  . 
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Table  9.3  .  Characteristic  Numbers  of  .Spherical,  Cfubic 

and  Cylindrical  Electrodes 


Parameter 

Sphere 

Cube 

Square 

Cylinder 

Velocity  Cutoff  Wavenumber 

i.Uo 

- 

Temperature  Cutoff  Wavenumber 

2.81 

- 

Average  Radius 

0.750 

- 

- 

rms -Radius 

0.775 

- 

- 

Frontal  Area 

2.79 

4.00 

3.71 

Effective  Volume 

4.20 

8.00 

6.28 

Effective  Electrode  Area 

- 

4.00 

3.14 

Temperature  Uniformity 

0.375 

0.500 

0.426 

Dipole  Moment 

- 

- 

- 

Resistance  Number 

- 

0.500 

0.636 

Static  Heat  Transfer  Constant 

10.5 

- 

■ 

Uniform  Spherical  Volume 

A  spherical  sensing  volume  Inside  of  which  the  potential  gradient 
is  uniform  and  zero  outside  is  an  ideal  distribution  function  in  that  it 
is  of  least  extent  for  a  given  effective  volume.  Such  a  distribution 
function  is  not  realizable  in  a  practical  electrode  configuration  with 
infinitely  conducting  electrodes.  Let  b  be  the  radius  of  the  distribution, 
and  Wo  the  value  of  the  distribution  inside  the  sphere.  the  normal¬ 
ization  condition  we  have 

o 

The  rms-radlus  is  n 
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The  average  radius  ?  is 


The  frontal  areSj  A  ,  is  (Sec.  12.2  ) 


where  p  is  the  transverse  distance  from  a  given  axis  through  the  center 
of  the  sphere,  and  x  is  the  distance  along  that  axis.  The  fluid  flow  is 
assumed  to  he  uniform  throughout  the  spherical  volimie.  Evaluating  the 
Integral  we  find 


The  effective  volume,  ,  is  simply  the  volume  of  the  sphere! 

/ 
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thus. 


% 


Jr 

3 


The  cutoff  wavenumber  for  temperature  and  velocity  are  given  in  Sections  13.I 
and  lU.l.The  resistance  and  effective  electrode  area  of  the  spherical 
volume  are  undefined.  The  static  heat  transfer  constant  is  calculated  in 
Section  12.3  .  The  maximum  temperature  rise  occurs  on  the  path  along  a 
diameter : 


e-b  P 

%CU 


A. 


F 

ucAU  • 


The  temperature  uniformity  is 


'Tn^ 


^T- 


^hA 


The  above  characteristic  numbers  for  the  uniform  spherical  volume  are 
listed  in  Table  9" 3  ,  where  b  is  the  reference  dimension. 
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Uniform  pylitidrical  Volume 


The  (square)  cylindrical  volume  with  a  uniform  potential  gradient 
and  equal  diameter  and  height  is  useful  in  the  comparison  of  the  present 
detector  with  the  resistance  wire  sensor.  It  is  a  type  of  parallel  plate 
electrode,  where  the  ends  of  the  cylinder  represent  disc  electrodes. 

Fringe  field  effects  are  neglected.  The  cutoff  wavenumber  for  temper¬ 
ature  and  velocity  for  this  electrode  volume  is  estimated  in  Sections  13. 1 
and  l4.1.The  maximum  temperature  rise  occurs  for  a  path  along  a  diameter 
so  that  the  temperature  uniformity  ratio  is 


Zt 

/IT 


max 


k_ 

3it 


=  m 
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The  characteristic  numbers  of  the  square  cylinder  are  listed  in  Table 
9.3  ,  where  b  is  the  reference  dimension  (b  =  cylinder  radius). 


Dipole  Electrodes 

The  dipole  electrode  consists  of  two  spheres  of  radius,  a,  whose 
centers  are  separated  by  a  distance,  2b.  The  potential  field  and 
resistance  of  such  an  electrode  is  treated  in  References  (5,6). An  opti¬ 
mum  ratio  (a/b)  exists  for  a  given  separation,  2b,  at  which  the  current 
density  is  a  minimum.  A  single  ellipsoidal  electrode  is  considered  in 
Reference  (7). 


Toroidal  Type 

The  configuration  whose  electrodes  coincide  with  the  surfaces  of  a 
toroidal  coordinate  system  is  termed  a  "toroidal  electrode."  A  sketch 
of  such  an  electrode  is  shown  in  Figure  9>6  .  The  arrangement  is  similar 

to  the  eye -type  electrode  with 
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Figure 


Toroidal  Electrode 


the  exception  of  the  donut 
insulator.  The  current  density 
is  not  infinitely  large  at  the 
edges  of  this  electrode.  Exact 
expressions  are  available  for 
the  resistance  of  the  general 
toroidal  electrode  (8,9,10). 


Slit-Type 

Two  coplanar  semi-infinite 
plates  whose  edges  are  sepa¬ 
rated  by  a  distance,  2a,  form 
a  slit-electrode  as  Illustrated 
in  Figure  9. 10  .  The  resist¬ 
ance  between  the  plates  is 
zero  (logarithmically).  The 
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Figure  9.10 .  Slit-Electrode 


current  density  becomes  infinitely 
large  at  the  edges  of  the  slit.  The 
\init  potential  gradient  in  this  case 
is  (xj.): 

^  Cl*’ 

for  (x|  >  a  and  y  =  0.  For  lx(  <  a 
and  y  =  0 


The  potential  in  the  gap  on  the  sur¬ 
face  is  „ 


A  two-dimensional  strip-type  electrode 
of  finite  resistance  is  discussed  in 
References  (12,13). 


Disc  Electrode 

A  special  case  of  the  eye-type  electrode  is  the  disc  electrode  which 
occurs  in  the  limit  a.^<’b,  where  a  is  the  radius  of  the  disc.  The 
resistance  number  of  the  disc  electrode  (one  side  only)  is  (l4)t 

Pda  =>  i 


The  unit  potential  gradient  on  the  surface  is  {p<  a) 


y 


and  for  p  >  a 


—  _ 


/ 


and  the  potential  in  the  plane  of  the  disc  is  (p>a) 
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Parallel  Wires 


Two  parallel  wires  of  finite  length  make  a  convenient  electrode  for 
experimental  purposes.  The  resistance  between  wires  of  finite  length;/^, 
with  guard  insulators  to  reduce  the  potential  problem  to  that  of  wires 
of  infinite  length  is  (I5,l6) 


R<rjL 


_Z. 

IT 


where  d  is  the  wire  diameter  and  c  is  the  separation  distance  between  the 
wire  axes.  This  function  is  plotted  in  Figure  9-11  •  An  optimum  shape 
factor;  c/d;  exists  for  a  given  separation;  c,  for  which  the  (peak)  cur¬ 
rent  density  is  a  minimum. 


Cross-Wires 

Two  wires  which  cross  at  90*^  and  whose  axes  are  separated  by  a 
distance  larger  than;  but  comparable  tO;  the  wire  diameter  is  a  convenient 
arrangement  for  producing  an  electrode  with  a  small  sensitive  volume.  The 
resistance  between  such  wires  of  infinite  length  is  finite.  This  arrange¬ 
ment  is  discussed  in  Section  • 


Arc -Type 

Two  opposed  probe  shaped  electrodes,  as  usually  used  to  produce  an 
arC;  are  also  a  convenient  arrangement  for  producing  a  small  sensitive 
volume.  The  resistance  of  such  an  arrangement  is  studied  in  Reference 
(17). 


9*4  Polarization  Impedance 

The  resistance  of  an  electrode  is  attributable  to  the  volume  conduc¬ 
tivity  end  the  impedance  at  the  surfaces  of  the  electrodes.  The  surface 
impedance  is  due  to  polarization  effects  which  are  discussed  below. 

In  the  absence  of  complicating  effects,  the  conduction  of  electricity 
in  electrolyte  solution  obeys  Ohm's  Law.  The  chief  complicating  factor 
is  polarization.  This  effect  comes  from  some  inhomogeneity  in  the  elec¬ 
trolyte  at  the  electrode  surfaces  caused  by  the  ionic  motion.  For  example, 
in  some  electrode  processes  a  film  of  oxide  or  some  other  substance  forms 
on  the  electrode  surface  and  sets  up  a  resistance  to  the  passage  of  c\ir- 
rent  across  it.  Other  effects  which  cause  a  surface  impedance  are  a) 
a  difference  in  concentration  of  ions  between  the  electrode  solution 
interface  and  the  bulk  solution,  b)  a  reaction  occurring  on  deposition 
of  ions,  or  c)  the  evolution  of  gases  at  the  electrode  surfaces.  Polar¬ 
ization  effects  are  always  traceable  to  rate  phenomena  of  some  sort. 
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These  involve  tlie  slowness  In  diffusion  of  dissolved  suhstances,  slowness 
in  establishment  of  subsidiary  chemical  equilibria  and  slowness  in  the 
electrochemical  reactions  themselves.  The  various  contributing  factors 
are  not  always  sharply  distinguishable. 

For  polarization  effects  which  are  determined  by  diffusion  of  concen¬ 
tration  gradients,  the  thickness  of  the  surface  layer  is  estimated  by 
means  of  the  diffusion  constant  for  the  process.  For  an  alternating  elec¬ 
trode  current  of  angular  frequency,  cu,  the  "skin  ijsp'th"  is  of  the  order 
of 


where  D  is  the  diffusion  constant.  For  an  electrode  in  sea  water  with  a 
ho  kc  applied  voltage  ve  have 


and 


D  =1.47  X  10  ^  om^/sec 

o  =  2.5  X  10^ 


0) 


=  7.7  X  10"^ 


cm  , 


which  is  about  200  molecular  diameters.  This  result  applies  approximately 
to  all  solutions  at  the  same  frequency. 


Electric  Double  Layer 

In  addition  to  the  surface  effects  mentioned  above,  there  is  an 
atomic  polarization  associated  with  the  distribution  of  electric  charges 
in  the  immediate  vicinity  of  the  interface  between  the  two  phases.  As  a 
consequence  of  this  charge  distribution,  a  virtual  electric  double  layer 
exists  with  a  corresponding  effective  capacity  per  unit  area. 

Probably  the  simplest  concept,  of  the  nature  of  the  charge  distribution 
at  an  electrode  solution  interface  is  that  d  e  to  Helmholtz  who  proposed 
that  the  site  of  the  potential  difference  between  two  phases  lay  across 
two  lexers  of  charges  of  opposite  sign.  This  Helmholtz  electrical  double 
layer  structure  is  analogous  to  a  parallel -plate  condenser  with  the  dis¬ 
tance  between  the  plates  corresponding  to  the  thickness  of  the  double 
layer.  The  capacity,  C©,  of  an  electrode  area.  A,  is  by  this  model 

Co  Kko 

A  °  d  ’ 


where  Jt, Is  the  dielectric  constant  of  free  space  (y.85  x  10 


•12 


farad/raeter). 
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d  is  the  molecular  distance  hetween  the  plates  and  K  is  the  effective 
dielectric  constant  in  the  interface  region.  As  an.  example,  in  water 
where /li  "80  and  the  molecvilar  sise  of  d’S;  2  x  10“°  cm,  we  find  a  capacity 
of  350  mfd/cm^.  This  proves  to  be  about  two  orders  of  magnitude  larger 
than  found  by  experimental  measurement.  Gouy  advanced  the  theory  that  the 
solution  side  of  the  layer  consisted  of  a  diffuse  layer  of  ions  in  equi¬ 
librium  with  the  field  of  the  electrode  and  thermal  kinetic  forces  of  the 
solution.  Gouy  and  Chapman  (l8)  calculated  the  capacity  per  unit  area 


where  F  is  the  Faraday  constant,  1^  is  the  gas  constant,  c  is  the  concen¬ 
tration,  and  T  is  the  absolute  temperature.  This  expression  also  yields 
values  which  are  too  high,  but  because  of  its  fundamental  simplicity  and 
because  it  shows  the  proper  dependence  on  the  concentration,  it  will  be 
used  for  reference  purposes.  A  constant  of  proportionality,  ,  will 
absorb  any  discrepancies.  As  an  example,  consider  sea  water  at  20°  C 
(0.57  mole/liter  solution  of  NaCl)  and  a  dielectric  constant  k.  -  7*+^ 
we  find  by  the  above  formula  C^/A  =■  5B0  mfd/cm^.  Experimental  results 
will  be  compared  with  the  Gouy-Chapman  formula  as  follows 


where  la  of  the  order  of  .01. 


Electrode  Reaction 

The  electrode  polarization,  aside  from  the  electric  double  layer, 
has  its  origin  in  the  factors  at  the  surface  which  operate  in  controlling 
the  speed  of  an  electrode  reaction,  viz.,  the  rate  of  the  electrode 
process  itself  and  the  rates  of  diffusion  of  the  reactant  and  product. 
Concemlng  the  mechanism  of  these  processes,  Randles  (ly)  has  made  a 
theoretical  investigation  of  the  current  passed  by  an  electrode  at  which 
an  electrochemical  reaction  is  in  equilibrium,  when  it  Is  subjected  to  a 
small  alternating  potential  relative  to  the  solution.  Consideration  of 
the  electrode  process  and  diffusion  ahov/s  that  the  reaction  is  equivalent, 
electrically,  to  a  capacity  and  resistance  in  series. 

Randles'  analysis  shows  that  if  the  reaction  at  the  electrode  (e.g., 
the  neutralization  of  positive  ions  by  electrons  at  the  cathode)  takes 
place  at  a  rate  kc  moles/sec/unit  area,  where  c  is  the  concentration  of 
the  reactants,  then  the  effective  electrical  resistance  and  capacity  of 
the  reaction  are 
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where  F  is  the  Faraday  constant,  the  gas  constant,  and  D  the  diffusion 
constant  of  the  reactants.  At  hi^  frequency  the  capacity  is  small  and 
the  resistance  depends  only  on  the  reaction  rate.  At  low  frequency  the 
capacity  is  large,  yid  the  resistance  is  large  and  independent  of  the 
reaction  rate  ). 


Electrode  Impedance 

The  equivalent  circuit  of  the  overall  electrode  impedance  is  shown 
in  Figure  9- 12  .  The  volume  resistance  due  to  the  conductivity  of  the 
electrolytic  solution  is  represented  by  R;  the  capacity  of  the  electric 
double  layer  is  and  we  have  chosen  to  separate  the  impedances  cal¬ 
culated  by  Randles  into  one  which  corresponds  to  the  resistance  of  the 
reaction  rate,  (reaction  resistance),  which  is  independent  of  frequency 
and  the  other  so-called  "Warburg  impedance,"  The  Warburg  impedance 
consists  of  a  resistance  and  capacity  of  equal  impedance^  and  which  are 

determined  by  the  diffusion  con¬ 
stant  of  the  reactants  and  varies 
inversely  as  (20,21,22).  The 
electrolysis  processes  are  repre¬ 
sented  by  the  loop  in  parallel 
with  the  double  layer  capacity  and 
the  current  which  passes  through 
it  is  termed  the  "Faradaic  leakage" 
current.  The  reaction  resistance, 
Warburg  impedance  and  double  layer 
capacity  are  all  associated  with 
phenomena  located  at  the  Immediate 
surface  of  the  electrode.  The  dot¬ 
ted  parallel  capacity  in  Figure 
9.12  is  the  volume  capacity  of 

i _  the  solution  between  the  electrodes 

and  is  ordinarily  quite  small. 


Figure  9.12 


Equivalent  Circuit  of 
Electrode  Impedance 


Combining  the  previous 
expressions,  the  components  of  the 
surface  Impedances  are 
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With  these  formulas,  we  can  illustrate  the  limiting  conditions  under 
which  one  has  either  a  non-polarizahle  or  completely  polarizable  elec¬ 
trode.  The  electrode  surface  is  completely  polarized  if  the  reaction 
rate  is  zero  (k  =  O),  i.e.,  there  is  no  ion  flux  across  the  double  layer; 
or  if  the  dlfltislon  constant  is  zero  (D  =  O);  or  if  the  frequency  is  very 
hi^  (us  00  )  where  the  double  layer  capacity  effectively  shunts  the 
Faradaic  impedance  components.  In  these  cases  the  electrode  surface 
behaves  reversibly.  The  electrode  is  non-polarizable  if  both  the  reaction 
rate  and  diffusion  constant  are  large  (k  — ^oo,  D— >oo). 


Electrochemistry 

The  electrolytic  conductivity  of  an  aqueous  solution  and  the  phe¬ 
nomena  associated  with  electrode  processes  are  fundamental  topics  of 
eieotroohemistry.  For  an  understanding  of  these  complex  topics  it  has 
been  found  necessary  to  consult  numerous  texts  to  adequately  cover  the 
subject.  A  list  of  the  important  works  are  given  in  the  References  (l8, 
21,33-29). 


9.5  Induction  Probe 

The  problems  of  electrochemical  effects  with  contact  electrodes  are 
eliminated  by  the  use  of  a  probe  based  on  magnetic  induction.  Alternating 
currents  are  induced  in  the  medium  without  making  electrical  contact  with 
the  medium.  This  "induction  probe"  produces  a  well  localized  sensing 
field  and  can  be  placed  in  a  streamlined  housing  without  producing  "hot 
spots,"  which  is  not  possible  in  the  case  of  a  contact  electrode.  This 
method  is  accomplished  by  having  the  electrolytic  solution  constitute  a 
conducting  link  between  a  current  transformer  and  a  voltage  transformer. 

In  another  arrangement  the  solution  forms  the  secondary  winding  of  a 
transformer  whose  Impedance  is  being  measured.  The  induction  probe  has 
been  used  successfully  for  precision  electrochemical  conductivity  meas¬ 
urements  (30,31»32^33)<  in  physiological  conductivity  measurements  (34), 
and  in  salinity  measurements  of  sea  water  ( 35-41 ).  The  relations  between 
the  operating  frequency,  probe  size  and  electrical  properties  are  ana- 
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lysed  below  with  special  reference  to  the  application  of  this  kind  of 
sensor  to  the  present  detection  equipment.  The  toroidal  configuration 
is  natural  to  this  type  of  sensor  and  will  be  used  throughout  the  ana¬ 
lysis  as  an  example  of  the  method  (42).  Some  of  the  analysis  of  the 
electromagnetic  log  velocity  meter  (43)  is  pertinent  to  the  induction 
probe . 


Analysis 

A  fundamental  requirement  for  high  sensitivity  resistance  measurements 
of  any  electrode  system  is  that  most  of  the  electrical  energy  required  for 
the  measurement  be  dissipated  in  the  resistance  being  measured.  The  ef¬ 
ficiency,  Y)  ,  of  the  measurement  is  defined  here  as  the  ratio  of  the  energy 
dissipated  in  the  water  to  total  energy  dissipated  in  the  induction  probe 
coil  and  water.  Assume  that  the  resistance  of  the  water  is  determined  by 
measuring  the  reflected  impedance  of  the  probe  transformer.  This  situa¬ 
tion  is  Illustrated  in  Figure  9.9a  and  the  equivalent  circuit  of  this  ar¬ 
rangement  is  shown  In  Figure  9.9b  .  The  conducting  path  in  the  electrolyte 


Z- 
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Figure  9.9  .  Equivalent  Circuit  of  Induction  Probe 
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solution  constitutes  a  single  turn  secondary  winding  of  the  transformer. 
The  capacity  in  parallel  with  the  primary  is  resonantly  tuned  to  the 
operating  frequency  in  order  to  neutralize  the  inductance  of  the  trans¬ 
former.  The  core  losses  and  winding  resistance  are  effectively  lumped 
together  in  the  resistance  r  in  Figure  9.9b  which  determines  the  Q  of  the 
transformer.  The  resistance  of  the  conducting  path  in  the  medium  is  R 
and  its  reflected  impedance  is  N^R  where  N  is  the  turns  ratio  of  the 
transformer.  At  resonance  the  equivalent  circuit  is  that  of  Figure 
9.90  where  R2^3_  is  the  parallel  resonant  resistance  of  the  LC-circuit. 

The  impedance  of  the  transformer  is  a  pure  resistance  in  this  case  given 
by 


where 


and 


f- 

Rj^;^  =  QuiL  =  rQ2 

_  tuL 
«  =  rr  . 


The  efficiency,  ^  ,  of  the  electrode  is 

^ 

where 


and  V  is  the  input  voltage  to  the  transformer.  For  hi^  efficiency^  e 
should  be  small  (€<'<tfl).  Let  the  resistance  of  the  electrolyte,  r/ and 
the  inductance,  L,  of  the  toroidal  transformer  be  given  by 


R 


m 

<5b 


and 


L  =  nN^^l^Jb  } 


where  m  and  n  are  numbers  characteristic  of  the  toroidal  geometry,  b  is 


9.27 


the  outer  diameter  of  the  toroid,  u  is  the  permeahility  of  the  toroid 
core  material,  the  permeahiiity  of  free  space  and  d"  is  the  conduc¬ 

tivity  of  the  solution.  Combining  the  above  relations  we  obtain  the 
following  condition  on  the  operating  freq.uency: 

_ -m. _ _ _ 

2Tr  ^2-  CQ  ^ 

This  result  is  independent  of  the  number  of  turns  N.  For  a  given  ef¬ 
ficiency  and  toroid  proportions  (e,m,n  fixed)  the  operating  frequency  is 
low  if  the  Q,  permeability  (u),  conductivity  (S'),  and  size  (b)  are  large. 
Thus ,  a  small  induction  electrode  in  tap  water  calls  for  a  relatively  high 
operating  frequency.  As  an  example,  consider  the  following  numerical 
example  which  corresponds  to  a  commercially  available  toroidal  core  oper¬ 
ating  in  sea  water: 


m  =  2 
n  =  0.1 
e  =  O.h 
Q  =  100 

U  =  200 

-7 

(I  =  4n  x  10  henry/meter 
(f  =  4.8  ohm“^  meter"^ 
b  =  1  cm  =  10  meters  . 

Then 

f  =  660  ko 
^  =  70  ^  . 

For  N  =  100  turns  we  have 

L  =  2.5  mh 
C  =  230  mrafd 
r  =  100  ohms 

The  resistance  r  also  Includes  core  loss.  The  maximum  power  that  can  be 
transferred  to  the  medium  is  determined  by  the  saturation  limit  of  the 
core. 

9.6  CP-Electrode 

Metal  electrodes  immersed  in  an  electrolyte  introduce  an  impedance 
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of  their  own  associated  with  the  electrode  surfaces.  Conventionally, 
this  effect  is  minimized  hy  greatly  roughening  the  surface  microscopically 
hy  the  platinum  "black  process,  thus,  providing  a  larger  electrode  area. 

The  exact  opposite  of  this  is  to  make  the  surface  a  poor  conductor  of 
ionic  currents  "by  coating  it  with  a  very  thin  but  non-conducting  coat  of 
insulating  material.  In  this  way  the  Faradaic  currents  are  eliminated  and 
electrical  energy  is  coupled  to  the  medium  through,  the  capacity  of  the 
insulating  coat.  This  coating  functions  as  a  reaction  rate  Inhibitor 
(k  =  0  in  Sec.  $.h  )  by  stopping  the  flux  of  reaction  components  across 

the  electrode/solution  interface.  An  electrode  with  this  property  is 
termed  "completely  polarized,"  thus,  the  designation  "CP-electro^e. " 

Some  aspects  of  this  type  of  electrode  are  discussed  by  Reilly  (33)* 

An  Inductance  coil  Is  placed  in  series  with  the  electrode  leads  and 
is 
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Figure  9*13  •  Kquivalent  Circuit  of  CP-Electrode 


timed 
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to  the  aeries  capacity  of  the  coat  and  double  layer.  This  eliminates 
the  capacitive  reactance  leaving  only  the  desired  resistance  of  the 
conductivity  cell.  This  Is  better  understood  by  considering  the  sequence 
of  diagrams  shovna  In  Figure  9-13  •  The  upper  diagram  (a)  shows  the 
equivalent  circuit  of  a  conventional  electrode  consisting  of  the  primary 
volume  resistance,  R,  the  electric  double  layer  capacity,  C, j  and  the 
polarization  Impedance,  z-,  which  provides  the  path  for  Faradaic  leakage 
currents.  With  the  addition  of  the  thin  insulating  coat  to  the  electrode 
surfaces,  the  equivalent  circuit  becomes  that  of  diagram  (b)  In  which 
the  polarization  Impedance  has  been  eliminated  because  of  the  high  resist¬ 
ance  of  the  coating.  The  Inductance  coll  shown  In  diagram  (c)  tvines  out 
the  electrode  capacities  at  some  relatively  low  frequency.  The  small 
resistance,  r,  shown  in  diagram  (c)  is  the  residual  resistance  of  the 
Inductance  coll  and  only  the  coat  capacity  has  been  drawn  since  it  is 
found  to  be  much  smaller  (therefore  higher  reactance)  than  the  double 
layer  capacity.  Diagram  (d)  shows  the  overall  equivalent  circuit  at 
resonance  where  the  reactance  of  the  coil  exactly  cancels  that  of  the  coat 
capacity.  In  this  case  the  impedance  is  purely  resistive^ consisting  of 
the  unknown,  R,  and  the  known  coil  resistance,  r. 


As  an  illustration  of  a  CP-electrode,  consider  an  eye-type  electrode 
coated  with  a  thin  layer  of  insulating  material  of  thickness,^,  as  shown 
in  Figure  9,14  .  This  coating  can , be  made  non-conducting,  inert,  anti- 
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Figure  9*1^  •  Coated  Eye-Type  Electrode 


corrosive,  and  impermeable  even  at  thicknesses  of  the  order  of  .0001 
inches.  An  anodized  surface  is  such  an  example  which  has  found  wide 
practical  use  even  in  hostile  marine  environments  and  where  rough  han¬ 
dling  is  involved. 


Analysis 

We  now  determine  the  re].ations  between  the  operating  frequency. 
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conductivity  of  the  medium,  electrode  size  and  insulating  coat  parameters. 
This  analysis  is  based  on  the  equivalent  circuit  diagram  of  Figure  9 •13 
with  the  condition  that  the  series  Inductance,  L,  and  capacity,  C,  are 
resonant  at  the  operating  frequency,  f.  The  figure-of-merit  of  the  induc¬ 
tance  coil  is 


caL 

r 


=  Q 


> 


where  ta  is  the  operating  angular  frequency  and  r  is  the  residual  resist¬ 
ance  of  the  inductance  coll.  The  maximum  attainable  value  of  Q  in  prac¬ 
tice  is  of  the  order  of  100.  The  volume  resistance,  R,  of  the  medium 
satisfies  the  relation 

RcSb  =  m  , 


where  6  is  the  conductivity  of  the  water,  m  is  a  dimensionless  number  of 
the  order  of  unity  and  b  is  a  typical  dimension  of  the  probe,  say,  the 
outer  radius.  The  condition  for  resonance  of  the  coil  and  condenser  is 

OJ^LC  =  1  . 

The  capacity,  C,  of  the  Insulating  coating  between  the  metal  backing  and 
conducting  solution  is 


C 


» 


whei*e  A:  Is  the  dielectric  constant  of  the  insulating  coat,  n  is  a  dimension¬ 
less  number  of  the  order  of  unity  which  is  characteristic  of  the  probe 
geometry,  and  A  is  the  thickness  of  the  coating.  Suppose  that  the  resist¬ 
ance  r  is  some  factor,  e,  times  the  volume  resistance,  R,  of  the  elec¬ 
trode 


eR  =  r  . 


This  parameter  should  be  relatively  small  so  that  most  of  the  input  elec¬ 
trical  power  is  dissipated  in  the  water  whose  conductivity  is  being  meas¬ 
ured. 


f: 


Combining  the  above  five  relations,  we  find  the  operating  frequency, 


/ 

•Tn  fi-C 


i 


Thus,  once  the  optimum  values  of  the  quantities  K  ,  4  ,e,Q  have  been 
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determined,  the  operating  frequency  depends  primarily  on  the  electrode 
size,  h,  and  the  average  conductivity  of  the  water,  C, 


The  required  inductance  value,  L,  for  the  given  conditions  is 


L 


which  is  Independent  of  the  size  of  the 
resistance  is  simply 


r 


em 

fib 


electrode. 


The  residual  coil 


and  the  capacity  of  the  insulating  coat  is 

„  KlU  nb^ 

Both  of  tliese  components  are  independent  of  the  frequency, 

A  measure  of  the  quality  of  a  CP-electrode  is  the  ratio  of  displace¬ 
ment  current  across  the  capacity  of  the  coating  to  the  conduction  current 
through  the  coating.  It  is  only  the  conduction  current  which  gives  rise 
to  the  undesirable  effects  of  the  polarization  impedance.  The  leakage 
conduction  current  through  the  insulating  coat  is  through  an  effective 
resistance  Rq  indicated  in  Figure  9*15  below.  The  impedance,  z,  of  the 
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Figure  9- 15  •  Coat  Capacity  Leakage  Resistance 


network  of  Figure  9*15  is 


XujL  -h  R.-h 
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or 


where  K  =  cdCR^  .  The  inductance  value  is  chosen  so  that  there 

i|  no  reactance  component  which,  if  K?t>l,  implies  the  resonance  condition 
oj'^LC  =1.  In  this  case,  the  Impedance  is  purely  resistive 


The  figure-of -merit,  F*,  of  the  coating  is  defined  as  the  Inverse  of  the 
correction  term  in  the 'above  expression 


2  2 


The  resistance  is  given  by 


> 


where  p,,  is  the  dc  resistivity  of  the  coating. This  formula  may  be  optimis¬ 
tic  because  of  the  possibility  of  pin-holes  in  the  coating.  Dielectric 
loss  in  the  coating  is  not  pertinent  in  connection  with  reducing  the  ef¬ 
fects  of  Faradaic  currents.  The  figure-of -merit  of  the  coating  is 

[r*_  [A  hT _ ^ 

^  [bj  6  Q. 

and 


We  note  the  figure-of-merit  Increases  with  increasing  conductivity  in 
contrast  to  the  figure-of-merit  of  ordinary  conductivity  cells. 


The  peak  voltage  across  the  film  must  not  be  high  enough  to  cause 
electrical  breakdown.  If  V  is  the  rms  voltage  across  R  and  Z\V  the  rms 
voltage  across  the  coat,  then  we  have  approximately 
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For  the  case  of  Interest  with  e<i»  Ij  the  voltage  across  the  insulated 
coating  is  much  larger  than  the  voltage  applied  to  the  volume  resistance. 
The  peak  voltage  across  the  condenser  is  ^V.  If  P  is  the  power 
dissipated  in  the  resistance  R  then  the  peak  value  of  AV  is 


This  peak  voltage  should  he  some  safety  factor,  say  five,  helow  the 
breakdown  voltage  of  the  coating  determined  hy  the  dielectric  strength 
of  the  insulating  material..  This  represents  a  condition  on  the  maxlmim 
allowable  power  input  to  the  electrode,,  For  precision  measurements  this 
is  of  no  real  concern  because  the  power  involved  is  small,  but  for  the 
high  power  applications  of  this  Report,  this  peak  voltage  limitation  is 
important.  If  there  were  no  recourse  from  this  limitation  (see  below), 
then  coated  electrodes  would,  in  fact,  be  unuseable  for  the  high  power 
applications  involving  heating  at  the  electrode. 


The  peak  voltage  calculated  above  is  much  larger  than  the  voltage 
across  R  because  the  circuit  is  resonant.  If  electrical  power  is 
coupled  to  the  medium  at  a  frequency,  oj,  well  above  the  resonant  frequency, 
03^,  then 


AV 

V 


I 

RcoC 


1 

Rts^C 


> 


where 


1  ^  ^ 
RcOgC  R 


eQ 


In  terms  of  input  power,  we  have 


Thus,  an  effective  way  of  coupling  high  power  to  the  water  without  voltage 
breakdown  is  to  operate  at  a  frequency  well  above  the  resonant  frequency 
of  the  CP-electrode. 


The  power  efficiency,^,  is 

^  R  ^ _ 1 _ 

R  +  r  1  +  e 

Even  for  e  as  large  as  the  efficiency  is  relatively  good  (70  '^). 
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The  dissipation  of  power  (resulting  in  a  temperature  rise)  in  the  resist¬ 
ance  r  is  not  important  if  a)  the  temperature  coefficient  of  r  is  small, 
h)  an  adequate  heat  sink  mounting  is  used,  and  c)  if  the  residual  effect 
is  corrected  by  temperature  compensation  networks. 

The  requirements  of  the  insulating  coat  are  that  it  be  durable  with 
rough  usage;  non-corrosive  in  the  chemical  environment;  non-conducting; 
of  hi^  dielectric  constant;  easy  to  apply;  low  dielectric  loss  factor; 
low  thermal  conductivity;  high  dielectric  strength;  low  absorption  of 
water  or  be  impermeable  to  the  solution  in  question;  not  a  catalyst  to 
the  chemical  components  of  the  solution;  and  be  capable  of  operating 
satisfactorily  to  temperatures  of  100°C;  and  these  requirements  must  be 
met  for  coat  thickness  from  10  microinches  to  1  mil.  A  number  of  practical 
coating  materials  have  been  developed  which  largely  meet  these  require¬ 
ments  (44).  Two  important  examples  are  teflon  and  the  anodized  surface 
(45,46,47,48). 

The  magnitudes  of  the  quantities  calculated  above  are  illustrated 
for  the  case  of  sea  water  and  tap  water.  The  coating  material  is  assumed 
to  be  aluminum  oxide  which  is  the  main  constituent  of  an  anodized  metal 
surface*  The  assumed  values  and  calculated  parameters  are  listed  in  Table 
9.4  The  electrode  volume  is  a  simple  cube  1  cm  on  a  side  (b  =  0.5  cm). 


9.7  Electrode  Measurements 

Experimental  measurements  of  the  impedance  of  an  electrode  are  dis¬ 
cussed  in  this  Section.  The  experimental  equipment  used  for  this  purpose 
is  described  in  Section  17. 1  •  The  dependence  of  the  electrode  impedance 
on  the  following  variables  is  considered:  temperature,  concentration,  size, 
shape,  frequency,  age,  non-linearity,  electrode  material,  and  the  evolution 
of  gas  at  high  power. 


Size 

The  resistance  of  an  electrode  in  a  conducting  solution  is  inversely 
proportional  to  the  size  of  the  electrode  configuration  for  a  given  shape. 
For  an  eye-type  electrode,  the  resistance  is  given  by 


R^db  =  m  , 

where  R,i8  the  electrode  (volume)  resistance,  €  the  (volume)  conductivity 
of  the  solution,  b  the  outer  radius  of  the  electrode  and  m  is  the  resist¬ 
ance  number  which  is  only  a  function  of  the  ratio  of  the  inner-to-outer 
diameters,  (a/b).  The  approximate  electrode .resistance  for  the  two 
important  oases  of  sea  water  and  tap  water  are  shown  in  Figure  .9.16  for 
an  eye-type  electrode  of  "standard"  proportions:  a/b  =  0.48  and  m  =  0.46. 

The  impedance  of  a  practical  electrode  is  complicated  by  polarization 


*. . .and  teflon. 
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Ta'ble  9 . 4 


.  Numerical  Values  for  CP-Electrode  in  Sea  Water 


and  Tap  Water 


Parameter 

Sea  Water 

Tap  Water 

Insulating  Material 

Aluminum  Oxide 

Teflon 

Electrode  Resistance  (R) 

21  ohm 

2100  ohm 

Conductivity  (o) 

.048  ohm  ^cm  ^ 

.00048  ohm  ^cm  ^ 

Coat  Thickness  ( A  ) 

.0001" 

. 0003" 

Electrode  Size  (h) 

0. 5  cm 

0.^  cm 

Inductance  Coil  -  <tji 

100 

50 

e -Parameter 

0.1 

0.4 

Dielectric  Constant  ( < ) 

8.8 

2.1 

Resonance  Frequency  (f^  ) 

250  kc 

16  kc 

Coat  Capacity  (C) 

3100  mmfd 

240  imnfd 

Inductance  (l) 

130  |ih 

0.42  h 

€<l-Parameter 

10 

20 

n-Paramete,r 

4.0 

4.0 

m-Parameter 

0.5 

0.5 

Power  Efficiency  (9  ) 

91  i 

71  1> 

Coat  Resistivity  (p) 

3  X  10^^  ohm- cm 

17 

10  ’  ohm-cm 

Coat  Resistance  (R^.) 

7.5  10^*^  ohm 

7.5  X  10^8  ohm 

K 

3.7  X  108 

2.0  X  10^° 

FigUre-of -Merit  (F*) 

3.7  X  lo"^ 

io9 

Voltage  Safety  Factor 

5 

5 

Dielectric  Strength 

200  voltc/mil 

1000  volts/mil 

Maximum  Heater  Voltage 

13  volts 

120  volts 

Maximum  Heater  Power  (p) 

1  kw 

1  kw 

Heater  Power  Frequency  (f) 

4o  me 

5.4  me 
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effects  at  the  electrode  surfaces.  The  impedance  associated  with  the 
surface,  which  is  part  resistive  and  ps.rt  reactive,  varies  inversely  as 
the  square  of  the  electrode  size  for  a  given  shape.  The  fact  that  the 
surface  impedance  and  volume  resistance  depend  differently  on  electrode 
size  suggests  a  method  for  measuring  the  two  independently.  Jones  and 
Christian  (49)  used  the  technique  of  making  measurements  with  a  cylindri¬ 
cal  electrode  volume  (’JHiform  field)  of  variable  length.  For  a  complex 
electrode  field,  such  as  that  of  the  eye-type  electrode,  it  is  necessary 
to  keep  the  relative  proportion^  shapi^  of  the  electrode  constant  and  ob¬ 
taining  the  size  dependence  by  constructing  two  or  more  similar  electrodes 
of  different  size.  Two  such  electrodes  were  used  in  tests  which  were 


about  a  factor  of  three  different  in  s 

Table  9.5  .  Proportions  of  Two 
Eye -Type  Electrodes 


(Inched 

(Inches) 

Ratio 

Electrode 

2a 

2b 

1 

.399 

.848 

.471 

2 

.134 

.281 

.477 

Ratio  — ^ 

2.98 

3.02 

ize  as  shown  in  Table  9.5  .  The 
average  diameter  ratio,  (2a/2b),  of 
both  electrodes  is  0.474j  the  av¬ 
erage  size  ratio  is  3-00.  The  av¬ 
erage  values  of  a  number  of  measure¬ 
ments  on  these  electrodes  are  shown 
in  Table  9-6  ;  R  is  the  series 

resistance;  the  parallel  resist¬ 
ance;  C  the  series  capacity  and 
the  parallel  capacity;  and  = 
“®11^11‘  relation  between  these 

quantities  is 


k  =  RtnC 


The  quantities  actually  measured  are  and  and  are  corrected  to 
20°C.  The  salinity  of  the  solution  is'^o.pproximately  38  and  a  40  kc 
source  of  low  amplitude  (->.'.05  v. )  was  used. 


The  reason  for  performing  the  measurements  is  to  determine  the  surface 
capacity  and  the  resistive  contributions  of  the  volume  and  surface.  These 
quantities  are  obtained  in  the  following  way.  Let  the  subscripts  1  and 
2  refer  to  the  two  electrodes, 4 R  is  the  resistance  of  the  electrode  sur¬ 
face,  Ro  is  the  volume  resistance, 4  X  is  the  surface  reactance,  and  A  is 
a  pure  number  independent  of  electrode  size  and  is  defined  by 

4  R  =  A  4X  , 
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The  quantity  —  X  is  the 
phase  factor  of  the  surface 
impedance.  The  four  meas¬ 
ured  quantities  R2* 

X2  are  related  hy 

Ri=Rio  +  aRi 

^2  =  ^20  ^  ^2  ^2  “  ^  ^2 

Since  the  volume  resistances 
for  the  two  electrode  sizes 
are  known  to  he  related  hy 


we  can  rewrite  the  above  equations  as 

—  ^10  "f”  ^  I 

/^2.  =  -/-  /)  A's. 

With  the  solutions  for  R-]_q  and  .A  : 


Table  9*6  .  Impedance  Measurements 


Rlectrode 

1 

2 

®11 

T.95  ohm 

25.7  ohm 

Cll 

.0365  mfd 

.0332  mfd 

^11 

.0725 

0.213 

R 

7.91  ohm 

24.5  ohm 

C 

6.97  mfd 

0.764  mfd 

k 

13.8 

4,71 

X 

0.574  ohm 

5.23  ohm 

-  g<- 


and 


where  a  =  (bi/b,).  With  the  data  of  Table  9-6  ,  we  obtain  the  constant 
Xi  which  is  independent  of  size  and  only  sightly  dependent  on  temperature 
and  salinity  for  a  given  electrode  shape  (a/b  =  0.48): 

/A  ^  0.24 
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The  volume  resistance  for  the  two  electrodes  are 


=  7 ‘77  oiims 
RgO  =  23.3  ohms  , 

A  check  of  the  fact  that  the  surface  impedance  varies  inversely  as  the 
square  of  electrode  size  is 


=  1.006  , 


that  is,  the  agreement  with  theory  is  within  1  $  error. 


Temperature 

The  electrode  impedance,  consisting  of  the  volume  resistance  and 
surface  resistance  and  capacity,  are  functions  of  temperature.  Measure¬ 
ments  of  the  temperature  coefficients  were  performed  hy  two  methods,  as 
described  in  Section  17.1  .  Data  obtained  for  the  two  different  experi¬ 
ments  are  shown  in  Figure  9.17a  and  Figure  9.17b  .  The  volume  resistance, 
R«,  is  calculated  from  the  measured  series  resistance  R  and  surface  react¬ 
ance,  X,  (due  to  the  surface  capacity)  by  the  expression 


is  Jypically  about  7  ^  R.  The 
25  °C  for  the  data  given  is 

.019  +.002  per  °C  , 


which  agrees  with  the  expected  coefficient  given  in  Section  7-2  (p^  - 
+2.02  per  *^0)  within  the  accuracy  of  the  data.  The  temperature  coef¬ 
ficient  of  the  surface  capacity  as  determined  from  the  data  of  Figure 
9 •17a  and  9.17b,  is  only  a  rough  value  because  of  the  rather  serious 
scatter  of  the  data  points  due  to  hysterysis  temperature  effects  at  the 
electrode  surface.  The  temperature  coefficient  of  surface  capacity  of 
Figure  9.17b  is  +0.4  ia  per  °C  and  for  Figure  9- 17a +2.0  'jo  per  °C.  This  is 
only  one  illustration  of  the  erratic  and  confusing  behavior  of  the  surface 
capacity  which  is  a  sensitive  function  of  the  nature  of  the  electrolyte 
solution  and  electrode  surface  condition  and  well  as  other  variables.  The 
temperature  coefficients  of  the  surface  impedances  found  by  Jones  and 
Christian  (49)  is  of  this  same  order  of  magnitude  (+1  ^  per  °C)  for  dif- 


Rp  =  R  -Ax 

where  ^  =  0.24.  The  correction  term  X 
temperature  coefficient  of  resistance  at 
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ferent  solutions  and  electrode  materials. 


Concentration 

The  variation  of  total  series  electrode  resistance  and  series  capacity 
with  concentration  (salinity)  of  NaCl  solution  for  an  eye-type  electrode 
is  shown  in  Figure  9.18  .  The  series  capacity  is  due  to  the  surface 
impedance  exclusively,  hut  the  series  resistance  includes  both  the  volianes 
and  surface  contributions.  A  stainless  steel  eye-type  electrode  was  used 
(a/b  =  0.48)  and  the  measiirements  were  performed  at  40  kc  and  23  °C.  Tlie 
measured  salinity  coefficients  of  resistance  and  capacity  at  a  salinity 
of  32.8  566^orrespondlng  to  standard  sea  water)  are 

~c(M)  *  32^  =  ^  per  5&0  . 


The  salinity  coefficient  of  resistance  agrees  with  that  expected  from  the 
known  data  for  NaCl  solutions  (Sec.  7.2  ).  The  variation  of  resistance 

over  the  range  from  1  ?iato  100  ^Is  almost  inversely  proportional  to  the 
salinity;  the  difference  being  accounted  for  by  the  variation  of  equivalent 
conductance  with  the  concentration.  The  variation  of  surface  capacity  with 
salinity  (or  concentration,  c)  agrees  with  that  for  the  electric  double- 
layer  capacity: 


T6C 


-  ^  , 

1  ^  ztr  U 

where  the  expression  on  the  right  is  the  capacity  per  unit  area  expected 
from  the  GoiQr-Chapman  theory  of  the  electric  double-layer  capacity  (Sec. 

9.4  ).  The  measured  exponent  of  the  concentration  dependence  is  +0.49 
which  agrees  with  the  above  expression.  At  a  salinity  of  32.6  ^o(c  =  0.57 
mole/liter)  corresponding  to  standard  sea  water: 

and  for  the  electrode  area  of  (a  =  O.17O  cm) 

jta^  =  .091  cm^  , 

the  measured  value  of  C  =  0.35  mfd  yields 

C/«a2  =3.8  mfd/cm^ 


'/Z 
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or 


=  .0066  . 


Shape 

The  variation  of  electrical  properties  with  the  relative  proportions 
(shape)  of  the  eye -type  electrode  is  measured  with  the  equipment  described 
in  Section  17.1  which  consists  of  ten  eye-type  electrodes  with  the  same 
outer  radius  h  hut  different  inner  radius  (a).  Table  9.7  lists  the 
dimensions  of  each  electrode.  The  outer  diameter  of  all  electrodes  is  I.27 
cm  (0.,500")*  The  Impedance  measurements  were  performed  at  4-0  kc  in  NaCl 
n  solution  of  32.8  5^salinity,  and  , 

Table  9.7  .  Bye-Type  ^  conductivity  d  =  .0479  ohm"™m'^. 


Table  9.7  . 

Electrode 

No. 


(a/b) 

a 

(cm) 

(cm^) 

0.105 

.067 

0.014 

0.198 

.126 

0.050 

0.299 

.190 

0.113 

0.399 

.254 

0.203 

0.500 

.318 

0.318 

0.599 

.380 

0.453 

0.700 

.444 

0.620 

0.800 

.508 

0.810 

0.900 

.634 

1.261 

The  electrodes  were  made  of  stain¬ 
less  steel  and  the  data  was  taken 
at  20.8  °C  and  corrected  to  20  °C. 
Table  9-8  lists  the  measured 
quantities  and  )  and  derived 

electrical  properties  for  each  elec¬ 
trode.  The  volume  raaistanoe,R», 
is  calculated  from  the  formula 


0099  O  •  where  it  is  assumed  thatX»0.24 

7  0.700  .444  0.620  approximately  for  all  (a/b).  The 

8  0.800  .508  0.810  volume  resistance,  R,,  and  efface 

w.wa-w  capacity  are  also  shown  in  Figure 

9  0.900  .634  1.261  9.19  .  In  order  to  compare  the 

*  I  '  I  observed  properties  with  theory, 

the  capacity  per  unit  area,  C/na”, 
is  plotted  in  Figure  9. 20  and  the  resistance  number,  Roda,  in  Figure  9. 21. 
The  theoretical  cui-ve  of  Roda  =  (a/b)m  from  Section  9.2  is  also  plotted 
in  Figure  9*21  and  agrees  with  the  observed  data  within  experimental  error. 
For  a  "standard"  eye-type  electrode  with  {a/b)w  0.48,  we  find 


m(0.48)  =  R„6b  Si  O.215  x  (O.hS)"-*-  =  0.45  . 

A  theoretical  expression  for  the  capacity  per  unit  area  for  the  eye-type 
electrode  has  not  been  developed.  For  the  particular  electrodes  of  this 
experiment  the  following  figure  is  approximately  valid 


C/jta''  s5  8  mfd/cm'^ 

This  parameter  is  sensitive  to  the  properties  of  the  solution  and  condition 
of  the  electrode  surfaces. 
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Figure  9.  19.  Resistance  and  Surface 

Capacity  as  a  Function  of  Shape  Factor 


I 


Figure  9.21. 


Resistance  Number 
Versus  Shape  Factor 
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Table  9,8  .  Impedance  Measurements  vs.  Shape  Factor 


Electrode 

No. 

R^^(ohm) 

C^j^(mfd) 

\l 

R(ohm) 

C(mfd) 

R^(ohm) 

C/jta^ 

(mfd/ cm^ ) 

1 

113 

.0140 

0.398 

97.6 

0.102 

89.6 

7.28 

2 

40.6 

.0146 

0.i49 

39.8 

0.673 

39.0 

13. 

3 

25.7 

.0188 

0.121 

25.3 

1.30 

25.0 

11.5 

4 

19.4 

.0296 

0.144 

19.0 

1.46 

18.6 

7.22 

.5 

13.3 

.0330 

0.111 

13.2 

2.73 

13.0 

8.60 

6 

11.4 

.0415 

0.119 

11.3 

2.99 

11,2 

6.61 

7 

8.65 

.053 

0.115 

8.55 

4.06 

8.46 

6.56 

8 

6.7 

.077 

0.129 

6.60 

4.70 

5.85 

5.80 

9 

5.0 

.103 

0.129 

^.93 

6.30 

4,86 

5.00 

Frequency 

Tlie  resistance  of  an  electrode  due  to  the  volume  conductivity  of  sea 
water  is  known  to  be  independent  of  frequency  over  a  very  wide  range  of 
frequency  extending  from  dc  to  radar  frequencies.  This  is  not  the  case 
for  the  surface  Impedance,  however,  since  the  Warburg  impedance  (Sec. 

9.*+  )  is  a  function  of  frequency.  The  electric  double-layer  capacity 
and  reaction  resistance  are  supposedly  independent  of  frequency.  The  sur¬ 
face  impedance  is  in  series  with  the  volume  resistance;  at  very  high 
frequencies  the  volume  dielectric  constant  gives  rise  to  a  capacity  in 
parallel  with  the  volume  resistance.  As  a  result  of  these  effects  the 
total  electrode  series  resistance,  R,  and  capacity,  C,  or  parallel  resist¬ 
ance,  capacity,  functions  of  frequency.  Ordinarily  the 

frequency  dependence  of  electrolytic  cells  for  electrochemical  measurements 
is  determined  by  several  point  measurements  in  the  region  from  1  kc  to  10 
kc.  The  frequency  dependence  in  such  cells  can  be  kept  quite  small  by  prop¬ 
er  cell  design  which  makes  the  volnrne  resistance  large  in  comparison  to  cur  ~ 
face  impedance.  This  is  not  possible  with  the  present  electrodes  since  the 
size  of  the  electrode  is  fixed  by  other  considerations.  Thus,  at  high 
concentrations  (e.g.,  sen  water)  the  voiume  resistance  is  not  large  in 
comparison  with  the  surface  impedance.  This  is  particularly  true  if  smooth 
stainless  steel  or  brass  surfaces  are  used  instead  of  the  more  desirable 
platinum  black  surfaces.  For  this  reason  the  frequency  dependence  of  the 
eye-type  electrodes  is  relatively  large  and  is  measurable  over  a  wide  range 
of  frequency. 

The  total  series  resistance,  R,  and  reactance,  X,  of  the  brass  eye-type 
electrode  of  Figure  9-36  is  shown  in  Figure  9.22  as  a  function  of  frequency 
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from  10  kc  to  40  me.  The  temperature  and  salinity  of  the  NaCl  solution  is 
20  °C  and  32.8  ioo .  The  resistance  does  not  hecome  independent  of  frequency 
until  the  range  from  1  me  -  10  me  are  reached  where,  presumahly,  the  X'esist- 
ance  is  due  almost  exclusively  to  the  volume  conductivity  of  the  solution. 
This  limiting  resistance  is  25.5  ohms  from  which  the  resistance  number,  ra, 
of  the  electrode  can  be  calcix2.ated: 


R,0b  =  m  =  25.5  X  .0U79  X  0.332  =  0.4l  , 

where  6  =  .0479  ohm  ^cm  ^  is  the  conductivity  of  the  32.8  ^^oNaCl  solution 
and  b  =  0.332  cm  is  the  outer  radius  of  the  eye- type  electrode.  This 
value  of  resistance  number  for  (a/b)  ss  0.48  is  lower  than  the  theoretical 
value  (0.459)  and  the  value  measured  previously  by  anotlxer  method.  This 
may  be  partly  due  to  the  drop  in  resistance  which  is  noticeable  in  Figure 
9-22  for  frequency  greater  than  10  mo.  This  effect  can  be  formally 
explained  by  a  capacity  in  parallel  with  the  volume  resistance.  Such  a 
capacity  is  constituted  by  the  volume  dielectric  constant  of  the  water, 
however,  it  is  too  small  to  explain  the  observed  effect.  If  Co  is  the 


the  sea  water;  and  Ki,  (=8.85 
free  space.  Combining  this 


4.7  mmfd  . 


The  parallel  capacity  necessary  to  explain  the  effect  of  Figure  9 •  22  above 
10  me  is  found  to  be  about  120  mmfd  which  is  considerably  larger  than  the 
volume  capacity  expected.  The  explanation  of  this  effect  is  not  known. 

Other  measurements  to  higher  frequencies  from  50  me  to  400  me  were  made  to 
confirm  the  observed  effect.  A  further  reduction  in  series  resistance  and 
an  increase  in  series  reactance  was  found,  though  at  a  somewhat  slower  rate 
than  indicated  in  Figure  9-22  .  The  origin  of  the  observed  effect  may  be 
in  an  electrochemical  effect  at  the  electrode  surface, or  in  the  capacity 
and  inductance  of  the  leads  to  the  electrode  proper. 

For  frequencies  below  about  3  Jnc,  the  observed  reactance  is  due  exclu¬ 
sively  to  the  series  capacity  associated  with  the  electrode  surface.  Other 
measurements  indicate  that  this  capacity  is  largely  that  of  the  electric 
double-layer  and  as  such  should  be  Independent  of  frequency.  The  series 
capacity  of  the  electrode  is  shown  in  Figure  9- 23  and  is  found  to  be  only 
somewhat  frequency  dependent  below  3  me.  It  is  again  concluded,  therefore, 
that  the  series  capacity  is  mostly  due  to  the  electric  double-layer.  The 
contribution  of  the  Warburg  and  reaction  resistance  is,however,not  negligible 


volume  capacity,  it  is  related  to  Ro  by 


Rot's  = 


where  <  (=74)  is  the  dielectric  constant  of 
X  10“  farad/meter)  is  the  permittivity  of 
with  the  previous  relation,  we  obtain 


Co  = 


fe«>b 

m 
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in  its  effect  on  the  total  series  resistance  as  shown  in  Figure  9-22  where 
at  frequency  below  3  “c,  the  resistance  R  increases  with  decreasing  fre¬ 
quency.  Measurements  on  a  stainless  steel  eye-type  electrode  have  been 
performed  down  to  1  kc.  Both  the  resistance  and  reactance  continue  to  rise 
sharply  as  indicated  in  Figure  9-22  ,  although  the  series  capacity  is  found 
to  be  larger  (lower  reactance)  for  stainless  steel  than  for  the  brass  elec¬ 
trode.  If  A  R  is  the  series  resistance  due  to  the  surface 

R  =  Ro  +  ^  R  f 

and  =  X  is  the  surface  reactance,  the  ratio 


can  be  calculated  from  the  observed  data  as  shown  in  Figure  9.24  •  The 
variation  of  /)  with  frequency  is  not  large  and  at  40  kc  the  value  is  approx¬ 
imately 

\  w  0.28  , 


which  compares  fairly  well  with  the  value  =  0.24  obtained  for  a  stainless 
steel  electrode  at  40  kc  by  the  method  of  measuring  the  size  dependence. 

The  data  of  Figure  9.22  is  pertinent  to  the  choice  of  the  operating 
frequency  of  detection  equipment  using  such  electrodes.  Ideally,  one 
would  want  to  measure  only  the  volume  resistance  without  any  contribution 
from  the  surface  impedance.  It  is  clear  that  even  at  40  kc,  which  was  used 
in  the  detection  equipment,  the  contribution  of  the  surface  Impedance  is  by 
no  means  negligible.  At  40  kc,  the  following  data  applies; 

^  =  0.28 
-X  =  16.3  ohm 
R  =  30.0  ohm 
4  R  4,6  ohm 

tan  ^=—  =  -0.54 

^  =  -28° 

Z  =  (R^  +  =  R(1.29)  =  38.8  ohms  . 

In  this  case,  about  15  io  of  the  power  to  the  electrode  is  dissipated  in 
the  surface  resistance: 


and 


and 
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0.153 


The  optimum  frequency  for  operation  appears  to  he  at  about  3  “ic  where  the 
electrode  reactance  is  a  minimum.  This  fact  was  decisive  in  the  choice 
of  the  high  power  heater  source  used  to  heat  the  water  in  the  detection 
equipment  for  velocity  measurements;  a  frequency  of  3.7  me  was  finally 
decided  upon. 


Age 

If  all  experimental  variables  are  held  constant  and  measurements  of 
electrode  resistance  and  capacity  are  made  as  a  function  of  time,  it  is 
found  that  the  measured  quantities  vary  with  time.  This  is  termed  the 
"aging  effect."  The  variation  is  largest  immediately  after  cleaning  the 
surface  of  the  electrode  or  Immediately  after  immersing  it  in  a  solution. 

The  capacity  variations  are  largest,  amounting  to  about  100  ja  change  within 
a  day;  the  resistance  variation  amounts  to  about  2  ^  change  over  the  same 
time  interval.  All,  things  being  equal,  the  variation  of  impedance  shows  a 
regular  behavior  with  time;  both  capacity  and  resistance  vary  logarithmically 
with  time. 

This  effect  was  determined  experimentally  by  thoroughly  cleaning  six 
standard  eye-type  stainless  steel  electrodes  with  No.  600A  Wet-O-Dry  emery 
paper.  The  res’olting  surface  was  brignx  and  smooth  with  the  exception  of 
the  very  fine  mesh  of  random  scratches  caused  by  sanding.  The  appearance 
of  the  surface  was  unchanged  under  visml  inspection  at  the  end  of  the  experi¬ 
ment  when  removed  from  the  solution.  Care  was  taken  to  see  that  while  im¬ 
mersed  no  bubles  or  other  contaminants  formed  on  the  electrode  surface.  The 
resulting  data  is  shown  in  Figure  9.25  .  The  measurements  began  a  few  min¬ 
utes  after  cleaning  and  were  continued  almost  two  days  at  which  time  the  rate 
of  change  had  become  small  and  difficult  to  measure  with  reliability.  Only 
the  curve  of  best  fit  to  the  many  data  points  is  included  in  this  Figure  in 
the  interest  of  clarity.  The  six  straight  lines  of  negative  slope  corre¬ 
spond  to  the  measured  capacity  of  the  six  electrodes  and  the  lines  of  pos¬ 
itive  slope  to  the  corresponding  resistances.  These  lines  show  similar  be¬ 
havior  for  resistance  and  capacity,  respectively,  but  differences  in  slope 
between  electrodes  is  observed. 

The  observed  changes  with  time  can  be  expressed  by  the  following  formu¬ 
las  which  take  the  time  t  =  100  minutes  as  a  convenient  reference  value  :■ 

c(t)  -  C(ioa)  =  A  (-j^  C  f/oaj 
Rd)  -  H.  i'Oo)  =  ® 
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where  C  is  the  series  capacity  and  R  the  series  resistance,  and  the  aver¬ 
age  values  of  the  constants  for  the  six  electrodes  are 

A  =  -0.26 
B  =  +.00T8 
C(IOO)  =  0.65  mfd 
R(100)  =  23.0  ohms 

These  formulas  indicate  rapid  changes  in  the  impedance  values  as  t  —*•  0, 
which  is  precisely  what  is  observed;  the  changes  take  place  so  fast  in 
the  first  minute  after  cleaning  that  it  is  somewhat  difficult  to  make  the 
measurements  fast  enough  to  track  the  changes  due  to  the  aging  effect. 

These  tests  were  performed  at  18  °C  and  50  ^HaCl  salinity,  however,  similar 
behavior  has  been  observed  with  these  and  other  electrodes  at  other  temper¬ 
atures  and  salinities. 


Non-Linearity 

The  Impedance  of  an  electrode  is  dependent  on  the  applied  voltage,  i.e. 
it  is  a  non-linear  element.  This  effect  is  measurable  even  below  the  point 
where  the  current  density  is  high  enough  to  cause  gas  evolution,  where,  of 
course,  a  marked  change  in  resistance  and  capacity  is  experienced.  Two  meth¬ 
ods  are  used  to  measure  the  non-linearity,  a)  the  direct  measurement  of  the 
Impedance  as  a  function  of  applied  voltage  or,  b)  an  indirect  method  based 
on  the  deviation  from  balance  conditions  of  a  non-linear  bridge  as  the  input 
voltage  is  varied.  The  theory  of  this  method  is  developed  briefly  below. 

Assume  a  Wheatstone  bridge  measurement  in  which  all  arms  are  approxi¬ 
mately  equal  to  the  resistance  being  measured,  R(o).  For  simplicity  we 
assume  a  purely  resistive  measurement.  This  arrangement  is  shown  in  Figure 
9.26  ,  where  the  error  voltage  output  from  the  bridge  is  AV,  V  is  the 
voltage  across  the  load  being  measured,  and  2V  is  the  voltage  applied  to 
the  bridge.  The  Wheatstone  bridge  resistances  are 


=  Rjj  =  R(0)  and  «  R(v)  s:  R{o)  , 


where  R(0)  is  the  resistance  of  the  load  at  zero  voltage.  The  load  resist¬ 
ance,  R(v),  is  assumed  to  be  only  slightly  non-linear.  For  an  equilateral 
bridge  we  have  the  approximate  relation 


j_  r 

4  L  _ 


9-55 


Figure  9.26 


Non-Linear 
Wheatstone  Bridge 


where  the  bridge  is  adjusted  to 
balance  (AV  =  O)  at  Vo  =  V.  The 
load  resistance  is  assumed  to  be 
a  linear  function  of  voltage: 


where 


is  the  voltage  coefficient  of 
resistance.  Combining  these 
relations  we  find 

or 


The  curve  is  shown  In  dimensionless  form  In  Figure  9*27  •  In  measiirements 
of  rms  voltages,  only  the  magnitude  of  the  output  voltage  is  measured,  so 
that  the  sign  of  k  must  be  determined  Independently.  The  bridge  output  is 
maximum  at  V  «  Vo/2  where 


8 


=  kV., 


> 


which  provides  a  convenient  way  to  measure  voltage  coefficients.  The  main 
virtue  of  this  technique  is  that  the  accurate  measurement  of  the  actual 
impedance  values  is  not  necessary.  The  measurement  of AV  depends  on  the 
gain,  G,  of  the  bridge  detection  equipment. 

In  actual  mcaourements  the  bridge  is  never  brought  to  precise  balance 
at  V  =  Vo  because  of  noise  voltages  in  the  detection  system  or,  because  of 
imperfect  settings  of  both  the  resistive  and  reactive  components  necessary 
to  balance  the  bridge.  As  a  consequence,  added  to  the  above  parabolic  curve, 
is  a  linear  term  as  shown  by  the  dotted  line  of  Figure  9.28  . 

Measurements  of  this  type  were  performed  on  the  standard  eye -type  elec¬ 
trode  in  33.2  ^toNaCl  water  at  i*0  kc.  The  data  is  plotted  in  Figure  9- 28  . 
Similar  data  was  obtained  at  Vo  =0.1,  0.2,  0. 5  and  2.0  volts,  from  which 
the  voltage  coefficient  was  calcifLated  as  shown  in  Figure  9*29  •  At  low 
voltages  (less  than  1  volt)  a  coefficient  of  about  0.75  f  par  volt  is  found. 
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Figure  9.  29. 


Voltage  Coefficient  of 
Electrode  Resistance 
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This  is  about  25  times  as  large  as  that  of  usual  composition  type  resis¬ 
tors.  Above  1  volt  a  narked  deviation  is  observed  which  it  is  believed  Is 
due  to  heating  in  the  electrode  volume  or  a  higher  order  non-linear  contri¬ 
bution.  ' 

Direct  measurements  of  resistance  and  capacity  of  the  electrode  shows 
that  the  series  capacity  Increases  markedly  with  increasing  voltage.  The 
voltage  coefficient  of  capacity  amounts  to  +30  ^  per  volt  at  5  kc  and  falls 
to  +3  ^  per  volt  at  hO  kc.  Above  a  certain  critical  voltage,  which  varies 
from  0.6  volt  at  1  kc  to  3  volts  at  hO  kc,  where  electrolysis  effects  be¬ 
come  important,  the  capacity  makes  a  large  end  erratic  jxaap.  The  resist¬ 
ance  of  the  electrode  is  fovind  to  decrease  with  increasing  voltage.  The 
coefficient,  k,  is  about-1  %  per  volt  which  is  in  accord  with  the  above 
measurement  technique.  Above  the  voltage  where  electrolysis  effects  are 
important,  the  resistance  also  shows  an  erratic  change  as  found  with  the 
series  capacity. 


Gas  Evolution 

The  evolution  of  gases  at  an  electrode  due  to  electrolysis  effects 
for  dc  currents  is  a  well  known  phenomenon.  For  alternating  currents  the 
electrolysis  process  is  limited  by  reaction  rate  effects  and  the  effect  of 
ionic  diffusion.  Generally,  one  would  expect  the  evolution  of  gas  products 
to  decrease  as  the  frequency  increases  because  of  the  tendency  of  the  reac¬ 
tions  to  more  closely  approximate  a  reversible  process  (52). 

The  evolution  of  gas  at  the  electrode  surfaces  is  due  to  eleotrolysiB 
and  boiling  or  out-gassing  of  the  water  if  the  electrical  heating  of  the 
water  is  sufficient.  The  observation  of  these  processes  is  complicated  by 
the  fact  that  part  of  the  gas  may  be  reabsorbed  in  the  water  making  the 
bubbling  less  profo\ind.  Visual  observation  is,  of  course,  the  simplest  meth¬ 
od  and  for  this  reason  was  used  in  spite  of  the  limitations  it  holds  for  the 
interpretation  of  the  data.  Another  more  sensitive  method  of  observing  the 
inception  of  electrolysis  effects  or  other  non-linear  processes  is  to  meas¬ 
ure  the  rectified  dc  current  produced  for  a  given  applied  ac  current.  This 
technique  proves  more  sensitive  than  the  visual  technique,  although  the 
observed  rectified  voltages  are  relatively  small  (.01  %  of  applied  voltage). 
The  rectified  current  behaves  the  following  way:  no  rectified  current  is 
measured  until  a  certain  critical  applied  voltage  is  reached  (of  the  order 
of  1  volt  depending  on  frequency )  when  the  rectified  current  suddenly  Jumps 
to  a  definite  but  small  value  which  was  more  or  less  independent  of  further 
increases  in  applied  voltage.  The  "Jump"  was  used  as  an  indication  of  the 
Inception  of  appreciable  electrolysis  effect. 

The  critical  potential  (rms)  at  which  gas  evolution  is  detected  is 
shown  in  Figure  9-30  as  a  function  of  frequency.  The  data  for  the  eye -type 
electrode  (30  ohm  at  kO  kc)  as  measured  by  the  two  techniques  shows  a  simi¬ 
lar  behavior,  but  the  visual  method  is  less  sensitive  than  the  rectifier 
method.  We  will  rely  more  on  the  rectifier  method  since  it  is  the  first  to 
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E Q  UFA/ cy  (kc) 


indicate  the  presence  of  gas  evolution  effects.  As  expected,  a  higher 
applied  voltage  is  required  to  cause  electrolysis  at  hi^er  frequency. 

The  curve  to  the  far  right  is  for  a  needle  type  electrode  (350  ohm  at 
^(■0  kc)  of  much  smaller  dimensions  than  the  eye -type  electrode.  It  requires 
less  voltage  to  cause  electrolysis  on  this  electrode  at  a  given  frequency 
due  to  the  higher  current  density.  The  data  points  of  Figure  9.3O  can  be 
expressed  in  the  form 


where  V,,  is  the  critical  applied  potential  at  the  inception  of  gas  evo¬ 
lution,  "V*  is  the  critical  voltage  at  low  frequency,  the  frequency  f  is 
expressed  in  kilocycle  (kc)  units,  A  is  a  dimensionless  constant,  and  d 
is  the  effective  diameter  of  the  electrode  in  centimeters.  The  values  of 
the  constants  obtained  from  the  data  of  Figure  9 . 30  are 

Vq  =  0.6  volts 

A  =  13.2  , 


where  the  diameter  ratio  between  the  30  ohm  eye-type  electrode  and  the 
350  ohm  needle  electrode  is  10. 5. 

The  above  empirical  relation  sets  an  upper  limit  to  the  power  tliat 
can  be  usefully  dissipated  at  an  electrode  in  a  static  solution  without 
adverse  effects  of  gB.s  evolution.  This  relation  must  be  taken  into  con¬ 
sideration  in  the  design  of  a  high  power  electrode.  The  critical  elec¬ 
trode  power,  Pq,  at  which  gas  evolution  is  detectable  in  static  water  la 

P  «  =  cr^  Vc^ 

R. 

where  R  is  the  electrode  resistance,  and  h  the  typical  dimension  of  the 
electrode  (actually,  the  inverse  cell  constant).  We  wish  to  plot  specific 
data  based  on  this  expression,  but  must  first  determine  whether  this  crit¬ 
ical  value  depends  on  the  conductivity  of  the  water  solution. 


The  measurement  of  the  critical  voltage  as  a  function  of  salinity  was 
determined  by  the  simpler  visual  method.  The  resulting  data  is  shown  in 
Figure  9-31  •  These  measurements  were  performed  only  on  the  30  ohm  eye- 
type  stainless  steel  electrode  at  40  kc.  The  current  density  is  plotted 


as  a  function  of  salinity  and  is  a  slowly  varying  function  of  salinity. 
The  critical  current  density,  in  amps/cm^,  fits  the  formula 

.  SO.Z.Z 

3.2  (^) 


where  3  is  the  salinity  in  5^0.  The  critical  current  density  for  sea  water 
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and  tap  water  are 


Sea  water:  =4.2  amp/cm^  at  S  =  33 

Tap  water:  J  =1.5  amp/cm^  at  S  =  0.33  . 


The  above  experimental  data  is  combined  to  give  the  maximum  applied 
electrode  power  which  can  usefully  be  used  as  a  function  of  frequency  for 
the  cases  of  the  30  ohm  eye-type  electrode  (6.6  mm  diameter)  and  35O  ohm 
needle  electrode  (O.63  mm  diameter)  in  static  tap  water  and  sea  water. 

The  resulting  curves  are  shown  in  Figure  9.32  . 


Electrode  Material 

Certain  electrode  materials  are  more  suitable  for  use  in  a  given  solu¬ 
tion  than  others  (50,51)*  Experiments  have  been  performed  with  electrodes 
of  the  following  materials:  platinum,  stainless  steel,  gold  plate,  brass 
and  copper.  Quantitative  measures  of  the  relative  merits  of  these  materials 
have  not  been  made,  but  it  was  found  that  the  platinum  electrodes  are  supe¬ 
rior  to  all  others.  This  is  particularly  true  at  high  electrode  power. 
Stainless  steel  electrodes  are  satisfactory  at  lower  voltages.  Brass  and 
copper  electrodes  proved  to  be  subject  to  corrosion  or  tarnishing.  Com¬ 
binations  of  electrode  materials  such  as  copper  and  stainless  steel  are 
not  satisfactory  because  of  their  instability. 


9.8  Design  and  Construction 

The  details  of  the  design  and  construction  of  electrodes  used  in  exper¬ 
imental  work  are  discussed  in  this  Section.  The  conductivity  cells  of  the 
present  work  have  been  made,  not  only  with  the  conventional  considerations 
in  mind,  but  also  the  requirement  of  compatibility  with  the  hydrodynamic 
flow  conditions  at  the  electrodes.  Two  classes  of  electrode  types  are 
considered;  the  flush  type  and  probe  type.  The  metal  of  the  electrodes  is 
an  important  factor  in  its  behavior  in  a  given  electrolyte  solution.  Plat¬ 
inum  is  the  preferred  material  but,  because  of  the  expense  and  lack  of 
availability,  only  wire  stock  has  been  used  to  form  electrode  arrangements. 
Stainless  steel  has  been  used  mostly  for  electrodes  because  of  its  avail¬ 
ability  and  resistance  to  corrosion.  Epoxy  resin  is  the  most  used  insulat¬ 
ing  material  although  hysol,  teflon,  and  formvar  have  also  been  exploited. 

The  design  and  construction  of  conventional  conductivity  cells  is 
reviewed  briefly  below. 


Conventional  Cells 

Electrolytic  conductivity  cells  of  conventional  design  are  made  either 
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for  precision  measurements  in  which  a  fixed  saiaple  volume  is  measured  or 
for  measurements  to  monitor  chemical  processes. 

For  precision  measurements  of  resistance  with  alternating  current  the 
cell  resistance  should  not  be  too  high  because  of  errors  due  to  stray  ca¬ 
pacities,  nor  too  low  because  of  residual  lead  resistance.  A  convenient 
resistance  is  about  1000  ohms.  An  example  of  a  convenient  cell  design  is 
given  in  Reference  (59 )•  Conductivity  cell  proportions  are  chosen  so  that 
for  a  given  solution  conductivity  the  cell  resistance  is  of  this  order. 

This  is  not  possible  for  the  present  detection  equipment  since  both  the 
size  and  conductivity  are  specified.  The  impedance  of  the  solution  due 
to  the  volume  conductivity  is  a  pure  resistance  at  frequencies  less  than 
the  radio  frequency  range.  In  practice  several  other  effects  give  rise  to 
reactive  components  which  introduce  errors  in  the  resistance  measurements. 
The  simplest  example  of  this  is  the  capacity  between  the  cell  leads  and 
the  small  capacity  in  parallel  with  the  cell^with  the  solution  as  the 
dielectric.  Another  of  these  is  the  "Parker  effect"  associated  with  capac¬ 
itive  coupling  between  the  cell  leads  and  the  solution  (53).  Surface 
Impedance  effects  can  be  minimized  by  a  method  due  to  Kohlrausch  in  which 
the  electrodes  are  coated  with  platinum  black.  The  platinizing  solution 
recommended  by  Jones  and  Bollinger  (54)  is  0.025II  hydrochloric  acid  con¬ 
taining  0.3  percent  of  platlnic  chloride  and  0.025  percent  of  lead  acetate; 
the  lead  acetate  Improves  the  adherence  of  the  deposit.  The  platinizing 
current  should  be  10  ma/cm^,  the  polarity  being  reversed  every  ten  seconds. 
Even  a  barely  visible  deposit  greatly  reduces  the  frequency  dependence 
(due  to  the  reactance  of  the  effects  at  the  electrode  surface)  and  a  depos¬ 
it  corresponding  to  a  few  coulombs/cm^  is  ample.  The  electrode  effects  are 
largest  at  high  concentration,  and  is  strongly  dependent  on  the  nature  of 
the  surface  material  and  electrolyte  solution.  Double  cell  compensation 
techniques  are  effective  In  minimizing  the  errors  due  to  both  temperature 
and  surface  effects  (55,56).  Also,  two  independent  leads  to  each  elec¬ 
trode  may  be  used  so  that  lead  resistances  can  be  completely  eliminated  by 
the  "four  leads"  method  used  in  resistance-wire  thermometry.  A  modifica,- 
tion  of  the  four  leads  method  also  makes  possible  accurate  dc  measurements 
without  serious  surface  impedance  problems  (57,58)* 


Flush  Type  Electrodes 

The  flush  type  electrode  presents  a  locally  flat  surface  for  the  fluid 
flow.  In  addition  it  should  be  rugged,  electrically  well  shielded,  pos¬ 
sess  a  localized  field,  and  not  be  exposed  to  impact^ as  it  would  be  if 
placed  on  a  leading  edge  of  the  detector  head.  Several  examples  of  this 
type  of  electrode  have  been  constructed  and  are  described  below. 

Hydrofoil  Electrode  -  the  first  electrode  constructed  with  hydrodynamic 
considerations  in  mind  is  shown  in  Figure  9*33  .  Four  No.  l4  gauge  plati¬ 
num  wires  are  placed  in  the  leading  edge  of  a  hydrofoil  shaped  head  made 
of  Epocast  epoxy  resin.  The  arrangement  consists  of  two  conductivity  cells 
placed  in  close  proximity  for  differential  spaclal  measurements.  The 
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spacing  between  centers  of  a  pair  of  wires  is  l/8  inch  and  between  the 
centers  of  each  pair  is  3/8  inch.  The  full  angle  of  the  leading  edge  is 
about  80°. 

The  lessons  learned  from  this  construction  are  the  following.  It  is 
undesirable  to  place  the  electrodes  at  a  sharp  leading  edge  since  they  are 
particularly  subject  to  damage  in  ordinary  handling.  The  e]e  ctrodes  are 
not  in  a  well  shielded  arrangement  and  it  was  necessary  to  add  a  large 
area  copper  plate  below  the  electrodes  to  provide  an  adequate  localized 
ground  connection.  Also  the  construction  technique  for  this  type  is  un¬ 
satisfactory,  particularly  because  the  whole  detection  head  is  cast  of . 
epoxy  resin.  It  is  obvious  that  the  tolerances  of  construction  were  poor 
so  that  the  electrode  pairs  are  geometrically  dissimilar. 

10  Ohm  Wedge  Electrode  -  the  second  flush  type  electrode  constructed  em¬ 
bodies  the  lessons  learned  from  the  hydrofoil  electrode.  This  stainless 
steel  electrode  is  shown  in  Figure  2.5  .  The  resistance  of  this  elec¬ 
trode  in  sea  water  at  ^  kc  is  about  10  ohms.  The  wedge  angle  is  36°,  the 
length  in  the  direction  of  flow  of  the  wedge  face  is  3-2  Inches,  the 
height  of  the  leading  edge  is  5.0  inches,  the  outer  and  inner  electrode 
diameters  are  0.86  inches  and  0.4l  inches,  respectively,  and  the  correspond¬ 
ing  Inner/outer  diameter  ratio  is  0.476.  Identical  electrodes  are  placed 
in  the  same  position  on  each  of  the  wedge  faces.  The  currents  flow  from 
the  central  electrode  to  the  main  stock  which  Is  a  common  ground  for  both 
electrodes.  The  central  electrodes  are  mounted  in  position  by  an  epoxy 
resin  cast.  This  is  found  to  be  poor  practice;  the  electrode  should  be 
moimted  mechanically  by  some  means  before  the  insulating  epoxy  resin  is 
cast. 

30  Ohm  Wedge  Electrode  -  a  larger  stainless  steel  detector  head  is  shown 
in  Figure  9* 3^  with  six  electrodes,  three  on  each  side  of  the  wedge  faces. 
These  electrodes  are  used  in  pairs  for  differential  measurements;  varia¬ 
tions  in  spacing  are  obtained  by  choosing  various  combinations  of  elec¬ 
trodes.  The  wedge  angle  is  36°,  the  length  of  the  wedge  face  is  6.37 
inches,  the  height  of  the  leading  edge  is  12.0  Inches,  the  outer  and  inner 
electrode  diameters  are  .279  inches  (-709  cm)  and  .123  inches  (.340  cm), 
respectively,  and  the  inner/ outer  diameter  ratio  is  0.48o.  The  main  stock 
is  a  common  ground  for  all  six  electrodes.  In  construction,  the  central 
electrodes  were  positioned  hy  a  press  fit  insert  and  then  cast  into  position 
by  Epocast  epoxy  resin.  The  flush  electrode  surface  was  obtained  by  grind¬ 
ing.  The  leads  to  the  electrodes  are  brought  through  drill  holes  in  the 
back  of  the  wedge  block. 

30  Ohm  Dipping  Electrodes  -  a  convenient  dipping  electrode  for  laboratory 
work  is  shown  in  Figure  9-35  .  The  length  and  diameter  of  the  stainless 
steel  cylindrical  body  are  6.0  inches  and  1.25  inches,  the  outer  and  inner 
electrode  diameters  are  .281  inches  (.714  cm)  and  .136  Inches  (.317  cm), 
and  the  inner/outer  diameter  ratio  is  0.484.  The  diameter  of  the  cylinder 
is  sufficiently  large  to  insure  that  the  electrode  closely  approximates 
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the  eye-type  electrode  In  an  infinite  plane.  The  electrical  connection  to 
the  MC  connector  is  made  throu^  the  hole  at  the  end  of  the  cylinder. 

Brass  Electrode  -  a  brass  electrode  constructed  for  laboratory  use  at  radio 
frequencies  is  shown  in  Figure  9. 36  .  The  electrode  proper  is  located  in 
close  proximity  t.o  the  type-N  RF  connector  which  facilitated  the  measure¬ 
ments  at  very  high  frequency.  The  attached  glass  container,  which  is  at¬ 
tached  with  beeswax,  holds  the  electrolyte  solution  in  the  vertical  posi¬ 
tion.  The  sensitive  volume  of  the  electrode  is  well  contained  within  the 
solution  volume.  The  diameter  of  the  brass  ground  plate  is  4.0  inches, 
the  outer  and  inner  diameter  of  the  electrodes  are  .261  inches  (.663  cm) 
and  .125  inches  (.317  cm),  respectively,  and  the  diameter  ratio  is  0.478. 
The  brass  center  electrode  is  cast  in  epoxy  resin. 


Probe  Type 

The  small  size  and  streamlined  shape  is  of  primary  concern  in  the  design 
of  the  probe-type  electrodes  described  below. 

Ho.  21  Hypodermic  Needle  -  a  convenient  design  for  a  probe-type  electrode 
consists  of  a  hypodermic  needle  with  an  insulated  coaxial  center  wire,  the 
sensitive  volume  is  located  at  the  tip.  This  design  is  relatively  rugged, 
the  center  wire  is  electrically  shielded  by  the  needle  tube,  and  the  tip 
is  readily  streamlined.  Such  a  probe  was  constructed  with  a  No.  21  gauge 
(.0318  inch  diameter)  stainless  steel  hypodermic  needle  with  .016  inch  diam¬ 
eter  stainless  steel  center  wire.  This  probe  is  shown  in  Figure  9*37  . 

One  of  the  problems  of  construction  was  application  of  the  insulating  coat 
to  the  center  wire.  If  a  wire  is  simply  dipped  in  a  lacquer  solution  and 
brought  out,  beads  of  lacquer  form  on  the  wire  Instead  of  a  uniform  coat. 

It  is  found  that  by  removing  the  wire  very  slowly  from  the  coating  solution, 
this  beading  phenomenon  does  not  take  place.  taper  on  a  coated  wire  is 
obtained  by  light  sanding,  in  this  condition  it  may  be  firmly  pulled  into 
the  needle  tube  in  order  to  fix  into  position.  The  streamlined  tip  is  easily 
shaped  by  means  of  a  slowly  revolving  sanding  table  with  fine  wet  sandpaper. 

The  tip  is  shaped  by  varying  the  angle  of  contact  of  the  needle  with  the  sand¬ 
paper  while  simultaneously  spinning  the  needle  between  thumb  and  forefinger. 
The  center  wire  should  be  tested  electrically  for  self- continuity  and  isola¬ 
tion  from  the  needle  tube.  If  the  tip  Is  damaged  in  use  it  is  easily  re¬ 
shaped  by  the  above  sanding  process.  The  probe  impedance  in  sea  water  at 
4o  kc  is  about  350  ohms. 

Platintan  Wire  Probe  -  a  probe  well  suited  to  high  power  operation  was  con¬ 
structed  using  two  parallel  0.0126  inch  diameter  platinum  wires  (No.  28)  of 
1.7  ma  length  and  separated  by  0.7  ram.  A  close-up  of  the  end  of  this  probe 
is  shown  in  Figure  17.21.  A  probxera  developed  with  this  electrode  because 
of  small  cavities  in  the  front  of  the  stem  where  stagnant  water  was  easily 
heated  to  boiling  temperature,  thus,  producing  noise.  The  stem  of  this 
probe  is  not  strong  enough  for  relatively  long  lengths  (say,  30  diameters) 
to  withstand  vibration  when  exposed  to  turbulent  flow.  The  probe  impedance 
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in  sea  water  at  4o  kc  is  about  kO  ohms. 


No.  27  Hypodermic  Needle  -  in  the  interest  of  making  probes  as  small  as 
possible,  an  electrode  was  made  using  the  smallest  available  hypodermic 
needle  size  which  is  No.  2^  gauge  or  .016  inches  [O.k  mm)  diameter  and 
1/2"  in  length.  This  is  about  half  the  diameter  of  the  No.  21  gauge .needle . 
A  photograph  of  this  unit  is  shown  in  Figure  9.38  .  The  construction 
procedure  was  similar  to  that  of  the  No.  21  gauge  needle  above  but  a  No. 

34  formvar  coated  copper  center  wire  was  used.  The  wire  was  secured  in  the 
tube  with  Epocast.  The  gap  between  the  center  wire  and  tube  at  the  tip  is 
approximately  .001"  (.03  mm)  which  is  an  indication  of  the  smallest  scale 
of  miorostructure  that  can  be  detected  with  this  probe.  The  probe  resist¬ 
ance  in  sea  water  at  3*5  me  is  about  400  ohms.  No  problems  of  construction 
were  encountered  with  this  small  probe  and,  if  smaller  tubes  were  available, 
it  would  be  reasonable  to  attempt  construction  of  a  smaller  probe. 

A  convenient  electrode  configuration  whose  resistance  is  approximately 
calculable  from  the  geometry  is  the  parallel  wire  electrode  as  shown  in 
Figure  9*39  •  This  consists  of  two  No.  28  platinum  wires  0.4  inches  in 
length  and  spaced  0.13  inches  apart.  The  electrode  resistance  of  this 
unit  is  about  30  ohnia  in  sea  water.  One  important  thermal  advEuitage  of 
this  parallel  wire  arrangement  is  the  low  thermal  time  constant  of  the 
electrode  surfaces  due  to  the  hi^  thermal  conductivity  and  low  heat  capac¬ 
ity  of  the  metal  wires. 
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Figure  9*39 


Wire  Electrode 


10.  SESISTANCB  CALCULA.TI0N 


The  analytical  machinery  necessary  for  calculating  the  resistance 
of  a  given  electrode  configuration  is  developed  in  this  Section.  Consid¬ 
eration  is  given  to  the  case  of  the  potential  field  suid  associated  func¬ 
tions  in  hoth  a  homogeneous  and  inhomogeneous  conducting  medium.  It  will 
he  apparent  that  the  analysia  of  the  potential  problem  for  even  the  sim¬ 
plest  electrode  configurations  is  conqpllcated  and  approximate  methods 
must  he  resorted  to. 


10.1  Potential  Theory 

The  fundamental  definitions  and  certain  properties  of  the  potential 
field  of  an  electrode  configuration  are  discussed  helow. 


Fundamentals 

We  are  interested  in  obtaining  the  electric  potential  as  a  function 
of  position  for  a  given  electrode  configuration,  With  a  knowledge  of  this 
function  all  properties  of  the  electrode  arrangement  may  he  calculated. 
Static  potentials  will  he  considered  since  the  resulting  fields  are  ap- 
plioahlej  for  the  electrodes  of  interest,  to  alternating  fields  up  to  radio 
frequencies . 

The  general  double  electrode  configuration  is  one  which  consists  of 
two  surfaces  of  infinite  conductivity  (electrodes)  immersed  in  a  conduc¬ 
ting  medium  of  conductivity,  cr,  which  is  confined  in  a  volume  of  given 
shape  by  surfaces  of  zero  conductivity  (insulators)  which  are  terminated 
on  the  electrode  surfaces  and/or  at  infinity.  The  conducting  medium  is 
contained  in  the  surface  consisting  only  of  electrodes  and  insulators.  A 
potential  is  maintained  between  the  electrodes  by  a  source  of  electromotive 
force. 

Denote  the  potential  at  a  point  in  the  medivun  by  V.  Assume  that  the 
potential  on  the  "negative"  electrode  is  zero,  euid  that  on  the  "positive" 
electrode  is  .  It  is  convenient  to  introduce  the  "unit  potential," 
which  satisfies 


V  ^  V,  , 

thus,  ^  =  1  on  the  positive  electrode  and  ^  =  0  on  the  negative  electrode. 
The  electric  field  at  a  point  in  the  medium  is 

-Vv  ~  -V. 
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The  current  density,  j,  is  given  hy 

-crV, 

The  rate  at  which  energy  is  dissipated  in  the  medium  hy  Joule  heating  at 
a  point,  i.e.,  the  power  density,  ,  is 


-  7:  (-7V)  =  V\ 


If  P  is  the  total  power  dissipated  in  the  electrode  vol\ane  and  R  is  the 
electrode  resistance,  then 

P  -  — 

^  "  R 


The  povrer  density  may  be  written, 


5*.  P’Z<J 


where 

This  function  satisfies  the  relation 

where  the  integration  extends  over  the  entire  volume  of  the  conducting 
medium.  It  follows  from  the  fact  that 

■  /n 

The  function  w  plays  a  fundamental  roll  in  the  theory  of  electrode  sensors 
and  is  termed  the  "sensitivity  distribution  function."  The  equation  of 
continuity  is  (l): 


7*  y  =“  o 

or 

'f>((r  Ve^)  (S . 

For  a  homogeneous  conducting  medium  the  potential  problem  reduces  to  the 
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solution  of  Laplace ' s  equation 

for  the  boundary  conditions: 

on  positive  electrode 
on  negative  electrode 

on  insulator  surfaces 


The  latter  boundary  condition  implies  no  current  flow  through  the  insulator 
surfaces. 

Except  for  those  fortunate  cases  where  the  electrodes  and  insulators 
coincide  with  some  natural  coordinate  system,  the  solution  of  the  above 
Laplace  equation  is  difficult, at  best  and  usually  requires  integral  equa¬ 
tion  methods.  This  arises  because  of  the  mixed  boundary  conditions  on 
the  enclosing  surface  which  consists  partly  of  electrodes  (ff  =  oo)  and 
partly  of  insulators  (<r  =  O).  In  many  cases,  approximate  methods  must 
be  used  to  obtain  the  potential  field. 


Validity  of  Electrostatic  Theory 

The  periodic  potential  at  a  point  in  the  electrode  volume  may  be  cal¬ 
culated  by  electrostatic  theory  provided  the  frequency  is  not  too  high. 

The  relaxation  time  of  the  medium  sets  the  upper  frequency  limit.  This 
same  limit  also  occurs  when  the  electrode  resistance,  R,  due  to  the  conduc¬ 
tivity  of  the  medium  is  comparable  with  the  electrode  capacity,  C,  which 
depends  on  the  dielectric  constant, K  ,  of  the  medium.  If  f;^  is  this  maximum 
frequency,  then 


Snf^RC  =  1  , 

where 

RC  = 

<r 


hence, 

f  ~  g~ 

•12 

and /To  =  8.85  X  10  farad/meter  is  the  permittivity  of  free  space. 
Another  limitation  at  high  frequency  which  modifies  the  potential  field 
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The  skin  depth, 


at  some  distance  from  the  electrode  is  the  skin  effect. 

8,  is  given  hy  (2) 

-7 

where  n,  =  4rc  x  10  henry /meter  is  the  permeability  of  free  space.  Since 

the  distribution  function, w,  ordinarily  falls  off  rapidly  with  distance 
from  the  electrode,  we  arbitrarily  set  as  an  upper  limit  to  the  frequency 
due  to  the  skin  effect  as 


8  =  b 


} 


where  b  is  the  mean  radius  of  the  electrode  configuration, 
frequency  by  f^ ,  we  have 


Denoting  this 


Numerical  examples  of  these  limiting  frequencies  are  listed  in  Table  10.1 
for  sea  water  and  tap  water.  The  smaller  of  the  two  frequencies  fx  or 
fg  sets  the  upper  limit  for  the-  validity  of  electrostatic  theory  in  the 
given  medium  and  for  the  given  electrode. 


Table  10.1  .  Maximum  Frequency  for  Valid- 


ity  of  Electrostatio  Theory 


Sea  Water 

Tap  Water 

fx 

1.2  kmc 

11  me 

fs 

530  me  * 

53  kmc 

< 

74 

81 

(T 

4.8  ohm'^"^ 

.048  ohm"V"^ 

b 

1  cm 

1  cm 

1.0 

1.0 

^Maximum  Frequency 


Inhomogeneous  Medium 

If  the  conductivity  of 
the  medium  is  inhomogeneous, 
the  potential  does  not  satisfy 
Laplace's  equation;  but  sat¬ 
isfies  the  equation 

where  cr  is  a  (known)  function 
of  position.  Expanding  this 
equation  we  find 


If  the  conductivity  gradients  are  everywhere  perpendicular  to  the  currents 
which  flow  in  the  homogeneous  case,  the  solution  to  the  inhomogeneous  poten¬ 
tial  problem  is  Identical  with  the  homogeneous  case.  A  first  order  equation 
for  the  potential  is  obtained  by  defining 

^  P 

(r=  C1+-0  ^ 


10.4 


where  ic  the  average  conductivity  of  the  Tnedlum  and  <f^  is  the  unit 
potential  for  the  homogeneous  case.  Neglecting  second  order  terms,  we 
find 


which  is  Poisson's  equation  since  the  quantity  on  the  right  side  is  known 
everywhere.  The  boundary  conditions  on  the  first  order  potential  correction 
are 


0  on  both  electrodes 
0  on  insulators 


Impedance  Boundary  Condition 

Electrode  surfaces  are  not  always  perfect  conductors.  Extremely  thin 
deposits  of  partially  conducting  material  may  form  on  the  metalic  elec¬ 
trodes.  As  a  consequence,  the  potential  problem  is  modified  in  that  the 
boundary  conditions  for  the  problem  are  changed.  Suppose  that  the  surface 
admittance  per  unit  area  of  the  electrodes  is  ^  +  io^  which  is  due  to  an 
(assumed)  infinitely  thin  contaminating  film.  Within  the  conducting  medium 
the  potential,  'p,  still  satisfies  Laplace's  equation; 

however,  the  boundary  conditions  are  now  mixed 


tl 


=  1  on  positive  electrode 

a  0  on  negative  electrode 
=  0  on  insulators 


The  additional  terms  are  due  to  the  (complex)  Impedance  of  the  boundary. 
If  the  surface  impedance  is  low 

»  5- , 

the  first  order  solution,  ^  ,  to  the  potential  problem  satisfies  the 
approximate  boundary  conditions 
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where  Is  the  solution  for  zero  surface  impedance  sind  =  cfe  +  ip  • 

If  the  surface  Impedance  is  small,  the  following  relation  is  approximately 
valid 

where  ^  is  the  potential  in  the  medium  at  a  point  on  the  positive  elec¬ 
trode  and  ^  the  potential  in  the  medium  at  a  point  on  the  negative  elec¬ 
trode  {^*1,  ^^O). 


Dipole  Field 

The  potential  field  of  a  simple  electric  dipole  is  of  interest  "be¬ 
cause  of  its  close  similarity  to  the  field  at  great  distance  from  certain 
double  electrode  configurations. 

The  potential  field,  V,  of  a  dipole  is  (3) 

w_  r  _  p  4^^ 

where  ^  is  the  electric  dipole  moment,  is  the  angle  between  the  radius 
vector"?  and  the  plane  of  symmetry  of  the  dipole.  A  dipole  field  is  ob¬ 
tained  for  a  positive  and  negative  charge  of  magnitude  q,  separated  by  a 
distance  ^  ,  provided  r  .  The  magnitude  of  the  dipole  moment  is 

p  =  qjl  ' 

The  "equivalent  dipole  moment"  of  a  double  electrode  configuration  may  be 
defined  in  the  following  way.  Let  b  be  a  reference  dimension  of  the  elec¬ 
trode,  and  suppose  that  the  unit  potential  field  at  large  distance  (r  ?>  b) 
from  the  electrodes  is 

'^O  fp-)  ; 

where  m,  is  a  dimensionless  nianber  which  depends  on  the  details  of  the 
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electrode  geometry.  Equating  the  potential  of  a  dipole  to  that  of  the 
electrode  system: 


we  obtain  the  equivalent  dipole  moment 

The  quantity  in  hraokets  is  termed  the  "unit  dipole  moment."  If  C  is  the 
capacity  of  the  electrode  configuration^  the  induced  charge,  q,  on  the 
electrodes  Is 


q  =  CV, 


This  provides  a  means  of  defining  the  "effective  length,"  ,  of  the 
equivalent  electric  dipole  of  the  electrode: 


or 


p  = 


4-7r/^o 

CL 


The  capacity,  C,  of  the  electrodes  is  related  to  the  resistance  between 
the  electrodes  by  (Sec.  10.3  ): 


Rcr  = 


. 

C 


Consequently,  the  effective  size  of  the  equivalent  dipole  is 

X  =  ^"(ROb)  mob  . 


The  function 


^  iV®" 


for  a  dipole  field  is  found  by  differentiation: 
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10.2  Axi symmetric  Potential 

The  potential  field  of  an  axially  symmetric  electrode  configuration 
is  a  useful  special  case  to  consider.  The  electrodes  of  primary  interest 
are  of  this  type.  The  flush  type  electrode  has  the  added  simplification 
that  the  potential  defined  on  the  electrodes  and  insulators  lies  in  a 
plane.  Formulas  for  obtaining  the  axisymmetric  potential  field  are  discus¬ 
sed  below.  These  formulas  are  later  used  to  calculate  the  resistance  of 
a  given  electrode. 


Green's  Function 

The  electrostatic  potential  of  a  given  surface  potential  distribution 
may  be  obtained  by  Green's  function  method  (4): 

where  ^  is,  the  surface  distribution,  G  is  the  Green's  function  (which  is 
zero  on  the  boundary  in  this  case),  and  the  integration  is  carried  over 
the  surface  which  contains  the  field  distribution.  For  a  plane  boundary 
(e.g.,  z  =  O)  with  a  radially  symmetric  potential  distribution,  a. 

particularly  simple  Green's  function  is  obtained  by  the  image  method  (5) 

oo  IT 

-irJ I  , 

o 


where  r^^  is  the  distance  between  the  source  point  and  the  field  point  as 
shown  in  Figure  10. 1  and 


r, 


^  ^  A"  •  CoS,  & 


The  potential  on  the  axis  (  ^  =  90°)  is 
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Legendre  Polynomial  Expansion 

Consider  the  axisyinmetrlo  potential  field  corresponding  to  the  surface 
distribution  which  is  zero  for  p  ?-b.  The  inverse  distance  r^  may  be 
developed  in  a  series  of  Legendre  polynomials  (6) 

(-i-T  ^  , 

where  it  is  assumed  that 


0  ^  p  «  b  <  r 


Differentiating  with  respect  to  the  argument  of  Pn.  we  get  the  expansion 
for  r£3  (7): 

i  liT 

where  the  prime  denotes  differentiation.  Substituting  this  expansion  in 
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the  integral 


h  ^TT 

-k- !  'k(f) 


we  find 


where 


and 


aTT 


S^fccsip)  =  ^ Cc>s0.  Cos.</^) 


Tl^  numhers  iHj^  are  the  nmment  coefficients  of  the  potential  distribution 
over  the  plane  0  ^  p  b.  The  fionotions  Fn(CoSil*)  are  obtained  from 
the  known  expressions  for  Pj^j  the  first  few  of  which  are: 


Fo 

^1 

^3 


F4  =  ^  OOS^tp  -  ^  COB^l|/  4-  ^ 


In  general  ^p(cos'V]  =  0. 

At  a  great  distance  from  the  potential  distribution  (r  »  b)  only  the 
leading  term  is  important: 


which  is  just  the  field  of  a  dipole.  The  constant  m,  is 

/ 

O 


Laplace's  Formula 

An  expression  due  to  Laplace  for  an  axisyinmetric  potential  distribution 
Z-TT 


+  i 


where 


Costjj  = 


The  function  (z)  is  just  the  axial  value  of  the  potential  ^‘(Pjz) 


${z)  =  <j>{0,z)  . 


If  no  axial  charges  existjthe  above  expression  gives  the  potential;  ^  ; 
at  all  points  accessible  from  the  axis  without  crossing  a  charged  surface 
(9)- 


Bessel  Integral 

Solutions  of  Laplace's  equation  in  cylindrical  coordinates  for  axisym- 
metric  boundary  conditions  in  the  plane  may  be  represented  by  the  integral 
(10,11) 

J.(V) 


/ 


where  F(k)  is  a  weight  function  determined  by  the  boundary  conditions, 
the  plane  boundai-y 

0 


On 
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Inverting  this  expression  'by  the  Fourler-Bessel  Integral  (12)  the  fvinctlon 
F(k)  Is  found  to  he 


f^(^)  = 


o 


10.3  Homogeneous  Volume 

The  calculation  of  resistance  of  a  given  electrode  In  a  homogeneous 
medium  la,  at  beat,  difficult.  Certain  methods  of  calculation  are  more 
suited  to  a  given  configuration  than  others.  In  the  interest  of  a  wider 
choice,  several  methods  of  resistance  calculation  are  considered  below. 


Surface  Integral 

Frequently  the  simplest  direct  way  of  calculating  the  electrode  resist¬ 
ance  is  the  following.  The  current,  I,  from  the  positive  electrode  is 

jr  =  /  T- 

where  J  is  the  current  density  and  the  integral  is  carried  out  over  the 
surface  of  the  positive  electrode .  Hy  convention,  X points  into  the  medium 
on  the  positive  electrode  and  is  parallel  to  dX.  The  current  density  is 

7%,  -  cr^V  =  -  cTV'o  , 

where  V®  is  the  potential  between  the  electrodes.  By  Ohm's  Law  V*  =  IR. 
Combining  the  above  relaticns  we  have 

^  =  -  JlfJA  -  - 

Similarly  on  the  negative  electrode 


and 
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Volume  Integral 

Another  formula  for  electrode  resistance  is  obtained  by  considering 
the  total  power  dissipated  in  the  electrode  medium.  The  power  density  is 

^  =  J*  (-Vv)  =  . 


The  volume  integral  of  the  power  density  is  equal  to  the  total  electrode 
power 

J (T 

By  the  Joule  heating  relation: 


or 


Vf  =  PR 

^  J  (T  (v^T 


For  a  homogeneous  medium 

/  ^  R.<r 

Defining  w  =  R(3(  )  ,  we  have  as  before: 


Green's  Function  Surface  Integral 

An  expression  for  the  resistance  may  be  derived  from  the  Green's 
function  representation  of  the  potential  field.  The  potential  by  Green's 
function  method  is  (4) 

f  ' 

where  the  integration  is  carried  out  over  the  surface  enclosing  the  conduc¬ 
ting  medium,  and  G  is  a  Green's  function  suitable  to  the  problem. 

First,  let  a2_  be  a  Green's  function  which  is  unity  on  one  electrode 
(say,  the  positive  one)  and  zero  on  the  rest  of  the  surface,  then 
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Now,  let  G2  ^  Green's  f’mction  which  is  unity  on  the  negative  electrode 
and  zero  over  the  rest  of  the  enclosing  surface,  then 


^  -I  U  . 


It  will  he  recalled  that 


^  -  J 

=  /  M 


hence,  it  follows  that 


f'k 


R<r 


=  u. 


■‘JjA. 


Define  another  Green's  function  G*,  such  that 


thus, 


-fi  L^‘*» 
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This  formula  gives  the  desired  result  of  the  electrode  resistance  as  a 
surface  integral  involving  only  the  boundary  value  potential- 

It  remains  to  get  the  functions  G-j_  atnd  Gg  which  can  be  done  in  a 
direct  manner  from  the  solution  of  a  particiilar  potential  problem.  This 
will  not  be  done^  however,  since  a  simpler  means  of  obtaining  the  function 
is  found  later  in  the  next  paragraphs. 

For  a  radially  symmetric  plane  potential  distribution  which  is  zero 
for  p  >  b  (i.e.,  on  the  negative  electrode)  the  above  integral  becomes 

/ 

o 


(with  p  =Ab,  n  =  Vb) 
1 

flcrh 


Bessel  Surface  Integral 

Consider  an  axisymraetric  potential  distribution  in  the  plane  z  =  0 
which  is  zero  for  p  >  b.  The  Bessel  integral  representation  for  such  a 
potential  given  in  Section  10.2  is 


oo 


- 


where 


and 


P=-\b 
z  =  ^  b 


The  normal  gradient  of  ^  on  the  surface  is 


The  integral  of  this  expression  over  the  surface  of  one  electrode  or  the 
other  is  (R<r)'^.  Assume,  for  example,  that  one  electrode  is  the  region 
A>1  (over  which  <6  =  O)  and  the  other  is  the  region  0  ^  a  (over 

which  ^  =  l).  This  is  the  "eye-type"  electrode  (See.  9.2  ).  In  this  case 
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^  4Jl 


^<rh 


C< 

^  T 

=  2.7r  /^  /  P  Jo  (if)  Jf) 

=  Zir<x.  / 


The  expression  for  F(k)  is  (Sec.  10.2  ) 

'!»0 

r('k)-  ^  J  -K!  cf'fo  . 

6 

Substituting  this  expression  and  inverting  the  order  of  Integration  we  get 

oc  e-o 

~R~h  ~  J  ^Jtu)  -Hfdvj  j ^  (ko^  , 

0  O 

Let  w  =  a>c  and  to:  =  4<, ,  then 

oo  r  z®  \  / 

=  2.7ro<:  j'VLZUi^ 

The  integral  in  square  brackets  is  (13,1^,26) 

7  (  /i) - Eiil —  .  X  <;  / 
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where  K(x)  and  E(x)  are  complete  elliptic  integrals  of  the  first  and 
second  kind,  respectively.  Call  this  integral  /\(x)/x.  Finally,  with 


the  assumed  limitations  on  bo\indary  potential: 


Rcrh 


/  <pJ‘<x)A(x)  Ax 


=  (A) 

d 

where  op  =  1.  Thus,  an  integral  over  the  surface  potential  distribution 
^  may  be  made  to  obtain  the  electrode  resistance.  This  is  Just  what  was 
accomplished  previously  by  a  Green's  function  method.  Comparing  the  two 
results,  it  follows  that 


Iv  =  ir  ^  A  J  MM. 

o 


Approximate  Methods 


Upper  and  lower  limits  to  the  electrode  resistance  can  be  obtained  by 
the  following  technique  (15)*  If  a  non-conducting  surface  is  introduced 
into  the  electrode  volume  the  electrode  resistance  is  greater  than  without 
it.  Frequently,  by  the  introduction  of  an  appropriate  surface,  the  cur¬ 
rent  lines  can  be  distorted  into  those  corresponding  to  a  simpler  potential 
problem  in  which  the  resistance  is  more  readily  calculated.  The  resist¬ 
ance  calculated  in  this  way  is  an  upper  limit  to  the  actual  electrode 
resistance.  Similarly  by  the  appropriate  Introduction  of  conducting  sur¬ 
faces,  a  lower  limit  to  the  resistance  can  be  obtained. 


A  variational  principle  may  be  used  to  obtain  a  least  upper  limit  of 
the  electrode  resistance  when  an  approximate  expression  for  the  resistance 
is  known  {,15 )•  The  principle  is  based  on  the  fact  that  the  power  dis¬ 
sipated  in  the  electrode  is  least  if  the  expression  for  the  resistance  is 
precisely  equal  to  the  actual  value.  Thus,  any  expression  for  the  resist¬ 
ance  with  an  adjustable  parameter  can  be  optimised  to  obtain  a  least  upper 
limit  to  the  actual  resistance.  Several  examples  of  this  technique  are 
given  in  References  (16,17,18,27). 


10.4  Inhomogeneous  Volume 

Formulas  are  developed  below  for  several  cases  where  the  conductivity 
of  the  medium  is  inhomogeneous  over  the  sensitive  volume  of  the  electrode. 
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These  expressions  are  used  to  study  the  response  of  an  electrode  to  random 
fields  with  microstrueture  smaller  than  the  size  of  the  electrode,  and  the 
response  to  small  huhbles  and  "boundary  layer  effects. 


gradual  Inhomogeneity 

Conductivity  variations  in  the  field  of  the  electrode  introduce  small 
perterbations  in  the  unit  potential  function,  ^ ,  obtained  for  the  case 
of  homogeneous  conductivity.  If  is  the  new  solution,  introduce  the 
small  error  potential  u  so  that 

^  +  u  . 


Since  the  boundary  conditions  for  <p and  (p  are  the  same,  the  error  poten¬ 
tial,  u,  has  the  boundary  condition  that  it  is  zero  on  both  the  electrodes 
and  ^/K.  is  parallel  to  the  insulator  surfaces.  Let  the  conductivity  at 
a  given  position  be  and  it  is  assumed  that  it  differs  only  slightly 
from  the  average  conductivity  cr.  Define  a  dimensionless  function  of  posi¬ 
tion,  1  ,  which  accounts  for  the  variations  in  conductivity: 


t  = 


where  (il «  1.  The  expression  for  the  resistance  variations  is  beat  ob¬ 
tained  by  considering  the  power  dissipated  at  the  electrode.  The  elec¬ 
trode  power,  P,  is 


^  ^  (Hr , 

where  is  the  electrode  resistance.  Combining  the  above  relations  and 
neglecting  second  order  terms: 


/ 

<rR., 


/  O+t)  (V<l>'h 

JhTJm  -h  / +  z  jH-  H 


The  second  order  terms  are  small  if  the  conductivity  variations  are  small 
and  vary  gradually  with  position.  Since 


^  =  y  (hN^ 


we  have 

<r^  [  J 


-  2  yV^- 


10.18 


where  4R  =  terra  is  zeroj  as  shown  helow.  From  the 

identity 

V'  c  ‘V<f>i-n 

integrating  and  applying  Gauss'  theorem 


The  surface  Integral  extends  over  the  electrodes  and  the  non-conducting 
(Insulator)  boundaries .  Since  the  u  is  zero  on  both  positive  and  negative 
electrodes  and  'i4>  is  parallel  to  the  non-conducting  boundaries,  the  sur¬ 
face  integral  is  zero. 

Finally,  we  have 


The  factor  Rcris  the  cell  constant  of  the  electrode.  The  minus  sign 
indicates  that  an  increase  in  conductivity  (  O)  causes  a  decrease  in 
electrode  resistance.  If  £  is  uniform  over  the  electrode  volume  then 


Spherical  Inhomogeneitv 


Consider  a  small  spherical  volume  of  radius  a  in  the  electrode  field 
of  conductivity  0^  which  is  a  factor  K.  times  the  conductivity,  07  of  the 
rest  of  the  medium:  ^ 


0" 


The  diameter  of  the  sphere  is  much  smaller  than  the  typical  dimensions  of 
the  electrode  so  that  the  (undistorted)  potential  gradient  is  essentially 
constant  in  the  vicinity  of  the  sphere.  The  potential  field  distortion 
in  the  vicinity  of  the  sphere  is  a  well-known  problem  in  potential  theory. 
The  problem  corresponds  to  the  electric  field  in  the  vicinity  of  a  spherical 
dielectric  Inhomogeneity  (19).  The  potential  is  given  by 

k  -  4>,  ^  (M)  4^ 
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for  r  >•  a  and 


<k--  6^)  ' 

for  r  <  a  where 

4.  =  vA'  rcc&B  , 

is  the  undisturbed  potential  field  in  the  vicinity  of  the  sphere.  The 
field  inside  the  sphere  is  tiniform  but  a  factor  (3//C+  2)  smaller  than 
the  undisturbed  field.  The  induced  field  outside  the  sphere  is  that  of 
a  dipole. 


The  electrode  resistance,  before  the  insertion  of  the  sphere  is 


f  (vAt  Joi 


where  cT  is  uniform  over  the  total  electrode  volume  v. 
resistance  with  the  spherical  inhomogeneity  is 


The  electrode 


=n  /  crCr)  (v(ft 


=  (tJ  dv  ^  dl)  j 


where  dv  is  the  volume  of  the  sphere.  Substituting  the  above  values  for 
the  distorted  potentials  and  integrating  over  the  respective  volumes,  we 


or,  if  .4R  =  R  -  R^<R,,  then 


Thus,  the  change  of  resistance  depends  on  the  local  value  of  the  function, 
f  and  the  volume  of  the  sphere.  This  is  basically  a  result  of 
Weiss'  sphere  theorem  (20).  This  result  is  valid  for  a  small  shpere  which 
is  not  close  to  the  boundaries  of  the  electrode  volume.  It  will  be  noticed 
that  this  expression  does  not  reduce  to  the  expression  previously  obtained 
for  the  case  of  a  small  gradual  inhomogeneity  (K— ^l).  This,  presumably, 
is  because  the  change  in  conductivity  is  not  gradual  everywhere;  in  partlc- 
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ular,  at  the  spherical  boundary  where  an  abrupt  change  is  experienced. 

For  the  case  of  a  non-conducting  spherical  voliane  (  K  =  O)  we  get  the 
"resistance  of  a  bubble" 

(vir- iv  -  ^  . 

This  fact  will  be  used  in  Section  13 -4  to  analyze  the  response  of  the 
detector  to  bubbles. 

Similar  analysis  has  been  applied  to  the  change  of  conductivity  of 
conducting  solutions  due  to  a  suspension  of  small  non-conducting  volumes, 
i.e.,  the  so-called  "obstruction-effect"  in  electrolytes  (2l).  Other 
shapes  such  as  oblate  and  prolate  ellipsoids  of  given  orientation  have 
been  analyzed  with  respect  to  this  effect  (22,?.3,2lv,25). 


Surface  Layer  Inhomogeneity 

Consider  a  conducting  medium  which  is  otherwise  homogeneous  except 
for  a  very  thin  volume  of  material  at  the  surfaces  of  electrodes.  The 
thickness  of  this  surface  layer  inhomogeneity  is  assumed  to  be  small  in 
comparison  with  the  typical  dimensions  of  the  electrodes  so  that  the 
current  density  is  essentially  uniform  over  the  surface  layer.  If  the 
magnitude  of  the  boundary  layer  inhomogeneity  is  small,  the  following 
expression  is  valid 


where  L  is  the  fractional  change  in  conductivity: 


and  o  is  the  boundary  value  of  conductivity  and  di  the  average  value.  If 
y  denotes  the  local  coordinate  perpendicular  to  the  electrode  surfaces, 
the  above  integral  can  be  broken  into  two  parts  consisting  of  integrals 
over  the  positive  and  negative  electrodes : 


where  is  essentially  constant  over  the  layer  region,  and  the  upper 

limit  to  the  Integral  of  £  with  respect  to  y  indicates  integration  over 
the  complete  depth  of  the  bgundary  layer  where  L  is  finite.  Define  the 
boundary  layer  thickness,  6  ,  by 
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where  is  the  maximum  value  of  |  in 
face  as  shown  in  Figure  10.2  j  and 


-  (-fj  = 


the  vicinity  of  the  electrode  sur- 

i*'  -I-  jjA  i*] 


If  the  fractional  change  t 
expression  simplifies  to 


is  independent  of  position  on  the  electrodes  the 

h  1  +■  p/l 


Figure  10.2 


Boundary  Layer 
Inhomogeneity 


A  useful  definition  for  the  effective 
electrode  area  (of  each)  follows 
from  this  expression  "by  comparison 
with  the  result  for  parallel  elec¬ 
trodes  of  area  S  which  are  sepa¬ 
rated  "by  a  distance^  .  In  this 
case  of  a  uniform  field 

I  ^  ^  ' 


The  area  S  for  a  general  electrode 
is  defined  by  eq,uating  the  above 
expression  for  a  uniform  field 
with  that  for  the  actual  field j 


S  is  called  the  "effective  electrode  area"  and  represents  an  average  area 
for  each  electrode.  In  this  notation  the  fractional  change  of  electrode 
resistance  for  a  uniform  boundary  layer  is 


-  : 

If  the  electrode  field, 
the  expression  is 


R.<rS 

is  viniform  but 


varies  with  position, 
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where  Vo  ie  the  "electrode  volume"  (Sec.  12.2  ).  This  expression  is 
used  in  Section  lU.i*-  to  calculate  the  hovindary  layer  resistance  of  an 
electrode . 


10.5  Homogeneous  Surface 

The  theory  of  developed  in  this  Section  for  the  surface  impedance  of 
an  electrode.  Only  the  simplest  case  is  considered  of  a  surface  of 
uniform  properties  but  the  existence  of  a  non-uniform  current  density  is 
included. 


Surface  Impedance 

Consider  a  double  electrode  configuration  with  a  uniform  surface 
admittance  per  unit  area  y  +  iop  immersed  in  a  homogeneous  conducting 
medium.  The  surface  conductance  per  unit  area  is  y  ,  and  the  surface 
capacitance  per  unit  area  is  p.  The  surface  layer  is  assumed  infinitely 
thin.  Consider  the  tube  of  current  shown  in  Figure  10. 3  in  which  the 
element  of  area  dAg  on  electrode  No.  2  is  the  projection  along  the  cur¬ 
rent  lines  of  the  element  of  area  dA-,  on  electrode  No.  1.  The  conduct¬ 
ance  of  the  tube  of  current  due  to  its  volume  conductivity  is 

irdA,  vi  ^  rJAc. 

4't.- 4:  '' 

where  'the  unit  potentials  on  each  of  the  electrodes  which 

depend  on  the  point  on  the  electrode.  Define  the  function  f  such  that 


The  surface  admittance  of  electrodes  No.  1  and  No.  2  are,  respectively 


Figure  10.3  .  Elementary  Tube  of  Current 


10.23 


Ms,  • 


Tlie  net  differential  electrode  admittance  due  to  the  currents  flowing 
through  these  elements  of  area  is 


Define  the  q,uantity,  }  ,  such  that 

M.  _  jt  .  (<^l 

or 

=-  ^  . 


This  quantity  depends  only  on  the  electrode  configuration^  and  is  unity 
for  Identical  electrodes  in  a  symmetrical  arrangement,  Suhstituting  in 
the  above  equation,  we  find 


Define  the  ratio,  P,  of  the  volume  conductivity  of  the  electrolyte  to 
surface  admittance  as  (28,29) 


(T 

The  dimensions  of  this  complex  quantity  are  inverse  length,  and  depend 
only  on  the  physical  properties  of  the  electrolyte  and  electrode  material. 
With  these  definitions,  we  have 

K  _  f  ,IA 

2  -  j  ^ 

where  R  is  the  electrode  resistance  for  aero  surface  impedance.  The 
integration  may  he  taken  over  the  surface  of  either  electrode  (if /|  is 
properly  defined)^  hence,  the  subscript  has  been  dropped. 

The  important  case  of  practical  interest  is  when  the  surface  imped- 
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It  1b  usually  desirable  in  practice,  that  this  number  be  small.  The 
figure -of -merit  improves  (smaller)  if  the  electrode  configuration  is  of 
large  dimensions;  the  volume  conductivity  is  small  and  the  surface  admit¬ 
tance  is  large. 
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A  difficulty  is  sometimes  encountered  with  the  above  definition  of 
S,  since  at  the  "edges"  of  certain  electrodes  the  current  density  be¬ 
comes  infinitely  large  in  such  a  way  that  S  is  zero.  The  quantity,  T, 
may  be  written 


where 


K7 J  (.  /y- 


is  the  phase  factor  of  the  surface  admittance.  The  figure-of -merit  is 


F 


■2. _ 


Applications  of  this  theory  of  the  effects  of  the  surface  impedance  of 
electrodes  is  found  in  References  (30>31>32). 
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11.  DETECTOR  HEAD 


The  sensing  electrodes  described  in  an  earlier  Section  must  be  mounted 
in  such  a  way  that  they  are  exposed  to  the  fluid  flow  in  order  to  measure 
the  properties  of  the  medium.  The  mounting  configuration  for  the  elec¬ 
trodes  is  termed  the  "detector  head."  It  is  necessary  to  study  the  hydro- 
dynamic  flow  about  this  solid  on  which  the  elements  are  mounted.  This 
flow  may  be  laminar  or  turbulent  and  may  involve  either  potential  or 
boundary  layer  flow.  The  detector  head  distorts,  in  one  way  or  another, 
the  previously  existing  velocity  field  at  the  point  of  measurement  because 
of  the  presence  of  the  probe.  This  Section  deals  with  these  hydrodynamic 
considerations  as  they  relate  to  the  properties  and  performance  of  the 
detector  for  measuring  velocity  and  scalar  turbulence  fields  in  water. 

Two  main  types  of  electrodes  can  be  distinguished:  the  "probe  type" 
consisting  of  a  small  electrode  occupying  the  end  region  of  a  long,  thin 
probe-shaped  body  and  the  "flush  type"  which  is  an  electrode  configuration 
which  can  be  imbedded  in  a  surface  allowing  locally  rectilinear  flow. 
Numerous  detector  head  shapes  can  be  mentioned  which  fall  into  these  two 
classes.  Each  of  these  has  various  advantages  and  disadvantages.  The 
sensing  elements  may  be  mounted  singly  or  as  double  (differential)  or 
multiple  sensors  on  the  same  or  different  detector  heads.  The  basis  for 
determining  the  relative  merits  of  a  given  shape  are  discussed  In  this 
Section.  Also,  three  specific  types  are  discussed  in  detail:  l)  Rankine 
probe,  2)  cylindrical  headland  3)  wedge  head.  A  description  of  the  opti¬ 
mum  position  for  the  electrodes  on  the  detector  head  is  based  on  the  above 
analysis. 


11.1  General  Considerations 

The  velocity  field  about  the  detector  head  is  of  importance  to  the 
present  Instrumentation  both  as  a  velocity  detector  and  a  temperature  or 
concentration  detector.  The  hydrodynamic  properties  of  the  axi symmetrical 
probe  type  head  and  two  dimensional  flush  type  detector  heads  involve  the 
determin8.tion  of  the  velocity  field  for  potential  flow,  the  velocity  bound¬ 
ary  layer  thickness  and  the  point  where  the  flow  becomes  turbulent  on  the 
surface  of  the  probe.  The  velocity  field  about  the  sensing  electrode  is 
fundamental  to  the  determination  of  the  effective  frontal  area  of  the  elec¬ 
trode  for  the  heating  equation  (Sec.  12.2  ).  The  boundary  layer  thickness, 
which  should  be  as  small  as  possible  relative  to  the  electrode  dimensions, 
is  of  Importance  in  connection  with  the  dynamic  response  of  the  detector 
(Sec.  l4.4  ),  and  determines  the  extent  of  the  undesirable  temperature  rise 
at  the  surface  due  to  electrical  heating  (Sec.  12.4  )■  The  turbulence 
transition  point  on  the  surface  of  the  detector  head  dictates  the  limiting 
position  of  the  electrode  on  the  head,  since,  for  proper  performance,  the 
sensing  element  must  be  located  in  the  undisturbed  laminar  flow  region 
usually  found  on  the  forward  suiface  of  the  body.  If  the  electrode  is 
operated  in  the  turbulent  region  of  the  flow,  it  is  measuring  fluctuating 
signals  due  to  the  probe  itself.  The  velocity  field  for  potential  flow 
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yields  information  on  the  directional  response  of  the  detector  as  a 
velocity  sensor  and  information  on  the  point  where  cavitation  may  result 
and  confuse  the  measurements. 

There  are  two  main  classes  of  electrodes;  the  "probe  type"  and  the 
"flush  type."  The  probe  type  is  characterized  as  follows:  an  electrode 
is  mounted  on  the  end  of  an  axially  symmetric  probe- shaped  body.  The 
stem  of  the  probe  is  cylindrical  a  short  distance  from  the  nose  and  the 
electrode  dimensions  are  comparable  to  the  stem  diameter.  The  dimensions 
of  the  probe  are  usually  small,  say,  of  the  order  of  1  mm.  The  velocity 
field  in  the  region  of  the  electrode  at  the  nose  of  the  probe  is  not 
uniform  over  the  sensing  volume  of  the  electrode  and  a  stagnation  point 
exists  within  the  electrode  volume.  The  boundary  layer  thickness  is  not 
constant  on  the  surface  of  the  electrode.  The  analytical  study  of  probe 
type  detector  heads  is  complicated  because  of  the  general  nature  of  the 
flow  over  the  region  of  importance  at  the  nose. 

The  flush  type  is  characterized  by  an  electrode  which  can  be  imbedded 
in  a  surface  over  which  the  fluid  can  be  locally  uniform.  The  simplest 
case  of  this  is  a  plane  surface  with  a  flush  mounted  electrode  in  it;  the 
surface  may  be  cylindrical,  as  for  example  on  the  inside  of  a  pipe  or 
outside  of  a  rod  with  the  electrode  flush  with  the  surface;  or  lastly, 
the  surface  can  be  doubly  convex  or  concave  if  the  radii  of  curvature 
are  much  larger  than  the  typical  dimension  of  the  electrode.  Ordinarily 
no  stagnation  point  exists  in  the  electrode  region.  The  flow  in  the  region 
of  the  electrode  is  two-dimensional  and  the  velocity  boundary  layer  thick¬ 
ness  there  can  be  considered  constant  over  the  surface  of  the  electrode. 

The  analysis  of  the  flow  in  this  case  is  generally  simpler  than  that  for 
the  probe  type  because  of  the  simpler  velocity  distribution, 

Examples  of  the  flush  type  detector  heads  for  two-dimensional  flow 
are  cylinders  of  circular,  parabolic,  elliptic  and  wedge  shaped  or  airfoil 
cross  section.  Some  of  these  types  are  illustrated  in  Figure  11.1  ;  the 
small  rectangles  indicate  the  possible  location  of  pairs  of  flush  type 
electrodes.  The  two  simple  types,  the  circular  cylinder  and  the  wedge, 
are  studied  in  detail  later  in  this  chapter. 

Examples  of  the  probe  type  detector  head  are  the  dankine  semi-infinite 
solid,  cone,  hemisphere  and  ogive.  Some  of  these  types  are  illustrated 
in  Figure  11.3  ;  the  shading  at  the  nose  represents  the  location  of  the 
Insulator  between  the  center  and  outer  electrode.  The  flow  properties 
of  the  Rankine  half-body  are  considered  in  detail  bpi , 


11 . 2  Rankine  Probe 

The  only  probe  shape  which  fulfills  the  requirements  for  a  practical 
detector  probe  and  which  has  a  velocity  field  for  potential  flow  which 
can  be  put  in  relatively  simple  analytical  form  is  the  semi-infinite 
Rankine  solid.  Its  surface  corresponds  to  the  interface  between  a  fluid 
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I  Figure  11,1  .  Two-Dimensional  Detector  Heads  for 
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in  'Uniform  flow  in  which  is  placed  a  point  source  of  another  fluid.  The 
resulting  streamlined  shape  is  rounded  at  the  nose  and  assumes  an  almost 
constant  stem  diameter  a  short  distance  from  the  nose.  Although  the 
analysis  given  below  is  strictly  true  for  a  Ranklne  half-body,  it  is  approx¬ 
imately  valid  for  a  rod  terminated  by  a  particular  ellipsoid  of  revolution, 
in  particular,  a  hemispherical  tip.  Since  the  P.ankine  probe  shape  is 
defined  in  an  intrinsic  way,  only  a  single  parameter  (e.g.  diameter)  is 
necessaiy  to  specify  its  geometry  fully.  In  spite  of  the  fact  that  the 
velocity  field  can  be  expressed  analytically  in  closed  form,  we  will  see 
that  the  details  of  'this  probe  are  somewhat  complicated.  This  is  In  marked 
contrast  with  the  simple  shapes  of  the  circular  cylinder  and  wedge  consider¬ 
ed  in  the  next  Sections. 


Potential  Flow 

The  velocity  field  for  axisymmetric  flow  about  a  rankine  semi-infinite 
body  is  obtained  by  superimposing  the  fields  of  a  point  fluid  source  and 
a  uniform  stream  (l,2).  For  flow  from 'right  to  left  as  shown  in  Figure 
11.3  >  the  velocity  potential  function,^,  and  Stokes  Stream  Function,  y', 
are 

6  ■=.  -t  t/r  dos  6 

^  r 

i  9  fi-Cos.©)^ 

where  r  is  the  radius  from  the  point  source,  and  a  is  the  distance  from 
the  source  to  the  stagnation  point. 


The  radial  and  angular  components  of  velocity  are 

^  '  T^s  -  '  'r('^^  ■“  ^  • 

The  stagnation  point  where  u  =  u  =  0  obviously  occurs  where  Q  =  0  and 
r  =  a.  The  streamline  surface  (•'j^  =  const.)  which  passes  through  the 
stagnation  point  also  corresponds  to  the  shape  of  the  probe  body: 

‘^=-  o  U  (^/—  CcS-e\ 

therefore  the  surface  of  the  Eankine  probe  is  described  by 


r  =  a  sec(e/2)  . 


On  this  surface  the  stream  function  is  zero  (W*  =  O).  The  potential 
function  at  the  stagnation  point  assumes  the  value  %  =  2Ua.  This  surface 
can  be  traced  by  Rankine's  method  (3)  or  direct  calculation  from  this 
eq,uatlon.  If  p  =rsin©  is  the  distance  from  the  axis,  the  equation  of  the 
surface  Is  given  by 


=  2a^(l  -  cos©)  . 

If  X  =  r  cos©  is  the  distance  along  the  axis,  the  surface  is  described  in 
parametric  form  by 

X  =  a  coc©  •  Dec(9/2) 
p  =  a  sin©  .  sec (e/2)  . 

These  variables  have  been  calculated  for  a  range  of  values  and  are  listed 
in  Table  11,1  .  At  great  distance  from  the  stagnation  point  on  the  surface 
of  the  body,  (©-^jt)  we  see  that  the  radius  approaches  p  =  2a  and  the  con¬ 
stant  a  is  related  to  the  stem  diameter  by 


a 


d 

4  • 


A  curve  of  the  Rankine  surface  is  plotted  in  Figure  11.4  where  it  mo.y  be 
seen  that  the  probe  shape  assumes  the  diameter  d  only  a  short  distance 
from  the  nose.  At  a  distance  along  tha  axis  from  the  stagnation  point 
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Table  11.1  .  Hankine  Body  Functions 


Degrees 

e 

M 

fp/a) 

s*(e) 

u/U 

(X-Ib.) 

■ 

0 

1.000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

10 

0.9886 

0.1743 

0.9973 

0.1738 

0.0114 

0.1746 

20 

0.9542 

0.3473 

0.9960 

0.3432 

0.0458 

0.3512 

30 

0.8966 

0.5177 

0.9914 

0.5045 

0.1034 

0.5312 

40 

0.8152 

0.6841 

0.9845 

0.6533 

0.1848 

0.7168 

50  X 

0.7093 

0.8452 

0.9754 

0.7865 

0.2907 

0.9096 

60 

0.5774 

1.0000 

0.9639 

0.9014 

0.4226 

1.113 

70 

0.4175 

1.1472 

0.9502 

0.9955 

0.5825 

1.331 

80 

0.2267 

1.2856 

0.9333 

1.068 

0,7733 

1.566 

90 

0.0000 

1.4i42 

0.9136 

1.118 

1.0000 

1,827 

100 

-  0.2701 

1.5321 

0.8904 

1.146 

1.270 

2,122 

no 

-  0.5963 

1.6383 

0.8631 

1.154 

1.5963 

2.466 

120 

-  1.000 

1.7321 

0.8313 

1.146 

2.000 

2.880 

130 

-  1.521 

1.8126 

0.7943 

1.124 

2.521 

3.408 

l40 

-  2.240 

1.8794 

0.7550 

1.095 

3.240 

4.148 

150 

-  3.346 

1.9319 

0.7016 

1.059 

4.346 

5.236 

l60 

-  5.412 

1.9696 

0.6438 

1.029 

6.412 

7.302 

170 

-11.300 

1.9925 

0.5770 

1.007 

12.300 

13.190 

l8o 

2.0000 

0.5000 

1.000 

00 

CX3 
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equal  to  the  stock  diameter  (where  G  =  147°)  the  prohe  diameter  is 
already  96  of  the  asymptotic  value.  The  radius  of  curvature  at  the 
stagnation  point  is  found  hy  differentiation  (4)  to  he  (4/3 )a  =  -^  d.  The 
distance  from  the  nose  in  the  direction  of  flow  (i.e.  toward  the^stem  of 
the  prohe)  is  denoted  hy  /; 


/  =  a  -  X  . 

The  theory  of  potential  flow  about  a  Rankine  solid  is  most  simply 
expressed  in  parametric  form  with  G  as  the  parameter.  It  is  sometimes 
more  descriptive  if  the  flow  properties  can  he  plotted  as  a  function  of 
arc  length,  s,  along  the  surface  from  the  stagnation  point.  The  arc 
length  for  negative  values  is  understood  to  he  the  distance  along  the  axis 
up  stream.  Beginning  with  the  expressions 


r  =  a  sec(G/2) 


and 


Jl.  - 


r 


j- 

J.Z 


^2. 


and  with  some  algehralc  manipulation,  the  arc  length  is  given  in  integral 


which  can  he  reduced  to  integrals  of  elliptic  form.  For  small  G  the 
arc  length  is  approximated  hy 


which  is  a  good  approximation  up  to  0  =  x/g.  The  integral  expressed  in 
terms  of  elliptic  functions  is  (5) 
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where  F(^,k)  and  E(«,k)  are  elliptic  integrals  of  the  first  and  second 
kind  of  modulus  k  and  amplitude^.  This  f\mct^on  is  tabulated  in  Table 
11.1  ;  also  tabulated  there  is  the  function  s  (o): 

s  =  2a  tan(o/2)  s*(0) 

where 

The  arc  length,  a,  is  always  greater  than  the  distance  along  the  axis 
from  the  nose  but 

limit  (s  -  a 

e-»n 

The  velocity  on  the  axis  (e  =  O)  is 

(u)  =  (r:>a) 

and  the  velocity  on  the  surface  is 

/Uv2  2-  .  It/Sv 

(y)  =  sin  (e)  +  sin  (^) 

or 

JHJ  =  2  sln(e/2)  1-3/4  8iri^(e/2)  . 


This  latter  velocity  distribution  is  tabulated  in  Table  11.1  and  plotted 
in  Figure  11.5  as  a  function  of  arc  length.  For  comparison  the  surface 
and  axial  velocity  for  a  sphere  are: 


u 


u 


&■ 
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In  order  to  relate  some  of  the  results  of  stagnation  flow  to  the  flow  at 
the  nose  of  a  probe,  we  will  be  interested  in  the  rate  of  change  of  the 
axial  velocity  with  distance  from  the  stagnation  point.  For  a  Rankine 
body  it  is  (at  r  =  a) 

-g  =  -  HI)  ■ 


For  a  sphere  it  is 


where,  here,  Sg  and  dg  are  the  radius  and  diameter  of  the  sphere,  respec¬ 
tively.  The  sphere  with  the  same  velocity  in  the  stagnation  flow  region 
as  a  Rankine  half -body  is  that  one  for  which 


There  are  four  points  of  interest  on  the  surface  of  the  Rankine 
body,  l)  The  stagnation  point  where  the  velocity  is  zero  and  the 
pressure  eq,ual  to  the  ambient  plus  dynamic  pressure  l/2  pU^,  2)  The 
"neutral  point"  where  the  velocity  and  pressure  assume  the  ambient  or 
free  stream  values,  3)  The  "cavitation  point"  where  the  velocity  is  a 
maximum  and  the  pressure  a  rainimw,  and  4)  The  treuasition  point  where 
the  flow  becomes  turbulent.  The  stagnation  point,  of  course,  occurs 
at  the  nose.  The  neutral  point  occurs  where 

2.  I—  =  / 

or 

3  -h/^o 

which  has  two  solutions 

8in(e/2)  =  1  ,  9  =  jt 
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and 

sin(9/2)  =  ij  s[T  ,  e  =  70.6°  . 


The  latter  value  is  the  one  of  interest  and  occurs  at  s  a(l.34).  The 
cavitation  point  occurs  where  u  is  a  maximum  or  where 


du 

dQ 


=  0 


This  applies  when 


or 


sin  (0/2)  =  sfYpi 


0  =  109.3°  ,  s  =  a(2.U3)  . 


At  this  point  the  velocity  assumes  the  value 


u 

max 


so  that  the  theoretical  cavitation  number,  cr,  of  the  Rankine  body  Is  (6) 
(local  underpr.^ss"r?-  coefficient). 


The  transition  point  is  considered  later  as  a  special  topic  related  to 
turbulent  flow. 


In  connection  with  the  directional  response^ it  is  of  interest  to  study 
the  yaw  flow  about  a  Rankine  body.  This  problem  is  complicated  but  can  be 
analysed  by  the  distributed  dipole  source  method  of  Von  Karm^  (7). 


boundary  Layer 

The  thickness  of  the  velocity  boundary  layer  on  a  Rankine  solid  has 
not  been  calculated,  however,  methods  are  available  for  carrying  out  this 
calculation  (8,9).  The  lengthwise  boundary  layer  for  a  thin  cylinder  has 
been  treated  by  Glauert  and  Lighthill  (iO). 


Transition  Point 

Because  of  the  favorable  pressure  gradient  at  the  nose  of  the  Rankine 
probe,  the  transition  point  from  laminar  to  turbulent  flow  occurs  beyond 


11.13 


the  neutral  point  (9  =  71°).  lb's  location  of  this  point  has  not  been 
calculated  but  methods  for  this  purpose  are  available  (ll). 


11.3  cylinder 

A  cylinder  constitutes  one  of  the  simplest  shapes  as  a  detector  head 
for  one  or  several  individual  electrodes.  The  cylinder  has  the  practical 
advantage  of  being  a  convenient  Shape  for  construction  purposes..  The 
pertinent  hydrodynamic  properties  of  a  cylinder  for  flow  perpendicular  to 
its  axis  are  now  considered. 


Potential  Flow 

The  Incompressible  flow  about  the  cylinder  of  diameter  d  illustrated 
In  Figure  11.6  is  described  by  the  potential  function,^,  and  stream 
function,'^,  as  follows  (12) 


U(r  +  — )  0060 


U(r  -  — )  sin0 
'  r 


where  a  ■=  d/2  is  the 

radius  ( 

perpendicular  to  the 

axis  of 

components  are 

- 

-iCi 

At  the  stagnation  point  =  2Uaj  and  =  0.  The  velocity  on  the  plane 
0  =  0  is 


(^)'  -(if 


and  on  the  surface  r  =  a 


jjl  =  2  sin0  . 
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At  the  stagnation  point 
(r  =  a,  0  =  0) 

g  ■  -ii]  ■ 

The  neutral  point,  where  the 
velocity  and  pressure  assume 
the  free  stream  value,  occurs 
at 

sinO  =  1/2  or  e  =  30°  . 


P 


Figure  11.6  .  Flow  About  a  Cylinder 


The  cavitation  point  where  the 
velocity  Is  a  maximum  and  the 
pressure  a  minimum  occurs  at 

e  =  90°  where  u  =  2U  and  the  theoretical  cavitation  number  (underpres¬ 
sure  coefficien’B^is  (6) 


cr  = 


= 


If  two  sensing  elements  are  located  at  0  *=  +  0-]_  and  the  cylinder  is 
rotated  at  an  angle  a  from  its  steady  state  position,  the  difference  in 
velocity  Au,  at  the  two  sensors  is 


sin(0-L  -  a)  -  Bin(©j^  +  a) 

or 

^  =  4  cosej_«  Bira^ka  cosO^^  .  (a<l) 

If  both  sensors  are  on  the  same  side,  no  difference  in  velocity  Is  expe¬ 
rienced  between  the  elements  for  variations  in  a. 


Boundary  Layer 

The  thickness  of  the  boundary  layer  on  a  cylinder  is  given  in  Table 
11.2  in  dimensionless  form  as  a  function  of  angular  distance  along  the 
surface  (13).  The  velocity  profiles  cannot  be  expressed  in  similarity 
form,  but  change  shape  with  distance  from  the  stagnation  point.  The 
quantity  Aj  Is  refined  by 


Z 

a 


Ua 

r 
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where  y  Is  the  dlstfince  normal  to  the  surface.  The  rate  of  change  of 
velocity  with  distance  from  the  surface  is  characterized  hy  the  value 
^  which  satisfies 

^  -  JL 

the  displacement  thickness  is  denoted  "by  yj 

and  y)  QQ  denotes  the  thickness  where  the  velocity  differs  "by  only  1  ^  of 
the  potential  flow  value. 

Table  11.2  .  Boundary  Layer  Thickness  for  Flow  Past  a  Cylinder 


(Degrees) 

8 

7" 

CO 

799 

\  V  1  min 

0 

0.43 

0.62 

1.46 

1850 

10 

0.45 

0.66 

1.53 

2030 

20 

0.47 

0.70 

1.60 

2210 

30 

•  0.49 

0.75 

1.67 

2400 

40 

0.51 

0.8l 

1.75 

2600 

50 

0.53 

0.87 

1.83 

2810 

60 

0.55 

0.94 

1*93 

3020 

70 

0.60 

1.03 

2.04 

3600 

80 

0.68 

I.l6 

2.17 

4620 

90 

0.84 

1.4l 

2.34 

7050 

. 

The  relative  thickness  of  the  boundary  layer  with  respect  to  the  elec¬ 
trode  size,  and  the  relative  size  of  the  electrode  with  respect  to  the 
size  of  cylinder  are  the  pertinent  factors  which  must  be  considered  in  the 
design  of  cylindrical  head  with  flush  type  electrodes.  If  b  is  the  radius 
of  the  sensing  electrode,  define  a  ratio  m  such  that 

a 

m  =  b  > 

where  a  is  the  radius  of  the  cylinder.  This  ratio  should  be  as  large  as 
conveniently  possible^ and  in  practice  should  be  of  the  order  of  10  if  the 
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can  be  considered  a  flush  type.  If  y 
the  bovindary  layer,  define  the  ratio  n 

_b 

‘  * 

y 

This  quantity  should  be  large  to  avoid  the  liniitatlonB  associated  with 
boundary  layer  flow  (Sec.  lU.4  );  it  should  be  of  the  order  of  ten  or 
greater.  Combining  these  expressions  we  obtain  a  constraint  which  depends 
only  on  the  flow  about  the  cylinder,  viz., 

a 

mn  =  , 

y 


electrode  is  operated  so  that  it 
is  the  displacement  thickness  of 
such  that 


which  should  be  comparable  or  greater  than  100.  This  condition  implies 


A  condition  is  thus  established  on  the  minimum  value  of  the  Reynolds 
number  (Ua/v)  as  a  function  of  position  on  the  surface  of  the  cylinder; 
for  mn  =  100  this  condition  is 


min 


V  }  min 


which  is  listed  in  Table  11.2  .  As  an  example,  suppose  a  cylinder  of  4" 
diameter  (lO  cm)  is  being  considered  for  a  detector  head  for  research  at 
speeds  less  than  100  knots.  The  value  of  mn  as  a  fmction  of  Q  and  U  is 
shown  in  Figure  11.7  ,  where  it  is  seen  that  the  head  becomes  unsuitable 
for  measurements  (  mn  <  lOO)  at  speeds  of  the  order  of  0.1  kno+s  if  the 
electrodes  are  mounted  at  an  angle  of  30°. 


Transition  Point 

Because  of  the  favorable  pressure  gradient  on  the  forward  side  of  the 
cylinder,  the  turbulence  transition  point  does  not  occur  on  the  forward 
side  and  occurs  at  approximately  6  =  90°  over  a  wide  range  of  Reynolds 
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numbers  (l4).  This  situation  is  illustrated  in  Figure  11.8  where  the 
angle  d  ,  at  which  transition  occurs,  is  plotted  against  the  Reynolds 
number  ^ased  on  the  cylinder  radius.  Also  plotted  there  are  the  curves  mn  = 
100,  1000.  The  allowed  region  for  the  location  of  an  electrode  is  to 
the  right  of  the  curve  mn  =  100  which  sets  the  minimum  Reynolds  number 
based  on  boxindary  layer  thickness j  and  at  angles  less  than  Qx  where  the 
flow  is  laminar.  As  an  example,  the  dotted  curve  of  Figure  11.8  refers 
to  a  4"  cylinder  with  an  electrode  at  30°  for  speeds  from  0.1  knot  to 
100  knots.  Such  an  electrode  is  well  removed  from  the  turbulent  region 
of  the  cylinder  over  the  entire  velocity  range. 


11.4  Wedge 

The  flow  about  a  wedge  is  similar  in  several  respects  to  that  of  a 
flat  plate,  and  the  angular  region  between  the  faces  provides  space  requir¬ 
ed  for  connections  and  placement  of  flush  type  electrodes.  A  notable 
difference  between  flat  plate  and  wedge  flow  is  the  delay  of  the  turbulence 
transition  point  in  the  case  of  the  wedge  due  to  a  favorable  pressure 
gradient.  The  properties  of  flow  about  a  wedge  are  considered  below. 


Potential  Flow 

The  flow  about  a  wedge  at  zero  angle  of  attack  is  described  by 
Laplace's  equation  for  the  wedge  shaped  boundary  (15)*  ^  complex 

variable  techniques  it  may  be  shown  that  the  radial  and  angular  components 
of  the  velocity  field  are 

"r  ‘  ■ 

where  kU  is  the  velocity  on  the  plane  of  symmetry  (0  =0)  at  a 
upstream  from  the  leading  edge,  and  m  is  a  parameter  given  by 


cos  (m  +  l)  0 
sin  (m  +  l)  6 


2m 

m  +  1 


> 


and  is  the  wedge  angle  as  shown  in  Figure  11. 9  .  The  constant  k  is  a 
pure  number  of  the  order  of  unity  to  be  described  later.  Stagnation  flow 
corresponds  to  p  =1  (m  =  l)  and  flow  along  a  flat  plate  to  P  =  0  (  m  =  O). 
The  magnitude  of  the  velocity  at  the  radius  r  is  Independent  of  0: 
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Figure  11.8. 


Turbulence  Transition 
Point  for  a  Cylinder 
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Figure  11.11.  Finite  Wedge  with  Circular  Base 


This  represents,  therefore,  the  velocity  on  the  wedge  surface  and  plane 
of  symmetry. 

The  above  expressions  assume  a  wedge  of  infinite  extent.  As  a  result, 
the  velocity  becomes  Indefinitely  large  (for  m>  O)  at  great  distance 
from  the  edge.  For  a  detector  head  of  finite  size  with  a  wedge  shaped 
leading  edge  this  Is  of  course,  not  so.  The  above  velocity  field  does 
apply  in  the  vicinity  of  the  edge,  and  the  constant  k  can  be  selected 
so  that  U  corresponds  to  the  free  stream  velocity  at  great  distance  from 
the  detector  head.  If  we  consider  the  two  finite  wedge  shapes  of  36° 
wedge  angle  shown  in  Figure  11. 10  and  Figure  11.11,  and  let  the  length  ^ 
represent  the  length  of  the  wedge  face,  then  the  constant  k  is  about  1.42 
for  the  sqviare  base  and  1.48  for  the  round  base.  These  constants  are  most 
readily  obtained  by  the  resistance-paper  plotting  method  for  solving  two 
dimensional  potential  problems  (l6).  In  the  case  of  the  finite  wedge  with 
the  square  base,  the  side  of  the  square  was  chosen  equal  to  the  base  of  the 
isosceles  triangle  of  angle  grt, 

side  =  2/  sin  f  p  I 


In  the  case  of  the  finite  wedge  with  a  circular  base,  the  circle  was 
chosen  to  be  tangent  to  the  faces  of  the  wedge  so  that  its  radius  is 


radius 


Ztan 


The  stagnation  point  on  the  wedge  at  the  leading  edge  is  degenerate 
for  an  Infinitely  sharp  wedge  and  usual  stagnation  flow  results  cannot  be 
used  there  unless  a  finite  rounded  edge  is  assumed.  The  neutral  point 
where  the  velocity  and  pressure  assume  free  stream  values  has  meaning 
only  for  a  finite  wedge  and  occurs  at  about  (-035)/  from  the  leading  edge 
of  the  finite  wedges  of  Figure  11. 10  and  Figure  11. 11  as  Indicated  by  the 
small  arrows  in  these  Figures.  The  cavitation  point  on  the  wedges  occurs 
soon  after  the  transition  from  the  wedge  face  to  the  base  shape. 

The  flow  about  other  types  of  finite  wedges  are  given  in  References 

(17,18). 

Table  11.3  >  Wedge  Functions 


Wedge 

Angle 

6 

m 

u 

<^99 

0 

0 

0 

1.72 

3.02 

5.14 

660 

36° 

0.2 

•111 

1.33 

2.08 

4.16 

3200 

90° 

0.5 

•  333 

0.99 

1.44 

3.59 

6600 

180° 

1 

1 

0.65 

0,80 

2.45 

12600 
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Boundary  Layer 

The  boundary  layer  velocity  profiles  for  (infinite)  wedge  flow  can 
be  expressed  in  similarity  form  with  the  parameter 

,  /m  +  1  V  /  u(r) 

7  ■  y  V~  •  V  ^  ’ 

where  y  is  the  distance  normal  to  the  wedge  surface,  and  u(r)  is  the 
velocity  on  the  surface  corresponding  to  potential  flow  at  a  distance  r 
from  the  leading  edge.  Define  another  parameter,^  ,  such  that 


The  rate  of  change  of  the  boundary  profile  velocity  with  distance  from  the 
wall  is  characterized  by  the  value  ^  g : 


<iu(r)  ^  u(r) 
dt‘  "  I3  • 

The  displacement  thickness,  I  ,  of  the  boundary  layer  is 

fJi'- 

The  distance  from  the  wedge  face  where  the  velocity  aifters  by  only  1  $ 
from  the  potential  theory  value  is  denoted  by  ^qq*  The  three  measures 
of  the  boundary  layer  thickness  are  listed  in  Table  11.3  for  several 
values  of  wedge  angle  {19). 

The  thickness  of  the  boundary  layer  based  on  the  displacement 
thickness  y  relative  to  the  typical  radius  of  the  sensing  electrode,  b, 
mounted  on  the  face  of  the  wedge  is  denoted  by  n: 


n 


) 


and  should  be  of  the  order  of  10  or  greater  to  minimize  the  undesirable 
effects  associated  with  boundary  layer  flow  (Sec.  l4.4  ).  The  extent  of 
the  wedge  face,  /  ,  with  respect  to  the  diameter  of  the  electrode,  2b, 
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is  denoted  by  m: 


A  minimum  value  for  an  is  about  100  to  insure  satisfactory  performance. 
The  corresponding  minimum  value  of  Reynolds  number  is 

'min  ■  . 

These  minimum  values  are  listed  in  Table  11.  U  as  a  function  of  position 
{tIjL)  of  the  electrode  on  the  wedge  face  for  a  36°  wedge  with  k  =  1.5> 
m  =  0.111  and  =  l-SS*  The  above  relation  of  mn  vs.  (r//)  is  plotted 
in  Figure  11*12  for  a  36°  finite  wedge  for  which  the  value  of  k  =  I.5  is 
assumed.  The  length  of  the  wedge  face  (£)  is  taken  to  be  4"  (lO  cm)  and 
the  velocity  covers  the  range  from  0.1  knot  to  100  knots.  It  is  seen 
that  the  wedge  shaped  detector  head  is  not  suitable  (mn  <100)  for 
velocities  below  0.3  knots  for  an  electrode  placed  at  r//  =  6.3. 
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Table  11.  U  .  Minimum  Reynolds  Number  for  nm  =  100  and  36°  Wedge 
Angle  with  k  =  1.5 


(r/^) 

ljd\ 

J  minimum 

0.1 

6,130 

0.2 

11,400 

0.3 

16,300 

0.4 

21,100 

0.5 

25,600 

0.6 

30,200 

0.7 

34,600 

0.8 

38,900 

0.9 

43,200 

Transition  Point 

The  point  on  the  surface  of  a  wedge  where  the  flow  becomes  turbulent 
is  farther  removed  from  the  leading  edge  the  greater  the  wedge  an.gle  be¬ 
cause  of  the  more  favorable  pressure  gradient.  In  particular  the  transition 
point  on  a  wedge  (p  O)  occurs  later  than  that  on  a  flat  plate.  Plow 
stability  calculations by  Pretoh  (20)  yield  the  result 


^  ■ 

where  Is  S’  critical  Reynolds  number  based  on  the  displacement  boundary 

layer  thickness  which  is  a  function  of  the  wedge  angle  and  determines  the 
point  at  which  the  flow  becomes  turbulent.  The  number  R  (p)  is  listed  in 
Table  11. 3  for  several  wedge  angles.  Substituting  the  rilations 


y  =  i 

and 

u(r)  =  , 

we  obtain  the  critical  Reynolds  number  boned  on  the  length  and  the  position 
of  the  transition  (r//): 


J- 
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This  proves  to  he  of  no  practical  importance  as  a  constraint  on  the  head 
design.  For  36°  wedge  angle  and  k  =  I.5  and  r  =  /  we  have 


3.9  X  10 


6 


At  100  knots,  the  length.^  is  7-5  cm  (3")j  thus,  even  in  this  extreme  case 
the  length  of  the  wedge  face  is  not  small. 


11.5  Electrode  Position 

The  optimum  position  of  an  electrode  on  a  detector  head  depends  on 
whether  the  sensor  is  used  for  conductivity  (temperature,  or  salinity)  or 
velocity  measurements.  These  two  cases  are  considered  separately. 

A  conductivity  detector  is  least  subject  to  noise  associated  with 
turbulence  (by  the  heating  effect)  if  the  average  velocity  over  the  elec¬ 
trode  volume  is  high.  Therefore,  for  a  given  free  stream  velocity,  U,  the 
electrode  should  be  placed  where  the  surface  velocity  on  the  detector  head 
is  highest,  i.e.,  at  the  cavitation  point.  Opposing  this  consideration  is 
the  requirement  that  the  electrode  be  removed  as  far  as  possible  from  the 
region  on  the  head  where  the  flow  becomes  turbulent  (transition  point). 

This  is  accomplished  by  moving  the  electrode  forward  towards  the  stagnation 
point  where  a  favorable  pressure  gradient  exists  for  maintaining  the  sta¬ 
bility  of  the  flow.  Another  consideration  is  the  thickness  of  the  boundary 
layer  which  should  be  thin  in  comparison  with  the  size  of  the  electrode. 

This,  again,  is  accomplished  if  the  electrode  is  moved  forward  where  the 
boundary  layer  is  thinnest.  The  variation  of  boundary  layer  thickness, 
over  the  surface  is,  however,  not  large.  A  compromise  of  the  above  consid¬ 
erations  suggests  positioning  the  electrode  about  half-way  between  the 
stagnation  point  and  the  transition  point.  Usually  this  is  in  the  vicinity 
of  the  neutral  point  where  the  surface  velocity  equals  the  free  stream 
velocity . 

A  velocity  detector  is  least  subject  to  conductivity  fluctxiations 
(due  to  temperature  or  salinity  fluctuations )  if  the  electrode  is  operated 
at  high  average  temperature  rise  (  AT  large).  If  the  pov/er  to  the  elec¬ 
trode  is  limited  by  other  considerations  and  the  electrode  boiling  point 
has  not  been  reached,  a  large  temperature  rise  is  obtained  by  moving  the 
electrode  to  a  position  on  the  detector  head  where  the  velocity  is  lowest. 
This  calls  for  placing  the  electrode  in  the  vicinity  of  the  stagnation  point. 
This  position  is  also  favorable  from  the  standpoint  of  boundary  layer 
thickness  and  distance  from  the  turbulent  flow  region.  A  difficulty  with 
placing  the  electrode  ri^t  at  the  stagnation  point  is  the  large  variation 
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in  velocity  over  the  sensitive  volume  of  the  electrode  so  that  a  hot  spot 
within  this  volume  occurs  which  causes  a  lower  limiting  average  electrode 
temperature  and,  consequently,  a  lower  velocity  sensitivity.  Thus,  the 
optimum  electrode  position  for  the  velocity  detector  is  close  to  the 
stagnation  point  (comparable  with  the  electrode  dimensions)  but  not  center¬ 
ed  on  the  stagnation  point. 
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12. 


HEATING  EEPECT 


The  operation  of  the  probe  to  detect  the  velocity  of  the  medium  (U- 
meter)  depends  on  the  electrical  heating  of  the  fluid  as  it  passes  through 
the  electrode  volxome.  This  heating  effect  is  investigated  in  greater  de¬ 
tail  in  this  Section  and  involves  the  process  of  internal  heat  generation 
and  heat  transfer  in  the  electrode  volume.  Relatively  simple  special  oases 
are  analysed  to  study  these  complicated  processes  independently. 


12 . 1  Elementary  Heating 

We  consider  now  the  simplest  case  of  the  heating  effect,  illustrative 
of  the  process  in  a  general  electrode. 


The  simplest  electrode  geometry  is  that  of  parallel  plates  with  a 
uniform  field  between  the  plates.  We  assume  fringe  field  effects  are  zero. 
The  geometry  is  shown  in  Figure  12.1  ,  the  velocity  is  assumed  to  be  con¬ 
stant  in  time  and  uniform  over  the  field  of  the  electrode  and  parallel  to 
the  length  side  {/)  which  is  the  x-axis.  Boundary  layer  effects  are 
neglected.  The  volume, of  the  electrode  is 

X{,  =  ^  wh  , 

and  the  area  of  the  electrode  is 


S  =  iw  . 

The  "frontal  area,"  A,  of  this 
geometry  is  the  projected  ai'ea 
of  the  field  volume  on  a  plane 
perpendicular  to  the  x-axis; 

A  =  hw 

The  resistance  of  the  electrode, 
R,  is 

R  = 


The  power,  P,  dissipated  in  the  water  is 

,.2 


R 


where  is  the  applied  rras  voltage.  The  resultant  Joule  heating  causes  an 
increase  in  temperature  of  the  water  as  it  moves  through  the  electrode 
volume.  The  power  per  unit  volume,  Pv;  (i-e.,  the  power  density)  is 
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uniform  throughout  the  sensing  volvmie : 


P 


_ P_ 

V  ~^wh 


GonsicLer  a  small  incremental  volume,  dv,  of  thickness  dx  and  area  A  =  hw 
moving  at  speed  U  through  the  electrode: 


dv  =  Adx  , 


the  rate  at  which  heat  energy  is  dissipated  in  this  volume  is 


Pydv 


where  c  is  the  heat  capacity  per  unit  volume  of  the  water  and  (dT/dt)  is 
the  rate  of  temperature  rise  of  the  water.  Since  dx/dt  =  U,  we  have 

M  ^  P 
dx  cAU  * 


or  integrating  with  respect  to  x 


Thus,  the  temperature  (relative  to  ambient)  increases  linearly  from  sero 
to  its  maximum  value  (at  v.  -Jl)  called  the  "exit  temperature  rise,">iiT, 
given  hy 


This  situation  is  illustrated  in  Figure  12.2  .  This  is  the  fxindamental 
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equation  for  the  heating  effect.  The  average  temperaturej  AT,  in  the  field 
of  the  electrode  is  half  this  value: 

Zt  AT  . 

As  a  numerical  example,  consider  sea  water  flowing  at  3  knots  througji  elec¬ 
trodes  with  a  1  mm  X  1  mm  frontal  area  into  which  10  watts  of  electrical 
power  is  being  dissipated: 

U  =  3  knots  =  154  cm/ sec 
c  =  U.09  Joule/cmV°C 
A  =  (1  mm)^  =  0.01  cm^ 

P  =  10  watts 

at  =  1.6  °C 
^T  =  0.8  °C 


then 

and 


It  is  clear  that  a  great  deal  of  power  is  necessary  to  heat  water  even  a 
small  amount  and  this  only  at  relatively  low  velocities  and  in  small  elec¬ 
trodes. 


Curves  of  the  heating  equation 


AT 


P 

cAU 


2dT 


are  plotted  in  Figures  12. 3a  and  12. 3b  .  Two  graphs  are  necessary  because 
of  the  number  of  variables  involved  and  the  power  per  unit  area,  (P/A),  is 
used  as  a  parameter  to  couple  the  two  graphs.  The  graphs  apply  to  pure 
water  (c  =  U.18  Joule/cm3/®c)  but  may  be  used  only  with  slight  error  for 
sea  water  (c  =  4.09  joule/cmV°C).  For  example,  if  1  watt  is  dissipated 
in  an  electrode  of  3  inm  frontal  dimension  (  ),  Figure  12. 3a  indicates  the 

power  per  unit  area  is  12  watts/mm^.  Figure  12. 3b  indicates  that  if  it  is 
moving  through  the  water  at  10  knots,  the  exit  temperature  rise  is  0.54  °C. 
The  average  electrode  temperature  rise  is  half  this  value:  0.27  °C, 


12.2  General  Electrode 

The  heating  equation  for  a  general  electrode  configuration  is  now 
considered.  The  analysis  of  such  an  electrode  is  reduced  to  the  specifi¬ 
cation  of  several  parameters  of  the  electrode  geometry  which  serve  to 
characterize  its  properties  with  respect  to  the  heating  effect.  An  il¬ 
lustration  of  the  temperatuie  distributions  due  to  electrical  heating 
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zdD^  (w/rrr^ 


.jLO/^>f  )  f) 


which  might  he  expected  for  prohe  and  flush  type  electrodes  are  shown  in 
Figure  12. k  . 
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Figure  12.4.  Electrical  Hee.ting  in  Electrode  Volume 


Joule  Heating 

Consider  an  electrically  conducting  medium  of  conductivity  6.  The 
power  density  at  a  point  is 

Pv  =  > 


where ~J  and'f  are  the  current  density  and  electric  field,  respectively. 
By  Ohm's  Law  we  have 

7  =  , 


and 


=_Ve^^  , 
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where  is  the  electrode  potential  (rms)  and^  is  the  unit  potential. 
Substituting  the  above  relations  we  get 


Pv  = 


If  P  is  the  electrode  power,  and  R  its  resistance  then 


P  =- 


and 


-  P  =  R«5P 


where  Rrf  is  the  cell  constant  (Sec.  9*1  )  of  the  electrode.  Integrating 

over  the  volume  of  the  electrode  field  we  get  the  identity 


In  terms  of  the  function 


the  power  density  at  a  point  is 


Py  =  Pw  , 


and  the  "average  power  density,"  P^,  over  the  sensitive  volume  of  the 


electrode  is 


^  =  /ivPvdv^  P  J-K^-dv  =  ^ 

where  the  "effective  volume,"  v^ ,  of  the  electrode  is 

f  Z 

1  =  Vp  /  w  dv 


Thermal  Energy  Equation 

The  temperature  at  a  point  in  a  medium  satisfies  an  equation  which 
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accounts  for  the  transfer  of  heat  by  convection  and  thermal  conduction 
and  Internal  heat  generation.  We  assume  an  incompressible  medium  with 
properties,  such  as  density,  thermal  conductivity,  heat  capacity,  which 
are  independent  of  temperature.  The  dynamic  relation  between  these 
quantities  is  (l,2) 

C,  ^  ^  c  77-  =  /<  7V  -h 
a-t 


where  tT  is  the  fluid  velocity,  <  is  the  thermal  conductivity,  and  c  is 
the  heat  capacity  per  unit  volume  of  the  medium.  The  temperature,  T,  is 
understood  to  be  the  temperature  relative  to  the  average  ambient  temperature. 
The  terms  in  the  above  thermal  energy  equation  due  to  friction  heating  and 
bouyant  (natural)  convection  have  been  omitted.  Since  the  medi\an  is  in¬ 
compressible 

and  by  a  vector  identity  we  have 

~r- 

Thus,  the  energy  equation  may  be  written  in  the  form 


^  =  <x  7 V  7^ -f- 

where  a  =  /fec/c  is  the  thermal  diffusivity.  Thermal  conduction  is  important 
only  where  temperature  gradients  change  rapidly  with  position,  that  is,  in 
the  thermal  boundary  layer.  Outside  this  boundary  layer  region  the  conduc¬ 
tion  term  may  be  neglected  and 


which  applies  for  the  case  of  heat  transfer  by  forced  convection  only. 
For  steady- state  forced  convection 


4L'  p7  '= 


Frontal  Area 


The  heating  equation  for  forced  convection  described  in  Section  12.1 
is 


/iT 


P 

°  2oAU 


i 
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where  A  T  5,s  the  average  electrode  temperature  rise,  P  is  the  electrode 
power,  c  is  the  heat  capacity  per  unit  volume,  U  is  the  free  stream,  and 
A  is  an  area  termed  the  "frontal  area"  of  the  electrode.  A  formula  for 
the  frontal  area  for  a  general  axisymmetric  electrode  in  non-uniform  steady 
flow  is  described  below.  The  special  case  of  uniform  flow  is  considered 
at  the  end  of  this  Section. 

Let  ^  be  the  velocity  potential  function  and '/'be  the  (Stokes)  stream 
function  for  fluid  flow  over  a  streamlined  axisymmetric  probe.  Fluid  flow 
is  from  left  to  ri^t.  The  streamliner  -^^jpass  a  radial  distance  from 
the  axis  of  symmetry  at  infinity  to  the  left.  The  arc  length  along  a 
stream  line  is  s  and  is  zero  on  the  potential  surface  which  goes  through 
the  stagnation  point  at  the  nose  of  the  probe.  The  potential  function  (p 
is  a  function  of and  s:  y,s),  ‘ 

and 

^ ( y  ,0)  =0  for  all  y  . 


The  thermal  energy  equation  for  forced  convection  only,  is 


since  u  is  parallel  with  the  streamlines.  If  U  is  the  velocity  of  the 
medium  relative  to  the  electrode,  define  the  parameter  ^  such  that 


at  great  distance  up-stream  from  the  electrode  ^  -  1.  In  this  notation 

^  ^  w.  f  p\ 

Ts  ^  I  ' 


v/hich  is  the 
streamline. 
T(s,  y  ): 


rate  of  temperature  rise  of  a  water  particle  following  a  given 
Integrating  this,  we  obtain  the  temperature  at  the  point 


The  "exit  temperature  ijrofile"  is  defined  to  be 
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The  "average  electrode  temperature  rise,"  due  to  electrical  heating 

is  defined  to  he* 


J  T  = 


f 


wTdv 


> 


where  the  integration  extends  over  the  entire  volume  of  the  conducting 
medium. 

The  element  of  volume,  dv,  is  (See  Fig.  12.5  ) 


dv  =  (2itpdh)dB  , 


but  by  the  continuity  eq,uatlon  we  have 


and 


(2«ydy)U  =  (2npdh)u 

(t) 


dv  =  2>tydy 


The  exit  teji5)erature  profile,  when 
integrated  over  the  plane  perpendic¬ 
ular  to  the  axis  of  symmetry,  is 

=  (S)f-niU  =  -£r. 

This  quantity  is  equal  to  a  temper¬ 
ature,  AT,  times  an  area,  A; 


Figure  12.5 .  Axisymmetric  Plow 


.AT'A 


The  temperature, A T,  is  termed  the 

"exit  temperature,"  and  A  the  "frontal  area."  "Sy  definition,  we  require 
that  the  exit  temperature  is  twice  the  average  electrode  temperature  rise, 
or 


With  these  definitions,  it  is  now  possible  to  derive  a  formula  for  the 
frontal  area,  A,  of  the  electrode  which  is  a  function  only  of  the  electrode 
geometry.  The  expression  for  21'  may  be  rearranged  as  follows 

Sr=  /->«-rAv  =.  f 

- - - — - =122 _ ^ _ 

*Remember  J wdv  =  1 
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/\T  ^  4- 


c^ 

/  ZTT^//^ 


By  the  definition  of  the  frontal  area.  A,  we  find 


/f 


}  / ziT'^d'}^  'rfoo/'^) 

^  >H 


/  S-TT^C^-^ 

6 

Substituting  the  expression  for  the  exit  temperature  profile,  T(cd,  y), 
we  find 

OO  / 

/=4/2,ra^2^  (_/  4l  _ 

This  integral  depends  only  on  the  electrode  geometry. 

In  the  case  of  uniform  flow  (  =  l)  over  a  flush-type  electrode, 

the  above  formulas  become  ^ 

y-eO 

=  (-ir) 

4-  = 

M_pf  r-Hfl) 

r  1'^ 

y=  j2^^j  , 
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where  the  x-axis  is  the  direction  of  flow,  the  y-axis  is  pei^pendictilar  to 
the  plane  of  the  electrode,  and  the  z-axls  lies  in  the  plane  perpendicular 
to  the  direction  of  flow.  This  relative.L'y  complicated  definition  of  elec¬ 
trode  frontal  area  reduces,  in  the  case  of  the  uniform  field  of  Figure 
12.1  ,  to  the  frontal  area  described  there. 


4.- 


<: 
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Figure  12.6  Cylincricel  Rlectrode 


As  an  example  of  the  concept  of 
frontal  area,  consider  the  cylindri¬ 
cal  electrode  volume  of  Figure  12.6  . 
The  flow  is  asstamed  uniform  and  per¬ 
pendicular  to  the  axis  of  the  cylinder 
and  parallel  to  the  disc  electrodes 
at  the  ends  of  the  cylinder.  The 
current  density  is  assumed  uniform 
within  the  cylinder  and  zero  out¬ 
side.  Performing  the  integration, 
we  find 


where 


w  - 


4 

Jti 


inside  the  cylinder  and  zero  outside. 


Ihmperature  Uniformity 

We  saw  in  the  case  of  a  simple  rectangular  electrode  that  the  temper¬ 
ature  Increases  linearly  with  distance  in  the  electrode  field  to  the  maximum 
temperature  equal  to  the  exit  temperature.  Thj.s  temperatui'e  rise  is  uniform 
over  the  surface  of  the  electrode  volume  perpendicular  to  the  direction  of 
flow.  In  a  general  ea.ectrode  configuration  this  is  not  the  case,-  the  exit 
temperature  rise  varies  with  position  over  the  down-stream  region  of  the 
electrode  volume.  Let  denote  the  maximum  temperature  at  some  point 

in  electrode  volume  (down-stream),  the  ’’temperature  uniforaity"  is  defined 
as  the  latio  (denoted  by  m^ ) ■ 


mir 

y- 


A  T 

A'V" 


max 


.1. 


In  the  case  of  the  uniform  parallel  plate  electi'ode,  of  Figure  12.1  ,  the 
uniformity  is  ‘yO  in  the  case  of  the  cylindrical  electrode  of  Figure 
12.6  ,  the  uniformity  Is  42  %,  High  uniformity  is  desirable  since  more 
powei-  may  be  dissipated  in  the  water  (with  resultant  higher  velocity  sensi¬ 
tivity)  before  boiling  sets  in  at  a  "hot  spot  "  V/hen  the  effects  of  boundary 
layer  heating  (Sec.  3.2.4  )  are  taken  into  consideration,  the  uniformity  is 
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much  less  than  that  calculated  from  the  geometry  of  the  electrode.  In 
practice  the  uniformity  seldom  exceeds  10 


12 . 3  Internal  Heat  Generation 

The  temperature  distribution  produced  by  internal  heat  generation  in 
several  problems  is  studied  in  this  Section.  Heat  generation  is  by  Joule 
heating  associated  with  the  electrical  power  dissipated  in  the  electrode 
volume.  The  results  of  this  Section  are  used  to  develop  the  general  heat 
transfer  equation  described  in  Section  12.5  .  Although  boundary  layer 
heating  should  appropriately  be  included  in  this  Section^  it  is  treated  as 
a  separate  topic  in  Section  12.4  because  of  the  extent  of  the  subject. 


Thermal  Conduction 

Consider  the  case  of  internal  heat  generation  in  a  static  fluid  (like 
a  solid)  and  the  resultant  steady-state  temperature  distribution.  The 
thennal  energy  equation  is 

K  v^r 

and  assume  the  boundary  condition  T  =  0  at  infinity  and(^3T/  ^n)=  0  at  the 
surface  of  the  electrodes.  The  latter  condition  assumes  the  thermal  conduc¬ 
tivity  of  the  wall  is  much  less  than  that  of  the  medium  (  I’he 

exact  solution  of  Lhis  equation  for  a  given  electrode  confi^ratlon  is,  in 
general,  not  possible  to  obtain.  As  an  illustration  of  a  soluble  problem, 
consider  the  case  of  a  uniform  spherical  electrode  volume  of  radius  b. 

Since  the  thermal  conductivity  of  the  wall  is  small,  this  problem  also  cor¬ 
responds  to  a  unifoi’m  hemispherical  volume  at  a  plane  boundary  as  shown  in 
Figure  12.7  •  The  general  time  dependent  solution,  after  the  electrode 

power  is  switched  on,  is  given  in 
References  (3}4).  The  steady-state 
solution  of  this  radially  symmetric 
problem  is  obtained  in  the  following 
way.  The  sensing  function  is 


SJSSTKWe 

VOUJfiiS 
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w  =  < 
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,  puli  0  r  <  b 


for  r  >  b 


Hemispherical 
Electrode  Volume 


Figure  12.7 
Define  the  quantity  Q  such  that 


I 


jL 


*3 

where  v^  =  4nb'^/3  is  the  effective 
volume  of  the  spherical  electrode. 
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that  is 


-  ^  3P0 
~  4iTb)t 

The  solution  for  the  condition  6(00).=  0,  is 


9 


F^o/z.  o^}r<h 

i'f)  > 


J. 

3 


This  distribution  is  shown  in  Figure  12.8  .  The  average  electrode  temper¬ 
ature  rise,Zl?,  is  defined  to  be 


3^ 


/or  h< 


For  a  general  electrode,  we 
introduce  the  dimensionless 
number,  mj,  such  that 

2t  = 


nir^bK. 

where,  in  this  case,  b  is  the 
reference  dimension  for  the  elec¬ 
trode.  In  the  case  of  a  hemi¬ 
spherical  volvune 


»  ^  =  5-24 


As  a  numerical  example  for  a 
sphere  in  water 


Figure  12.8 


Radial  Temperature  Distri¬ 
bution  of  the  Heated 
Spherical  Volume 


and 


lOn 


=  10.5 


3 

K  =  .006  watt/cm/°C 
b  =  0.5  cm 
P  =  1  watt 

21?  =  32  °C 


max 


=  4o  oc 


If  the  ambient  temperature  Is  20  C,  the  peak  temperature  at  the  center  of 
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I 


the  sphere  is  60  °C. 


Pulse  Heating 

Consider  the  case  of  the  dissipation  of  a  very  short  pulse  of  elec¬ 
trical  energy  in  the  electrode  volume.  The  duration  of  the  pulse  is  short 
in  comparison  with  the  transit  time  for  flow  throu^  the  electrode  volume, 
b/U,  arid  short  in  comparison  with  the  time  for  heat  transfer  by  conduction 
or  convection  to  be  appreciable.  The  thermal  energy  equation  is,  in  this 
case. 


-  - 


where  P  is  the  pulse  power  and  c  is  the  heat  capacity  per  unit  volume  of 
the  water.  The  resulting  temperature  field  is 

where  t  is  the  pulse  duration.  The  avereige  electrode  temperature  is 

If  w  is  uniform  over  a  volume  v^,  then 


Ve  C  ’ 


since 


wdv  =  1  and  wv^  =  1 


The  "effective  volume,"  v^  of  a  general  field  distribution  is  defined  by 
analogy  with  this  expression: 


dv 


or 


and,  as  before 


(  ^ 

1  =  ve  j  M 

1  =  y^wdv 


The  average  electrode  temperature  satisfies  the  relation 

^  =  A-  f  Tdv 
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As  a  numerical  example,  suppose  the  pulse  is  comparable  with  those  used  in 
radar  applications : 


t 

=  1  usee 

p 

=  200  kw 

=  (1  mm)^  =  .001  cm- 

c 

“4.1  Joule/cm3/°C 

■=  50  °C  . 

Surface  Heating 

A  certain  fraction  of  power  dissipated  in  an  electrode  is  lost  in  the 
surface  resistance.  If  y+  iocp  is  the  (uniform)  admittance  per  unit  area 
of  the  electrodes  (Sec.  10.5  )j  the  power  dissipated  per  unit  area  is 

where  Vg  la  the  root-means-square  of  the  voltage  drop,  Vg,  across  the 
surface  Impedance  at  the  point  under  consideration,  and  VgV*  =  Vg  .  If 
the  surface  impedance  is  small  in  comparison  with  volume  resistance,  we 
have  . 

“n 

^s  “  ia^ 


where  is  the  current  density  perpendicular  to  the  electrode  surface. 
Substituting  the  relation 

where  Vo  is  the  electrode  voltage,  we  find 


//'TmF 


where  k  =  acp/X  •  The  power  dissipated  per 

^  O'  Cz-^k'-) 

'y  (/V- 


where  P  is  the  power  dissipated  in  the  medium  (which  is  approximately 
the  total  dissipated  power).  The  total  power  dissipated  in  the  surfaces 
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Pg,  is 


Ps 


f  M ) Vs 

Fy(n-ie)  i 


where  the  surface  integration  extends  over  "both  electrode  surfaces.  By 
means  of  the  definition  of  "effective  electrode  area,"  S  (Sec.  10.5  )• 


/ 


j:  ^ 

SL. 


we  have 

__  ^ 

F.y(n-  s  ' 

As  a  numerical  example,  consider  the  ease  of  a  surface  impedance  which  Is 
predominantly  capacitive  (Sec.  9*7  ): 


k  =  h 
R  =30  ohms 

"y  =  .026  ohm'^cm’^ 

S  =  1  cm^ 
and 

Pg  =  (0.15)  P  , 

or  15  of  the  electrode  power  Is  lost  in  the  surfaces.  The  power  dis¬ 
sipated  in  this  manner  is  ultimately  transferred  to  the  flowing  medium 
hy  conduction  and  thence  by  forced  convection  from  the  electrode  volvune. 
The  theory  of  this  process  is  similar  to  that  of  the  hot-film  anemometer 

(5)- 


12. U  Boundary  Layer  Heating 

In  this  Section,  the  consequences  of  uniform  internal  heat  generation 
in  the  boundary  layer  region  of  the  electrodes  are  considered.  Several 
simple  cases  are  analyzed  first  in  order  to  estimate  the  temperature 
distribution  in  an  actual  velocity  boundary  layer. 


Uniform  Velocity 

Consider  the  case  of  a  fluid  flowing  with  viniform  velocity  parallel 
to  a  flat  wall  of  thermal  conductivity  which  is  either  zero  or  infinite. 
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There  is  no  velocity  boundary  layer.  The  fluid  is  heated  Internally  and 
uniformly  throughout  tlie  region  0  <  x  <JL  at  a  power  density,  as  shown 
in  Figure  12.9  ■  The  steady-state  temperature  equation  is 


where  U  is  the  fluid  velocity,  K  the  thermal  conductivity  of  the  fluid  and 
c  is  its  heat  capacity  per  unit  volume.  In  order  to  solve  the  hounda^ 
layer  equation  we  assume  (  Vt/  "if/)  is  small  compared  with  (  ^^T/9y^. 

At  great  distance  from  the  wall,  outside  the  thermal  boundary  layer,  the 
temperature  la  determined  by  forced  convection  only 


with  the  solution 
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Assume  a  temperature  distribution  of 
the  similarity  form 

'^{j)  -fC^) 

where  y  «  y,  (x).  It  may  be  shown 
by  substitution  that  such  a  solution 
is  possible  if 

%-flP 

{(k)  =  77  (x) 


I  and  the  function,  v,  satisfies  the 

T3  n  Thermal  Boundary  Layer  equation 
Figure  12.9.  - I—: 


for  Uniform  Velocity 
with  the  boundary  conditions 


V  i-  -'V-t-l  =  O  , 


< 

0 

II 

0 

> 

for  < 

v(0)  =  0 

> 

for  <*<'< 

V 

The  solution  for  v  in  the  case  of  zero  wall  conductivity  is  trivial, 
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It  Is  as  If  no  wall  were  there  at  all:  v  =  1  for  y>0.  The  solution  for 
the  case  of  infinite  wall  thermal  conductivity  may  he  found  exactly  hy 
ordinary  methods  (6),  however,  this  solution  has  not  been  carried  out.  A 
sketch  of  the  expected  solution  is  shown  in  Figure  12.10.  The  slope  at 
the  wall,  v'(0),  is  of  the  order  of  unity  for  .  The  thermal 

boundary  layer  thickness  at  x  =  ^  and  ^  =■  1  is 


R  = 


■7^ 


(■y=  kinematic  viscosity). 


Linear  Velocity  Profile 

Consider,  now,  a  velocity  pro¬ 
file  which  varies  linearly  with  the 
distance  from  the  wall. 

»(y)  ■  u  (l)  , 

where  U  is  the  velocity  at  a  dis¬ 
tance  6  from  the  wall.  The  bound¬ 
ary  layer  temperature  equation  in 
this  case  is 


At  great  distance  from  the  wall,  outside  the  boundary  layer,  this  equation 
becomes 


which  has  the  solution 
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Again,  we  seek  a  similarity  solution  in  the  form 

with  y  =  IJ  (x).  This  solution  requires  that 

and  v(  )  satisfies 

^=-0, 

with  the  boundary  conditions 


'U(oo)  =0 
v(0)  =0  for 

'i;(o)  =  0  roe.  . 


The  solution  to  this  equation  has  not  been  obtained  and  probably  is  not 
expressible  in  closed  form.  A  sketch  of  the  expected  solution  is  shown 
in  Figure  12.11.  The  thermal  boundary  layer  thickness  at  x  =  ^  for  ^  ^  1 


Figure  12.11.  Similarity  Solution  for  Linear  Velocity  Profile 
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For  the  case  of  zero  wall  conductivity  the  temperature  distribution  along 
the  wall,  T(x,0),  is 


T(x^o)  ^ 


^io)  -fcK) «  ■  (i') '  ^  . 


Boxindary  Layer  Profile 

The  above  cases  are  now  applied  to  the  analysis  of  the  thermal  bo\md- 
ary  layer  for  a  boundary  layer  velocity  profile. 


The  velocity  distribution  In  the  bovuidary  layer  of  a  flat  plate  at  a 
distance  L  from  the  leading  edge  has  a  thickness  comparable  with 


The  rate  of  change  of  velocity  at  the  boundary  is  (7) 

^  -JT 

If  the  region  of  uniform  heating  of  length  ^  is  located  relatively  far 
(.^■«L)  from  the  leading  edge,  the  boundary  layer  flow  may  be  considered 
approximately  parallel  to  the  wall. 


It  is  readily  shown  that  in  water  the  thermal  boundary  layer  is  thinner 
than  the  velocity  boundary  layer.  Assiiming  this  to  be  the  case,  the  thermal 
boundary  layer  forms  in  the  linear  velocity  profile  of  the  velocity  bound¬ 
ary  layer.  Thus,  the  result  of  the  previous  case  is  approximately  valid 
for  boundary  layer  flow.  In  that  case,  we  found 


where  for  a  flat  plate  5  satisfies 

0.  »3Z  U  l/^  = 


or 


3.0Z 


✓ 
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The  ratio  of  thennal  and  velocity  boundary  layer  thicknesses  is 


For  example,  if  L  =  loX  and  P  =  5>  then  by  =  2.6  6.p.  The  following 
References  are  cited  in  connection  with  the  theory  of  the  thermal  boxuidary 
layeivwith  internal  heat  generation  (8-12). 


Maximum  Boundary  Temperature 

The  temperature  in  an  electrode  volume  reaches  its  maximum  value  in 
the  velocity  boundary  layer  as  a  consequence  of  the  lower  velocity  there. 
The  "temperature  uniformity"  described  in  Section  12.2  is  the  ratio 


m 


AT 


5  AT 


max 


where  is  the  average  electrode  temperature  rise  andATj^^^  is  the  peak 

temperature  in  the  electrode  volume.  This  uniformity  ratio  is  determined 
by  the  sensing  function  distribution,  w,  which  is  primarily  a  geometrical 
consideration,  and,  more  importantly,  by  the  temperature  distribution  in 
the  boundary  layer  region.  The  uniformity  is  calculated  below  for  the 
approximate  formulas  for  boundary  layer  heating  developed  in  this  Section. 


The  maximum  temperature  in  the  boundary  layer  f or  /T and  x  =  ^  was 

found  to  be  ly 

.'4 


where 


*)(!■)’"  W  (^) 

3.0Z  • 


The  temperature  distribution  over  most  of  the  electrode  volume  is  assumed 
to  be  that  corresponding  to  uniform  velocity: 


Thus,  the  average  electrode  temperature  is 

The  temperature  uniformity  is 
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Unfortunately,  the  value  v(0)  has  not  heen  computed,  hut  is  expected  to  he 
approximately  two.  As  a  numerical  example  of  the  temperature  uniformity 
as  determined  hy  boundary  layer  heating,  assume  the  values 

v(0)  =  2 
P  =  4 
L  =  3^ 

then  m^  =  5  ^  uniformity  . 

Thus,  hoillng  inception  in  the  downstream  boundary  layer  takes  place 
^max  “  ambient  temperature  =  20°C,  and  absolute  temperature  =  100°C) 
when  the  average  electrode  temperature  is 

^  =  .05  X  80  °C  =  4  . 

This  illustrates  the  relatively  severe  limitation  on  the  highest  operating 
temperature  of  the  electrode  set  by  boundary  layer  heating.  If  this  ef¬ 
fect  could  be  removed  by  some  artifice,  a  uniformity  of  the  order  of  35  ^ 
would  be  expected,  or 

21^  =  0.35  X  80  °C  I*  30  '’c  . 

The  uniformity  in  the  boundary  layer  is  somewhat  improved  over  that  calcu¬ 
lated  above  since  the  Prandtl  number,  P,  decreases  rapidly  with  increasing 
temperature . 


Boundary  Layer  Flux 


We  wish  now  to  evaluate  the  heat  transfer  by 
layer  region.  In  jjarticular,  we  want  to  evaluate 
thickness,  8*: 

Oo 


f  (i~ 


convection  in  the  boiuidary 
the  boundary  layer  flux 
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where  the  Integral  la  evaluated  at  x  =  and 


0 


and 


Tfij 

Ar 


The  case  of  zero  wall  thermal  conductivity  is  simple  for  any  velocity 
distrihution  near  the  wall; 


B*  =  0  . 

This  is  a  result  of  the  continuity  equation  for  thermal  energy; 

Integrating  this  equation  over  the  volume  enclosed  by  a  surface  Just  out¬ 
side  the  region  where  is  finite  (e.g. ,  in  the  wall  /r=  o)  the  conduction 
term  is  zero; 

/  *= 

Thus,  by  the  definition  of  u  and  6  we  have 

A. 

^  O-na) 

and  the  quantity  6*  Is  zero.  As  a  corollary  to  this  result,  we  find  that 
wherever  the  conduction  term  is  small  compared  with  the  convection  term, 
the  contribution  to  8  is  small.  This  is  true  even  where  u  is  a  function 
of  y  since  in  the  region  where  conduction  is  small  we  have  uO  si.  Thus, 
the  contribution  to  6*  occurs  only  in  the  region  where  thermal  conductivity 
is  important,  i.e.,  in  the  thermal  boundary  layer.  It  follows  that 

B*  «  6^  . 


For  the  case  of  infinite  wall  conductivity  we  consider  first  the  case 
of  uniform  velocity.  The  temperature  distribution  is 

and 

e  =  v(»j  )  . 

Since  the  velocity  is  uniform,  u  =  1,  and 
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to 


[  0-&) 
0 


i,e.)  B*  is  euqal  to  the  "displacement  thickness"  of  the  thermal  boundary- 
layer  . 


For  a  linear  velocity  profile  at  the  wall  we  have 


and 


(•^9)  ~  fyx)  ~  't'fi}) 


The  velocity,  u,  is  given  by 


“  -  ¥  -  (t) 


The  boundary  layer  flux  thickness  is 


00 


Where  conduction  is  negligible^  ^0  1. 


Stagnation  Flow 

In  the  region  of  a  stagnation  point  the  velocity  is  low  and,  con¬ 
sequently,  the  temperature  rise  is  large.  A  thermal  boundary  layer  forms 
in  this  region  with  a  peak  value  which  exceeds  the  average  electrode  temper¬ 
ature.  The  analysis  of  this  problem  may  be  carried  out  as  above  for  bound¬ 
ary  layer  flow  and  the  temperature  rise  depends  primarily  on  the  value  of 
the  distribution  w  along  the  streamline  which  passes  through  the  stagnati.on 
point. 


12.5  Heat  Transfer  Equation 

The  electrical  power  dissipated  in  the  flowing  conducting  medium  is 
transferred  away  from  the  electrode  region  by  a  number  of  physical  mech¬ 
anisms.  The  heat  transfer  equation  is  the  relation  between  the  electrical 
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input  power  and  the  rate  of  heat  loss  hy  all  the  mechanisms  of  Importance 
for  steady-state  equlllhrlum  conditions.  The  derivation  of  this  equation 
is  extremely  difficult  for  a  given  electrode  configuration.  As  a  con¬ 
sequence,  it  will  he  necessary  to  make  a  dimensional  analysis  of  the  trans¬ 
fer  mechanisms  instead  of  solving  the  problem  for  a  specific  electrode 
configuration.  The  results  of  this  simplified  analysis  will  allow  us  to 
decide  which  mechanisms  are  of  importance  and  under  what  conditions.  To 
estimate  the  magnitude  of  each  heat  loss  mechanism  a  ratio  (denoted  by  the 
subscript  >1. )  will  be  taken  with  respect  to  the  primary  mechanism  of  heat 
transfer,  forced  convection  without  conduction. 

The  typical  dimension  of  the  electrode  volume  is  ^  ,  and  the  velocity 
of  the  electrode  relative  to  the  medium  is  U.  Only  the  case  of  low  wall 
conductivity  is  considered.  The  following  mechanisms  of  heat 

transfer  are  considered: 


Forced  Convection 
Conduction 
Fr^e  Convection 
Radiation 


Forced  Convection 

Forced  convection  is -the  primary  mechanism  of  heat  transfer  from  the 
electrode  volume.  This  process  consists  of  the  mechanical  displacement  of 
the  internally  heated  water  from  the  electrode  volmne  by  the  transport  of 
the  fluid  flow.  Conduction^ is  not  necessary  for  this  process  t.n  take  place. 
The  rate  of  heat  transfer,  Q,  is 


?i(forced  convection  )  =  ^  ^  ^ 


where  4T  is  the  average  temperature  rise  due  to  heating,  and  c  is  the  heat 
capacity  per  unit  volume.  The  other  mechanisms  of  heat  transfer  are  com¬ 
pared  with  this  expression. 

Since  we  have  assumed  that  the  wall  conductivity  is  low  (  /fc"  -?<■/:), 
the  heat  transfer  in  the  boundary  layer  region  does  not  require  special 
consideration  as  it  would  if  heat  were  transferred  to  the  wall. 


Conduction 


Heat  transfer  by  conduction  to  the  medium 
volume  is  important  only  at  very  low  velocity, 
that  _ 

4( conduction)  =  olc  AT  « 


outside  the  electrode 
We  saw  in  Section  12.3 


3X  ^ 
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where  the  numerical  coefficient  Is  a  rough  estimate  for  a  typical  elec¬ 
trode.  Comparison  with  forced  convection  yields 


(conduction)  = 


conduction ) _ 

forced  convection) 


3<  _ 

ZCyLU 


3- 

2. 


/®/e. 


In  terms  of  the  Prandtl  and  Reynolds  numhers 

/S5_  -  2^ 


we  have 


(tOMDOCTlO^) 


oC 

uL> 


L  (22h.)  - L- 

2- 


This  relation  is  valid  for  very  low  velocity  or  more  exactly,  for  small 
P^clet  number: 


/ 


For  the  case  of  large  Peclet  number,  FR  »  1,  a  thermal  boundary  laj'er 
forms  at  the  surfaces  of  the  electrode  volume.  Neglecting  heat  transfer 
to  the  non-conducting  wall,  we  have  approximately 

where  the  boundary  layer  temperature  gradient  is  assumed  to  be  approximately 

ff 

The  ratio  of  heat  fl\ix  relative  to  forced  convection  is 


C2('ro-V^yC773/v)  « 

The  expressions  for  the  flux  due 
number  are  equal  at  the  value 


to  conduction  at  high  and 


low  Piclet 


PR  ■sS  .06 
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If  the  "edges”  of  the  electrode  dlstrlhution  are  not  sharp,  the  transition 
Peclet  number  is  more  nearly  equal  to  unity. 


Free  Convection 

As  a  consequence  of  the  slight  decrease  in  density  of  water  as  it  is 
heated,  a  bouyant  force  acts  on  the  water  passing  through  the  electrode 
volume.  The  coefficient  of  expansion  is  defined  as 

where  d  is  the  density  of  water.  This  bouyant  force  gives  rise  to  heat 
transfer  by  natural  convection  out  the  top  of  the  electrode  volume.  A 
simplified  analysis  of  this  effect  is  given  below  for  a  cubical  volume  of 
dimension . 

First,  consider  the  case  when  the  inertial  forces  on  the  water  accel¬ 
erated  by  the  bouyant  force  is  larger  than  the  viscous  forces,  i.e.,  the 
Reynolds  number  Is  large  compared  to  unity; 

The  bowant  force,  6F,  on  an  Incremental  slab  of  water  of  thickness  6x  and 
area  Is 

where  A  d  is  the  change  in  density  due  to  the  temperature  rise  /dT(x)  at 
station  x 

aA.  =  A/ttOc)  ^ 

and  the  temperature  rise  is  assumed  to  be 

where 

AT=  . 
cu 

Thus,  we  have 

The  inertial  force  on  this  incremental  volume  due  to  its  vertical  accel¬ 
eration  is 

(fNEfLTlA)=  CC'k)  / 
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p  p 

where  (d'^y/dt'")  is  the  vertical  acceleration  of  the  slab.  Assume  that  the 
vertical  velocity  is  some  power,  n,  of  the  distance  x: 


('#)-  (t) 


A\) 


where  is  some  velocity  factor  to  be  determined.  Differentiating  this 
expression  we  find 

I '^7 


and 


ftr  ■  -  Hfr  f- 

Equating  this  to  the  bouyant  force 

6F(inertia)  =  BF(bouyant)  , 

we  find  that  n  =  2  and 

5 


or 


or 


40= 

zu 

fM.]  =.  1- 

z.  ^ 


\  u 

where  ^  is  the  Grashoff  number 

<j= 

and  the  Reynolds  number  is 

iP— 

The  heat  flux  through  the  top  of  the  cube  is  (for  R  5^  l) 

Q  C.ONV^DAi)-==.  C/.J Ar(^)  dX 


cX^UAT 


C0A>*'®Q7O/y)  —  - g- - ^ 

The  ratio  of  this  flux  to  that  due  to  forced  convection  is  (RV^  1). 


where 


(free  convection)  xaB 
Cl( forced  convection)  =  c  ji^U^T 


For  the  case  where  the  viscous  forces  on  the  incremental  slab  dominate 
over  the  inertial  forces  (R<X-1)  we  have 


where  m-  is  the  viscosity  and  the  derivative  represents  the  vertical  shear 
velocity.  Again,  assximing  the  form  (with  a  new  n  and  AU) 

we  have  ^  , 

&)  ■ 

Equating  the  viscous  and  houyant  forces 

&F( viscous)  =  6F( houyant) 
we  find  that  n  =  3  and 

or  y 

(^)  =  i  ("1^- 

Tne  heat  flux  in  this  case  is  (R<<l) 

Q(/=JSJ^  CO^i/tCnOAj)  =s  cA 


ATCx)dx  ^ 
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The  ratio  of  heat  flux  hy  free  convection  to  forced  convection  is 


The  expressions  for  free  convection  heat  flux  at  high  and  low  Reynolds 
number  become  equal  at  a  Reynolds  nimber  of 


Radiation 

Since  the  heated  water  in  the  electrode  voliane  is  at  a  hi^er  temper¬ 
ature  than  the  environmental  temperature,  it  looses  heat  energy  by  thermal 
radiation.  The  heat  flux  per  unit  area  lost  by  a  body  at  absolute  temper¬ 
ature  T  in  an  environment  at  absolute  temperature  To  is 

where  ft  is  the  emlssivity  of  the  surface  and  cj*  is  the  Stefan-Boltzmann 
constant: 


(3^3  =  5.68  X  10"^^  watts/cm^ 


If  (T  — T, )^<To  the  radiation  law  Is  approximately 

^  e  (r^  AT(x) 

where  T  is  the  average  absolute  temperature  and  ^  T(x)  is  the  temperature 
rise  at  a  point  on  the  surface  of  the  body.  Averaging  this  expression 
over  the  surface  of  the  cubical  electrode  volume,  we  obtain  approximately 
(  T  To  ) 

Q( radiation)  =  ~r^ ^  /JT"  6  Osft  > 


The  ratio  of  radiation  to  forced  convection  heat  flux  for 
is  approximately 


(radiation)  sr  "7 


unity  emlssivity 
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Summary 


In  order  to  estimate  the  importance  of  the  above  contributions  to  the 
net  heat  transfer  from  the  electrode  volume,  let  us  determine  when  each 
contribution  is  comparable  to  the  primary  mechanism  of  forced  convection. 
This  implies  the  condition  (mechanism)  =  1. 

The  conduction  term  is  comparable  to  forced^  convection  when 


or 


(conduction)  = 


6 

fW 


1 


PR  =  36  . 


(PR  tv  .06) 


This  condition  is  plotted  in  Figure  12.12  for  water  and  P  =  iv.  For  R  <9 
the  conduction  term  Is  larger  than  the  forced  convection  term  and  conversely 
for  R>  9. 

The  free  convection  term  is  comparable  to  forced  convection  when 


emd 


(free  convection)  =  1  = 


1 

8(r2J 


for  R  »  4 


i5^(free  convection)  = 


for  R  -s<  4 


where  the  Grashoff  number,  <3,  is 

The  above  conditions  are  plotted  in  Figure  12,12  for  the  case 


and 


7^=  2,5  X  lO"^  °C"^ 
"2'*  =  .01  cm^/sec 
g  =  980  cra/sec^ 

^T  =  20  °C  . 


The  latter  temperature  is  approximately  the  maximum  allowable  exit  temper¬ 
ature  without  boiling  in  the  boundary  layer.  Free  convection  is  more 
Important  than  forced  convection  in  the  region  below  the  curve  denoted 
by  "free  convection"  in  Figure  12.12. 
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The  radiation  term  Is  comparable  to  the  forced  convection  term 


when 

(sAT>IA770Aj) 


/■=7| 


~~cj)  7 


or 


u  = 


X^_ 

e. 


This  condition^  which  is  independent  of  electrode  size,  is  plotted  in 
Figure  12.12  for  the  values 

TO  p 

=  5.7  X  10  watt/cm 

To  =  293  °K 

c  =4.1  Joule/cm^/°C  . 


Radiation  dominates  forced  convection  for  a  velocity  less  than 

U  =  2.5  X  10”*^  cm/sec 

The  heat  transfer  by  radiation  is  much  less  than  that  by  free  convection 
and  conduction  in  all  circumstances  and  may,  consequently,  be  neglected. 

The  region  of  practical  interest  for  the  values  of  velocity,  U,  and 
electrode  size,^^,  as  shown  in  Figure  12.12  is  taken  to  be 

.01  kts  <  U«r  100  kts 

and 

10'  cm  ^  <  10  cm 

The  spot  in  this  Figure  corresponds  to  the  ve.lues  of  U  =  3  kts  and 
1  cm  which  are  typical  values  for  oceanographic  experiments.  This 
point  is  well  within  the  region  where  heat  transfer  is  almost  completely 
due  to  forced  convection. 

The  heat  transfer  equation  is  based  on  steady-state  or  equilibrium 
conditions  when  the  input  electrical  power,  P,  is  equal  to  the  total  heat 
flux,  Q,  from  the  electrode  volume.  In  this  case, 

P  =  Q 

and 

Q  =  ’.^(forctjd  convection)  +  ^{free  convection)  + 

+Q( conduction)  +  Q(  radiation)  , 


12.34 


or 


P  =  ^(forced  convection)  1  +  (conduction)  +  Q;^  (free  conveotion)^  , 

where,  in  the  last  equation,  the  contrihution  of  radiation  flux  is  neglect¬ 
ed,  The  -cenns  in  wiggly  hrackets  are  denoted  hy  .  Tlie  following  ex¬ 
pression  is  suggested  as  one  which  is  applicable  for  a  wide  range  of 
conditions  _ ^ 

, _ ^ _ 

2  * 


=  l  + 


where  the  second  term  is  due  to  conduction  and  the  last  term  to  free  con¬ 
vection,  This  form  is  chosen  since  it  reduces,  in  limiting  oases,  to  the 
expressions  previously  obtained.  For  most  practical  cases,  this  expres¬ 
sion  is  approximately 

(o 

/ 


This  function  is  plotted 


=  / 


which  contains  only  the  term  due  to  conduction, 
in  Figure  12.13  for  P  =  4. 


Figure  12.13.  Heat  Transfer  Equation  Correction  Term 
Finally,  the  heat  transfer  equation  is 

■z.c.At^  ST' Qx 

^  2  c/ltJ  2f  ^  1  , 

This  expression  is  considered  only  an  approximation  to  the  actual  heat 
transfer  equation,  which  must  be  determined  experimentally  for  each 
given  electrode  configuration. 
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12 . 6  Non-Linear  Heating 

The  theory  developed  in  previous  Sections  assxaned  that  the  conduc¬ 
tivity  of  the  medium  is  a  linear  function  of  temperature.  This  assumption 
is  valid  for  relatively  small  temperature  changes  (say,  less  than  10  °C). 
We  now  consider  the  general  case  where  the  conductivity  is  an  arbitrary 
function  of  temperature  ajid  wide  temperature  variations  will  be  considered. 
Since  the  resulting  inhomogeneity  in  the  electrode  volume  is  extremely 
difficult  to  analyze  in  general,  only  two  special  oases  of  uniform  flow 
in  a  parallel  plate  electrode  are  considered.  The  analysis  of  this  one- 
dimensional  flow  provides  information  to  estimate  the  sensitivity  of  the 
electrode  to  velocity  changes  in  the  case  of  heating  to  the  boiling  point 
of  water. 


One-Dimensional  Flow 

The  two  special  cases  of  non-linear  heating  in  one-dimensional  flow 
are:  a)  parallel  plate  electrodes  with  uniform  fluid  flow  parallel  to 
the  plates.  This  case  will  be  denoted  by  (J-)  because  the  fluid  flow  is 
perpendicular  to  the  electrical  current  lines.  This  situation  is  illus¬ 
trated  in  Figure  12. lU  .  Fringe  field  effects  are  neglected,  and  the 
separation  between  the  plates  is  small  enou^  so  that  the  current  lines 
are  perpendicular  to  the  electrodes  in  spite  of  non-uniformity  in  the 
conductivity,  b)  parallel  plate  electrodes  (porous  screens)  with  uniform 
fluid  flow  perpendicular  to  the  plates  (from  one  to  the  other).  This  case 
will  be  denoted  by  (ll)  because  the  flow  is  parallel  to  the  electrical 
currents.  This  situation  is  illustrated  in  Figure  12.15  .  Fringe  field 
effects  are  neglected.  These  examples  serve  to  illustrate  the  extremes 
of  non-linear  heating  corresponding  to  electrical  current  flow  (  ) 

perpendicular  and  parallel,  respectively,  to  the  fluid  velocity  ( iT)  and 
electrical  conductivity  gradient  (  7d').  An  actual  electrode  prestunably 
demonstrates  a  non-linear  heating  behavior  intermediate  to  the  above 
extreme  cases. 

(-U)  Case  -  The  temperature  rise  due  to  electrical  heating  increases  in 
the  direction  of  fluid  flow,  therefore,  the  electrical  conductivity  of  the 
medium  also  increases  in  this  direction.  Since  the  current  density  is 
perpendicular  to  the  flow  velocity  and  conductivity  gradient,  we  have 

<  ^(r , 

which  implies  there  is  no  potential  field  distortion  (since  =0) 

due  to  the  inhomogeneity  of  the  medium  (Sec.  10.1  ). 

The  temperature  distribution  satisfies  the  equation 


where  P  is  the  electrode  power,  R  the  resistance,  c  the  heat  capacity  per 
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Parallel  (l.l)  Double  Plate  Electrode 
Heating  Arrangement 


Figure  12.15. 


unit  volume  of  the  water,  U  the  flow  velocity,  T  the  temperature  and  o" 
the  conductivity  of  the  water  which  is  a  function  of  temperature.  The 
\iniform  unit  potential  gradient  is 


K 

and  rewriting  the  above  eg_uation: 


<rc-n) 

crCr) 


where  tf(To )  is  the  conductivity  at  the  ambient  temperature  To.  Integrating 
over  the  length,^,  of  the  electrode 

7; 

where  Ty^  is  the  exit  temperature,  and  the  function  Fj.  (imits  of  temper¬ 
ature)  is  defined  by  the  above  integral  of  the  conductivity.  If  we  denote 
the  "cold  resistance"  by  Ro  then 


/^o  - 


and  the  frontal  area  of  the  electrode  is 


A  =  wh 


The  parameter  (which  gives  the  reduction  of  resistance  due  to  the  beat¬ 
ing)  is  defined  by 


and 


Integrating  the  heayng  equation  again  with  the  coi  ductlvity  as  a  function 
of  position,  tfLT*(x)'j  ,  we  get 

but  the  term  in  brackets  is  unity  (Sec.  10.3  ))  thu j 
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and 
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>1^  = 


_  _ To 


f  JM.  Jr 

^  <rCT) 


7J\  /© 


and 


C^-To) 


Tills  parameter  may  be  evaluated  if  the  variation  of  the  conductivity, 
d(T),  of  the  medium  is  known  over  the  temperature  range  of  interest 
to  T^. 


(11 )  Case  -  In  this  case  the  full  effects  of  potential  field  distortion 
are  present  since  the  conductivity  gradient  is  everywhere  parallel  to  the 
potential  gradient  (current  lines).  Althou^  the  field  intensity 
is  distorted  because  of  the  inhomogeneity  of  the  conducting  medium,  in 
this  simple  case  the  direction  of  the  current  lines  is  unchanged  and  is 
everywhere  parallel  to  the  flow  velocity  (iT).  The  total  electrode  cur¬ 
rent,  I,  is  Independent  of  x,  thus 

X-:=(Tyk)  Vo  ^  COfOSTKVwT 

where  is  the  electrode  voltage,  and  A  =  wh.  The  electrode  resistance, 
R,  satisfies 


i  =  i  =  Act 


and  the  temperature  distribution  satisfies 

Combining  these  relations,  we  have 


i^4>y 


L 


/2.Ar 


Integrate  this  equation  with  5  a  function  of  temperature,  d(T): 

which  defines  the  function  .  The  ,  7, "  th.* " 

is 


^'Cn)A 


i.^.39 


and  define  the  parameter  (which  gives  the  reduction  of  resistance 

due  to  heating)  such  that 

/?=  -e.  {^„  </) 

then 


Now,  integrating  the  temperature  equation  with  6  a  function  of  x,  cS’CT(xy  , 
we  obtain 


The  term  in  brackets  is  unity  (since  RAC"  =  l),  thus 


and 


-  rA-%>  - 

This  parameter  may  be  evaluated  by  means  of  data  on  the  temperature 
dependence  of  the  conductivity. 

If  the  conductivity  is  independent  of  temperature 

C(T)=irC(To) 


Fll  =  -  Tp 

■ 

The  conductivity  of  32.8  )^NaCl  solution  (Sec.  7.2  )  has  been  used 
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to  calculate  the  parameters  and.  ^  ^  initial  temperature  of 

20  °C  =  To  is  used  for  the  situation  in  laboratory  work  where  the  maximum 
exit  temperature  before  boiling  at  1  atmosphere  is  100  °C  =  T^  .  An 
initial  temperature  of  0  °C  =  To  is  used  for  the  situation  deep  in  the 
ocean  where  the  temperature  is  near  freezing  and  the  pressure  is  high 
enou^  that  temperatures  as  high  as  360  =  T^  (critical  point)  may  be 

reached  before  boiling  sets  in.  These  curves  are  shown  in  Figure  12. 16. 
Unfortunately  the  small  temperature  dependence  of  the  heat  capacity  was 
not  included  in  this  data.  The  resulting  error  is,  however,  only  about 
2  at  worst.  The  curve  of  ^  (T^ ,  T^)  for  a  general  electrode  will 
presumably  lie  between  the  respective  /{/li  curves.  The  velocity 

dependence  of  the  electrode  resistance  for  non-linear  heating  is  now 
considered. 


Velocity  Dependence 

The  variation  of  electrode  resistance  with  velocity  follows  from  the 
relations 


and 


For  a  given  power,  P,  and  cold  resistance,  Ro,  the  resistance,  R,  depends 
oa  the  velocity,  U,  through  the  temperature  dependence  o£  .  In  order  to 
plot  this  dependence  it  is  convenient  to  define  a  reference  v  ^100' 

which  represents  the  velocity  at  which  the  exit  temperature  is  100  °C  or 

~  CAOcC-To')  • 

The  method  of  measuring  the  electrode  resistance  depends  on  the  mode  of 
operation  of  the  associated  electronic  equipment.  Three  modes  of  operation 
may  be  distinguished:  a)  constant- current-operation,  b)  constant-power- 
operation,  and  c)  constant-voltage-operation.  The  constant-temperatvire 
mode  is  not  pertinent  to  the  present  analysis. 

For  constant-power-operation  (CPO)  the  velocity  U  relative  to  '^100 
is  found  to  be 

_LL  ( 

For  constant-current-operation  (CCO)  the  power  is 

P  =  I^R  , 
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For  constant  voltage  operation  (CVO)  the  power  is 


where  the  electrode  voltage,  ,  is  held  constant.  Then 


Curves  of  Jgl,.  and  vs.  (U/U.qq)  for  these  three  modes  of  operation 
ar  :  shown  in  FigurelE.l?  for  CPO,  FIgurel2.l8  for  CCO,  and  Figurel2.19  for 
CVO.  These  curves  are  calculated  directly  from  the  data  of  Figure  12.20  , 
which  shows  th?  relation  hetween  U/U-jno  and  end  for  the  three  modes 
of  operation.  The  data  of  Figure  12 .20  follows  from  that  of  Figure  12. l6  • 
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tgure  .  .  Yeiocity  for  Constant-Current-Operation 


(p^Q-Z^ZL) 


^  a 


■■■■■■■■■■■■■■■I 

naBiHBuiaiiil! 


■■■■■■■■■■■■■■■I 
'  ■■■■■■■■■■! 
■■■■■■■■■■I 


■■■■■■■■■■■■■■■■■■■■■■■I 

■■■■■■■■■■■■■■■■I - 

■■■■■■■■■■■■■■■I _ 

sassasaBSBsaaaai 

_ jiaaBBBiBnaBBHi _ 

BBBBBBBaBBBBBaBBBBBBBI 

- >1 - 

■■■ilB|llBlllBBi 

IBBBBBBiBBBBBBBBI 
- ^BBBBBBBBBBBI 


_ .  IBBBBBBBBBBBL 

aaBBlBBiiBBBBBBBBBaiBfll 
IBBBBBBaiBBBBBBBBiiBBBil 
IBBBBBBBBiBBBBBBBBBflaaB 


BBBBaBBBaBBBBBBBBI. _ 

BiBBBaBBBBBBBBaBBBaiBBIIIIflllBIII 
BBBBlBlBiiBBBBBBBiBBBBIIIIBIlilll 
laBaBBBBBiBBiBBBBBaBBBBtlliaililll 

- = - IBBBIWlIBBIIBjlir 

■BBBlIBHflBIIBIII 


IIIBBIIII 

IBaBBBBliBSIBir 


|BSB8BBBB!BBBBlBlBBlti«IIIIIHiaillBt;i;BBBBBI  Bllllll 

liiiBniBBiBBBBBBBBBBIillllllBBlIBIIlSlSaiBBBIBIIIIII 

■■BBBiBBBBBBBBBBBBBBBK'lIBBBBIIBaBBBBBI  BIIIIM 
BBBBBBBBBBBBBBBBBIBBBillllBBBBlIBBBBBBBI  BUI  ■ 
aBBBBBBBBBaBaBBaBBBBBBIIlIBBBBllBBBBBBBI  Bill  ■ 
BBBBBBBBBBBBBBBBBBBBBitinBBBBlIBBBBBBBI  BIIIIB 
aBBBaaBBBBBBBBBBBBBBBinBBBBBlIBBBBBBBI  Bll  ■ 

MBBBBBaBiBBaBBBBBBBBBBBBBBBIIBSBBBBlj  Bl  | 
BBBaiBBiBiaBiBBBnBBBBBBBBWIBt^liBiailBI  I 
BBBBBBBBBBBBBBBBBBlMBBBBBnBniBrfBf  Bill  IBM  l| 
BBBBBBBBBBBBBBiBBSliaBBnBBlIBWnB^BBBiilllBII  ll 
BBBBBBBBBBBBBaBBi£l|BBiillBBIIBIW9BaBBBIIIIiinil 
BBBBBBBBBBBBBBBBlSlBBIIIlBBIIBIIBiMaBBBlllian  II 
BBaiBBBBBBBBBBBBEfiiiillllBBIIBIIliBBBBill  lBII  II 
iaBBEBaBBBBBBBaBaBaBiEllllBBIIBlIBBBBBBBIIIBIIIII 
IBBBBBBBBBBBBBBBaBiaiaailllBBIIBlIBBBBBBBIIIBIIIB 
aBBBBBBBBBBBBBBBBBaBBIIHBBIIBIliBBiBBBlIBBBIIB 

BBBBBBBBBBBBBBBBBBBfBlIBBInijliBBEagaiEiillil 


BBBBBBBBBBBBBIIlIBBBBBlIBBBBlCaiillBIIBlIBi 

iBBBEBBBBEBBBBIIIIBillBBIlEiBiillllllBIIBII- 

II 


MBBBBBBBBiaBBBBIIIII 


BBiBiBIBII  IBBIlBBIIIlBlBiBBIII  jiflB 

BBElEBBBWlBBlIBBIIIlifePiiBBlEiiElIB 

BBBaBIBaflBBlIBBIIIlilil^BBBBBiiBIIB 

SBBBBBBBRRBBBflBBIiSBBSBBBBBBBBIIB 

- IIIIIBIBBIIB 


iiiiMiiiiimimiiliiii'ii  iWi  iii^ 


It  will  be  noticed  that  changes  in  resistance  due  to  changes  In  velocity 
become  larger  in  all  cases  at  low  speeds  of  the  order  of  Uioo  'the 

temperature  rise  due  to  heating  is  large.  If  we  assume  that  the  charac¬ 
teristic  curves  for  a  general  electrode  lie  at  some  intermediate  value 
between  the  (_L )  and  (ll)  cases,  the  average  (45°)  of  these  two  cases  is 
approximately  applicable  to  most  electrodes.  These  curves  are  shown  in 
Figure  12.21  for  To  =  20°C,  and  Figure  12. 22  for  T^  =  0°C. 

The  differential  sensitivity  of  resistance  to  small  changes  in  velocity 
is  calculated  in  the  following  way.  Define  the  "velocity  sensitivity 
exponent,"  as  (Sec.  6.2  ) 

M  =a  , 

R  u  ^  u ;  ' 


where  SR  and  6U  are  small  increments  in  resistance  and  velocity,  respec¬ 
tively,  at  the  steady-state  cporatlng  point.  Now 


&R 


5U 


and 

thus. 


Since 


R  =  ^  Rfl 


R. 


Ta- 


T«  = 


P 

cAU 


-<3T  , 


it  follows  that 


The  derivative  (?P/3r)  depends  on  the  mode  of  operation  of  the  elec¬ 
tronics.  Collecting  the  above  expressions  we  obtain 
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Average  Electrode  Resistance  as  a  Fui 
tion  of  Velocity  for  Three  Modes  of  Oj 
ation  and  20  °C  Ambient  Temperature 
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ation  and  0  **C  Ambient  Te: 


It  is  convenient  to  define  a  factor  M  as  follows: 

Solving  the  above  equation  for  (  i  R/3  U )  we  find 

Furthermore,  define  the  quantity  ^such  that 


1=1-  M 

Thus,  we  can  write 


and 


or 


2^ 

ay  {o  J  ^ 


To  evaluate  consider  the  circuit  of  Figure  12. 23  which  .  .ows  the 

sensing  element  of  resistance  R  as  a  load  on  a  power  source  of  internal 
impedance  Z  and  voltage  Vg (which  is  a  constant).  The  voltage  on  the 
electrode  is 


V, 


> 


and  the  power  dissipated  in  the  electrode  is 

P  =  v2  _ 

"  (PtZ)2 
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Figure  12.23.  Signal  Generator  and  Sensing  Element 
It  is  easily  shown  that 


therefore 

The  values  of  this  function  for  three  modes  of  operation  are  shown  in 
Table  12.1  . 

The  CPO  mode  is  of  particular 
interest: 

^  «  1 

and 

“u  =  -«  • 

This  sensitivity  coefficient  is 
evaluated  for  the  simple  cases 
(x)  and  (ll)  considered  previous¬ 
ly,  which  take  into  account  the 
non-linear  heating.  It  should  be  remembered  that  if  the  exit  temperature 
rise,^!,  is  relatively  small  (say,  less  than  10°9  the  sensitivity  coef- 


The  Function  5  for 
Three  Modes  of  Opera - 
tlon  (M  O) _ 


Mode  of 

Source 

^  i  1 

Operation 

Impedance 

CPO 

Z  =  R 

/ 

CCO 

Z  3*>  R 

1  -  M 

CVO 

Z  -i^<R 

1  +  M 

ficient  reduces  to  that  obtained  previously  for  linear  heating,  viz., 

^5!  0.15  at  =  0  °C,  4T  =  10  °C 

“2:0.10  at  To  =  20  °C,  /^iT  =  10  °C  . 


For  the  (i_)  case  we  have 


and 


/  aiT 

trr 


It  follows  that 


aTx 


=  &r 


rfe) 


and 


-  o4,  1  — 


“*  '  Ur^,T:)n%)  ' 

In  a  similar  manner,  it  may  be  shown  in  the  (ll)  case  that 


^CToJ 

These  two  limiting  sensitivity  exponents,  are  shown  in  Figure  12 . 24  as  a 
function  of  exit  temperature  for  ambient  temperatures  of  0  °C  and  20  °C. 
The  velocity  sensitivity  exponent,  0!u,  for  an  actual  electrode  will  assume 
a  value  Intermediate  between  a^^and  shown  in  this  Figure  (45®). 


For  operation  at  atmospheric  pressure,  hi^  velocity  sensitivity  calls 
for  the  highest  possible  electrode  power  without  boiling  (T,^  =  100”c). 

For  operation  at  greater  pressure,  for  example  deep  in  the  ocean,  an 
optimxim  power  level  exists  which  corresponds  to  an  exit  temperature  of 
about  150°C. 
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13.  CONDUCTIVITli'  RESPONSE 

The  factors  which  set  the  limits  on  the  frequency  response  of  a 
measurement  of  the  electrolytic  conductivity  with  an  electrode  probe  are 
considered  in  this  Section.  The  analysis  covers  those  variables  which 
effect  the  conductivity  directly,  as  temperature  and  salinity,  or  indirectly, 
such  as  bubbles.  The  self -heating  at  the  electrode  is  assumed  small  enough 
so  that  velocity  effects  may  be  neglected.  The  primary  factors  which  deter¬ 
mine  the  conductivity  response  are  the  size  and  configuration  of  the  elec¬ 
trode  structure,  the  velocity  boundary  layer  flow,  and  thermal  and  ionic 
diffusion  processes. 


The  frequency  response  of  a  probe  is  related  to  its  physical  size  and 
velocity  through  the  medlvim.  The  relations  between  physical  dimensions, 
frequency,  and  probe  velocity  are  summarized  below.  If  a  component  of  the 
conductivity  structure  in  the  medium  has  a  physical  wavelength,  ^  ,  the 
frequency,  f,  of  the  resultant  electrode  resistance  variations  is  related 
to  the  speed,  U,  of  the  probe  throu^  the  medium  by 


)\  f  =  U  or  f 


_U 


The  wavenumber,  k,  of  this  component  is 


and 


or 


}  Zn  k"^ 


f 


2« 


or  CO  =  kU 


where 

(0  =  Znf 

The  inverse  wavenumber,  k  is  a  measure  of  the  "blob  size"  of  the  struc¬ 
ture  under  consideration  in  the  medium.  The  relation  between  frequency, 
wavelength  and  velocity  is  plotted  in  Figure  13.1  for  the  range  of  these 
variables  which  are  of  interest  in  most  fluid  measurements.  As  an  example, 


and 


V  =  3  knots  =  15^  cm/sec 
,  -1 

k  =  3  mm 
k  =3.3  cm"^ 

=  1.8  cm 
f  =85  cps 


Reference  must  be  made  to  the  temperature  and  salinity  structure  of 
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Relation  Between  Physical  Wave 
length,  Frequency  and  Velocity 


the  medl\an  when  the  response  to  conductivity  structure  involves  diffusion 
processes.  This  is  necessary  since  the  conductivity  at  a  point  is  a 
function  only  of  the  temperature  and  salinity^and  thermal  diffusion  is 
not  the  same  as  (more  rapid)  ionic  diffusion.  Thus,  the  diffusion  of  the 
conductivity  structure  involves  the  combined  effects  of  thermal  and  ionic 
diffusion.  If  a,  T,  S,  represent  small  variations  of  the  conductivity, 
temperature,  and  salinity  about  their  respective  average  values  then 

cT  =  p  T  +  p  S  , 

where  p  and  p  are  the  temperature  and  salinity  coefficients  of  the  conduc¬ 
tivity.^  The  equations  which  govern  the  temperajture  and  salinity  structure 
at  a  point  in  the  mediimi  where  the  velocity  is  u,  are 

:iC-  VT  ^oc  V^r 

where  a  and  D  are  the  thermal  and  ionic  diffusivity  constants  of  the  medium. 
These  equations  relate  to  the  redistribution  of  the  respective  scalar 
variables  by  forced  convection  and  diffusion.  It  is  clear  that,  unless 
the  diffusion  teims  are  small,  the  conductivity  structure  depends  on  the 
individual  temperature  and  salinity  structure.  If  the  structure  is  deter¬ 
mined  by  convection  only,  then 


In  this  case  the  response  of  the  probe  to  conductivity,  temperature  and 
salinity  are  identical.  In  an  isotropic  homogeneous  turbulent  field  with 
random  temperature  and  salinity  structure,  the  size  of  structure  v/here 
viscous  forces  are  important  is  (1,2) 

where is  the  kinematic  viscosity,  and  e  is  the  dissipation  per  unit  mass. 
This  dissipation  length  in  the  ocean  is  of  the  order  of  3  nim  which  is  the 
approximate  size  of  the  smallest  turbulent  blobs  of  sea  water.  The  cor¬ 
responding  size  which  determines  the  smallest  blob  size  for  temperature 
and  salinity  structure  is  smaller  ths.n  this  dimension  since  the  Prandtl 
number,?,  and  Schmidt  number,  5,  are  greater  than  unity  in  water: 

~  0^  7  and  P  =s  7 

■V  =  3  S  and  S  s*  800 

Since  S  >!?  P,  the  salinity  structure  extends  to  smaller  scales  than  the 
temperature  structure. 
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The  determination  of  the  response  in  the  general  case  for  a  given 
electrode  configuration  involves  the  description  of  the  random  conduc¬ 
tivity  field  in  a  turbulent  medium,  consideration  of  the  effects  of  thermal 
and  ionic  diffusion  in  the  region  of  the  boundaries  of  the  probe,  and  the 
distortion  of  the  random  field  by  the  non-uniform  flow  velocity  in  the 
immediate  region  of  the  probe.  This  general  case  is  exremely  dlffictilt 
to  analyze  and  certain  simplifying  assumptions  and  special  cases  will  be 
studied  to  understand  the  main  factors  which  limit  the  response  of  the 
probe.  "Hie  theory  of  the  flow  of  the  random  scalar  field  through  the 
sensitive  volume  of  the  electrode  involves  the  motion  of  points  in  the 
medium,  thus  the  Lagranglan  description  (instead  of  the  Eulerian)  is 
appropriate  (3).  In  the  case  of  non-uniform  flow  in  the  electrode  region 
the  analysis  of  the  Identity  transport  is  cumbersome  and  Involves  the 
concept  of  "drift"  For  uniform  flow  (U  «  constant)  the  problem  is  relatively 
simple.  The  analysis  is  greatly  simplified  by  assuming  a  "frozen"  random 
scalar  field  which  is  static  and  not  decaying  by  diffusion  (l.e,,  a  -*»■  0, 

D  ->0).  Special  cases  of  the  above  considerations  are  the  subject  matter 
of  the  following  paragraphs.  The  response  of  the  probe  to  small  bubbles 
in  motion  throu^^  the  electrode  volume  is  also  considered. 


13 . 1  Temperature  Fluctuations 

The  response  in  the  case  of  uniform  flow  without  diffusion  is  now 
considered.  Since  the  response  in  this  case  is  the  same  for  conductivity 
as  well  as  temperature  and  salinity  structure,  we  will  talk  in  terms  of 
temperature  response  because  of  the  mamerous  cases  in  which  the  conduc¬ 
tivity  signal  may  be  assigned  almost  exclusively  to  a  temperature  signal. 
Since  the  velocity  is  uniform,  no  account  is  made  ol  the  effect  of  the 
distortion  of  the  random  temperature  field  by  the  probe  itself.  Two  spe¬ 
cial  cases  are  considered:  a)  the  simple  case  of  a  one -dimensional  ten^r- 
ature  field  and  one-dimensional  electrode  field  distribution,  and  b)  the 
more  general  case  of  a  three-dimensional  temperatvire  field  and  electrode 
distribution. 


One-Dimenalonal  Case 
We  assume: 

a)  One-dlmensloxuil  electrode  along  x-axis. 

b)  Constant  velocity,  U,  parallel  to  x-axls. 

c)  No  boimdary  layer  effects. 

d)  Small  teo^rature  fluctuations. 

e)  One -dimensional  temperature  variations  along  the  x-axls. 


The  dynamic  temperature  equation  for  the  te:^erature  field  is 


Making  the  substitutions: 


S 


T  -  T, 


T 


"u  =  , 


where  T,  is  the  average  effibierit  temperature,  and  x  is  a  unit  vector  in  the 
direction  of  the  x-axls,  the  dynamic  equation  becomes  simply 

It  +  ^  Jx"  = 

This  has  the  general  solution 


s  =  s(x  -  Ut)  , 


which  represents  the  "frozen"  temperature  structure  of  the  medium  as  it 
flows  through  the  field  of  the  electrode.  The  temperature  field  8(x)  is 
assumed  to  be  known,  at  least  with  respect  to  its  average  statistical 
properties.  The  average  relative  temperature  over  the  electrode,  ©,  is 
defined  as 


~^(x)  eik 


and 


■f  oo 

f  -6vC^)  c{  k.  ^ 


where  w,  here,  is  the  electrode  distribution  function  for  unit  frontal 
area.  Therefore,  the  average  temperature  as  a  function  of  time  is 

o« 

/  S>Cj<-U-6)  -fvMd  X  ^ 

— ad 

or  as  a  function  of  distance 

-  /  sCi-x)  -ioCt)c^t  ■ 

~Z,/0 

We  proceed  in  the  conventional  way  to  analyze  the  stochastic  properties 
of  the  average  temperature  over  the  electrode  by  means  of  correlation 
functions  and  power  spectra. 

The  correlation  function,  RqCt),  of  ft  is  defined  as  (U) 

4-L- 

“  iHHl,  zcl  e(x+T)  tf(x  , 

-L 
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and  is  an  even  function  of  t.  Carrying  out  this  operation  we  find 

—  po  L  —  u  ^ 

however  the  quantity  in  wiggly  hrackets  is  just  the  correlation  function 
of  the  ten^jerature  at  points  in  the  medium: 

I?,  Cx'-x- t')  =  3t /  sfr-*)5(x'-i  -t)  a  t. 

—  L- 

With  further  manipulation,  we  find 


•foo 

®  ^  '  -4a  _»o 

-hoA  - 

-  f  -vO()-Nix+-%.)  ^s(i-VJ  . 

—  to  —  ^ 


— no 


where  the  correlation  function  of  the  electrode  sensJ-ng  function,  w,  is 

•^oo 


The  expression 


ft)  = 


-for 


gives  the  correlation  function  of  0  in  terms  of  the  known  or  given 
correlation  functions  of  the  prohe  eind  the  temperature  fluctuations  of  the 
medium.  ?y  the  convolution  theorem,  the  relation  between  the  corresponding 
power  spectra  may  be  obtained  as  follows.  The  power  spectrum  of  0  is 


-too 

PeW  OosCioi;)ct'P  ^ 

_ 
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-f-M  -f-OO 

^(o)  =  (^feov)  j  yPs  Ri^ix)  dt 

'Z'  -  -» 

=  /  /?^(f€.J  ^4  fw)  GUxsftol) 

—TeO  ^ 

=  T  ^^(<o). 

Thus,  a  very  simple  result  is  obtained  for  the  power  spectrum  of  the 
average  electrode  temperature  fluctuations.  The  quantity  n  is  the 

At  low  fre- 


-iL 

TT^ 

Thus,  for  the  large  scale  temperature  structure 

7r  io]  =  / 

and 


power  spectral  density  response  of  the  temperature  probe, 
quency  (or  long  physical  wavelength)  we  have  (ui  O) 

-t~Vi 


3^(o)  = 

y. 

~  jr  f  Tt/Cc)  J  -^()of\)di 


■/,»o 


Three-Dimensional  Case 

We  now  consider  the  detector  response  in  au  isotropic  homogeneous 
random  temperature  fluctuation  field  under  the  assumption  that  the  probe 
does  not  disturb  this  turbulent  field.  The  temperature  field  is  frozen 
and  three -dimenslonaly and  the  electrode  field  distribution  is  also  three- 
dimensional.  This  assumption  is  valid  for  temperature  structure  consider¬ 
ably  larger  than  the  sensing  volume  of  the  probe  but  is  unrealistic  for 
the  smaller  scale  of  structure.  As  shown  in  Section  10.4  the  fractional 
change  in  electrode  resistance,  R,  is  given  by 

^  -  Ro-J  Jv, 

where  R  is  the  electrode  resistance,  ff  the  mean  conductivity  of  the  water, 
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and  4  cf  the  change  of  conductivity  relative  to  the  mean  value .  The  volume 
integration  extends  over  the  entire  electrode  volume.  If  the  conductivity 
is  uniform  over  this  volume,  the  above  formula  reduces  simply  to 


since 


fla- 


f 


In  terms  of  the  distribution  function  w  = 
of  resistance  formula  is 


-/ 

R(J( 


the  fractional  change 


In  the  analysis  belov,  we  follow  the  theory  developed  by  Uberoi  and 
Kovasznay  (5)  for  the  measurement  of  random  fields.  Following  their 
notation  for  the  case  of  mapping  a  scalar  field  we  have 


JL  = 


K=  Tv=  Kcr  (vpT 


-aor)=  /  K(t-x)  A  v(t) , 


or 

A.(,t)=  f  tfsvr)  , 

where  integration  extends  over  all  field  points  ?  in  the  electrode  volume. 
The  kernel  K.(‘s)  is  normalized  so  that 

kCs")  d  vft')  —  /' 

The  correlation  functions  of  the  conductivity  structure  (due  to  temper¬ 
ature  structure),  p(h  ),  and  measured  field,  ),  are 


t  (r+?r)  i 


^  fA)  =  <  -n-cr)  -a.  (Tr+'S)\i^ 

where  we  assume  an  isotropic  homogeneous  field  so  that  these  functions 
depend  only  on  the  magnitude  of,  ,  the  distance  between  the  two  points 
in  q,uestion.  The  above  averages  represent  averages  of  the  quantities  over 
a  large  volume  of  the  fluid  with  homogeneous  statistical  properties.  The 
corresponding  spectra  of  andJL  (1c)  are 


/  PC'S)  Am 

^A0L)Av(a), 
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and  the  inverse  relations  are 


j  E(ii) 

/  p(h)  (-^^}  ‘^V(k). 

The  correlation  fimction  of  the  sensitivity  dlstrihuticn  function, 

/ Kit)  Ay(t)^ 


and  the  corresponding  power  sensitivity  spectrum 

where,  again,  we  have  assumed  the  simplest  case  of  a  sensing  function  which 
is  radially  synmetric  (  K('f)  =  K(s),  s  =  I's'l  ).  The  measured  correlation 
function,  P(a),  is  related  to  the  actual  correlation  function,  p(^),  “by 

and  the  power  spectra  are  related  "by 


P(k)  =  S(k)  •  E(k)  . 

The  correlation  function (t )  is  nonnallzed  such  that 

/V'^r)  d  VC't)  «  / , 

This  follows  since  ^ 

K(i)  ■/ 

=  [7/ei'?)«/Ki?'s'3*’“  I  - 

The  sensitivity  power  spectrum,  S(k),  also  satisfies  the  condition 


3(0)  =  1  , 

since 


Even  in  the  case  of  radial  symmetry  the  expressions  for  the  cor¬ 
relation  function  and  spectrum  of  the  electrode  sensing  function  are 


13-9 


complicated.  Two  cases  of  Interest  can  Tae  analyzed  and  are  of  use  in 
estimating  the  response  of  the  electrode  to  random  fields. 

The  first  of  these  is  the  first  order  correction  to  the  mean-square 
output  of  the  detector,  i.e.,  p(0),  when  the  extent  of  the  correlation 
function  p(^)  hecomes  comparable  to  the  extent  of  the  electrode  config¬ 
uration,  i.e.,  comparable  with  the  extent  of  the  correlation  function 
■Y(t).  The  mean-square  output,  p(0),  is  given  by 

J i'C'^  f’Cv)  • 

If  the  correlation  fiuictlon  is  of  small  extent  in  comparison  with 

p ( T )  then 

^  ffa)  j'iCv)d  V( v)  / 

and  the  act\ial  and  measured  mean-square  values  are  equal.  The  first  order 
correction  is  obtained  by  assuming  for  small  t 

P(V)  -  I  I-  CL  V^}, 

The  "micro- scale"  (l)  of  the  temperature  (scalar)  fluctuations  is 
Substituting  this  in  the  expression  for  p(o),  we  get 

—  p(o)  — •  a,  pCo)  J . 

The  latter  Integral  can  be  expressed  in  terms  of  the  root-mean-sqmre 
extent  of  the  kernel  function  K  as  follows 

-  Jj^Cs)Ms)  I  J  T'  d  uCr)} , 

Let =  "x  -  ■f  ^  than  on  integration  over  the  angle  between  x  and  "s  we 
obtain  ^ 

/'c'^  ~  A"*" 

and 


where  ' 

/x*-  HiXjdvM. 

The  correction  to  the  measured  correlation  function  becomes 

=  /_  2  a.  , 


^  f  i<(x) 
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For  an  electrode  with  a  uniform  spherical  sensing  distribution  of  radius 
c,  we  have 

X 

rms 


In  order  to  get  an  idea  of  the  response  of  the  electrode  in  the  case 
where  the  scale  of  the  microstructure  is  small  in  comparison  with  the  size 
of  the  electrode. we  consider  the  second  simple  case  of  an  ideal  spherical 
distribution  function.  If  the  radius  of  the  sphere  is  c,  the  value,  Kg, 
of  the  sensitivity  kernel  within  the  sphere  is 


that  is,  Kfl  is  Just  the  inverse  of  the  effective  volume,  Vo  ,  of  the  sphere. 
The  correlation  function  'V'(t)  is  proportional  to  the  volume  of  intersection 
of  two  spheres  of  radius  c  with  centers  a  distance  x  apart.  With  this  geo¬ 
metric  interpretation  the  integral  which  gives  is  found  to  be 

=  [/-  ^  . 

This  correlation  function  is  shown  in  Figure  13,2  .  The  corresponding 
power  sensitivity  spectrum  is  _  ^ 

This  function  also  is  shown  in  Figure  13.2  .  For  large  wavenumber 
(kc  "r??!)  the  spectrum  varies  as  the  inverse  4th  power  of  k. 


The  cutoff  wavenumber,  k^,  of  a  given  electrode  in  a  random  scalar 
field  is  defined  in  the  following  way.  The  power  sensitivity  spectrum 
of  a  typical  electrode  is  shown  in  Figure  13,3  .  For  small  vravenumbers , 


the  spectrum  is  given  approximately 
■by 

/  -  (^)  , 

wijicli  dciiiicD  ohe  niccxning  oi*  the 
cutoff  wavenumber,  k^^,  in  analogy 
with  the  micro -scale  of  the  fluc¬ 
tuation  field.  F,xpanding  the 
expression 

for  small  kx,  vre  find 


Figure  13.3 


Cutoff  Wavenumber  for 
Electrode  in  a  Random 
Scalar  Fluctuation  J'ield 
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sfk) 

or 


or 


^ -fj"  fv'^i^{t)ciYCT) 
/  -  4-*/«‘  K(^)ctK 


This  is  the  relation  between  the  cutoff  wavenumber  of 
its  rms  radius.  For  a  viniform  spherical  distribution 
have 


k 


c 


]/^  =  2.23 
c  ”  c 


the  electrode  and 
of  radius  c,  we 


The  power  sensitivity  spectrum,  S(k),  obtained  for  the  sphere  serves 
to  illustrate  the  general  response  of  an  electrode  configuration  with  a 
localized  field  with  sharp  edges.  In  the  three-dimensional  case  for  a 
sphere  the  spectrum  varies  as  the  inverse  4th  power  of  a  wavenumber;  in 
the  two-dimensional  case  for  a  cylinder  the  spectrum  varies  as  the  inverse 
3rd  power  of  the  waven\amber;  and  for  the  one-dimensional  case  of  a  "box" 
the  spectrum  varies  as  the  inverse  2nd  power  of  k.  As  is  well  known,  the 
spectra  fall  off  more  rapidly  if  the  distribution  function,  w  =  K,  varies 
smoothly  with  position  without  sharp  discontinuities.  The  sharp  dis¬ 
continuities  or  edges  give  rise  to  a  higher  content  in  the  spectra  at  the 
higher  frequencies.  The  rapid  fall  off  of  the  spectra  in  the  one-,  two- 
and  three-dimensional  oases  for  a  smooth  distribution  function  is  most 
markedly  illustrated  when  the  kernel  K  is  a  Gaussian  fimction  of  position 
in  which  case  the  corresponding  spectra  are  also  Gaussian  at  large  wave- 
numbers.  In  the  case  of  a  practical  electrode  distribution,  the  distri¬ 
bution  function  varies  as  the  inverse  6th  power  of  the  distance  from  the 
electrode  and  in  the  immediate  vicinity  of  the  electrode  the  sensitivity 
varies  smoothly  as  a  function  of  position,  excepx  in  the  case  where  "edges" 
(Sec.  9.1  )  exist  between  the  metal  electrode  and  insulators.  There¬ 

fore,  we  would  expect  the  power  sensitivity  spectrum  of  a  three-dimensional 
electrode  configuration  to  fall  off  more  rapidly  than  the  inverse  4th 
power  of  the  wavenumber  at  large  values,  except  for  the  contribution  of 
the  "edges"  which  probably,  again,  give  rise  to  the  k"^  behavior  at  large 
k.  The  problems  of  obtaining,  analytically,  the  precise  form  of  S(k)  for 
a  given  eye-type  or  probe-type  electrode  are  formidable  and  will  not  be 
attempted. 

The  correction  function, (t),  and  power  sensitivity  spectrum,  S(k), 
are  needed  in  Section  5-5  for  the  square  cylinder  (diameter  =  height)  for 
the  analysis  there.  Since  this  electrode  volume  does  not  have  spherical 
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symmetry,  its  analysis  is  considerably  more  complicated  than  that  of  the 
sphere  and  is  somewhat  similar  to  that  obtained  for  a  resistance-wire 
detector  of  finite  length  and  zero  diameter.  As  a  first  approximation 
to  the  desired  functions,  it  is  asserted  that  it  is  very  similar  to  that 
of  a  spherical  distribution  function  of  the  same  volume.  If  d  is  the 
cylinder  hel^t  and  diameter,  the  corresponding  sphere  has  a  radius,  c, 
given  by 

d  =  2c  =  (0.818)  2c  . 

The  sketch  below  (Fig.  13*^  )  shows  how  similar  these  two  geometric  volumes 


Figure  . 


Spherical  and  Square 
Cylinder  Electrodes 


13.2  Boundary  Layer  Response 

The  response  of  a  probe  when  velocity  boundary  layer  effects  and 
diffusion  are  appreciable  is  studied  in  several  relatively  simple  special 
cases.  The  rscponce  of  the  electrode  i-esistance  to  a  step-ciiange  in  the 
conductivity  of  the  medium  for  stagnation  flow  and  flow  parallel  to  a 
flat  plate  is  considered. 


Stagnation  Flow 

Three  special  cases  of  stagnation  flow  of  increasing  complexity  are 
given  below. 

Case  I  -  We  first  consider  the  simple  case  of  an  Idealized  sensing  elec¬ 
trode  mounted  at  the  stagnation  point  in  axlsymraetrical  flow  against  a  wall. 
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Assume  the  sensing  function  of  the  electrode  is  uniform  over  a  cylinder 
of  height  h  and  diameter  h  and  is  coaxial  with  the  axis  of  symmetry  as 


shown  in  Figure  13-9  • 
a  step -change  in  it  as 


Assume  the  conduct! vity^ 
L  function  of  position; 

cTc  y 

i-  Ob  6  y  ^  ) 


of  the  medium  hs.s 


at  t  =0,  where  ai  is  the  ambient  or  average  value  of  the  conductivity. 
This  situation  is  Illustrated  in  Figure  13-5  >  where 


<T=^ 


07  ■"  ^ 
cJT 


is  the  relative  conductivity  of 


Figure  13.5  . 


Step-Qiange  in 
Conductivity 


the  medium.  As  shown  in  Section  13. 3 

the  material  surfaces  remain  paral¬ 
lel  to  the  wall.  Assume,  first, 
that  the  diffusion  constant  for  the 
temperature  and  salinity  is  zero  so 
that  the  distribution  of  o'  in  space 
is  not  subject  to  a  smoothing  action 
due  to  diffusion  processes.  In  this 
case,  the  edge  which  is  at  y  =  h  at 
t  -  0  moves  tovfard  the  wall  such 
that  its  distance,  y^  ,  from  the  wall 
satisfies 

and  'by  the  continuity  equation  for 
the  conducting  fluid  medium,  we  know 
that  for  all,  time  (t  >0)  that 


0':= 


T 


(€  «l). 


The  resistance  change, ^R,  of  the  electrode  is 


where  R®  is  the  steady-state  value  of  electrode  resistance,  v,  is  the 
electrode  volume.  Evaluating  the  integral; 
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Thus,  the  step-change  in  conductivity  causes  an  exponential  response  In 
the  electrode  resistance.  This  is  precisely  the  same  response  of  an  EC 
electrical  network  to  a  step-change  in  voltage.  Jj’oJ.lowing  this  analogy, 
the  power  sensitivity  spectrum  of  the  prohe  in  this  case  is  (6) 


I+-  i^y 


Case  (II)  "  Next  consider  the  seme  case  of  stagnation  flow  without  a 
velocity  boundary  layer  but  include  the  effect  of  finite  diffusivity  of 
the  conductivity  of  the  water  through  the  diffusion  of  temperature  and 
salinity  in  the  water.  We  are  not  interested  in  the  detailed  conductivity 
distribution  in  the  electrode  volume  but  only  the  average  conductivity 
over  the  sensing  field  of  the  electrode.  The  dynamic  equation  for  the 
relative  conductivity  (assuming  only  thermal  diffusion)  is 

^  vV  ^ 


The  average  electrode  resisteince  is 

where  the  volume  Integration  extends  over  the  cylinder  of  height  and 
diameter  h.  Since  <r  is  only  a  function^of  y  we  can  write 

-  i  f  • 

0 

The  axial  and  radial  velocities  for  potential  flow  are 


u 


V 


Integrating  the  dynamic  equation  we  have 


or 


^  j7< 

f 


=■  a 
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where  the  surface  integrals  extend  over  the  surface  of  the  cylindrical 
electrode  volume.  The  term  on  the  rl^t  is  zero  since  there  is  no 
conductivity  gradient  in  the  direction  perpendicular  to  the  cylindrical 
surface  (i.e.,  parallel  to  the  wall)  nor  is  there  a  gradient  allowed  at 
the  wall  Itself  and  the  contribution  to  the  integral  due  to  the  end  of  the 
cylinder  at  y  =  h  is  negligibly  small  if  h  is  much  larger  than  the  dif¬ 
fusion  layer.  The  other  surface  integral  is  ^ 

fo-  0(^)^  +■  fkU  J  , 


where  use  has  been  made  of  the  fact  that  the  conductivity  is  only  a  function 
of  y  and  the  radial  velocity  (v)  is  only  a  function  of  the  radius.  The 
volume  integral  is  ^ 


It  is  important  to  note  that  the  same  response  is  obtained  in  the  case 
of  finite  dlffusivity  as  in  the  case  of  zero  diffusivity  and  that  no 
recourse  has  been  made  to  the  details  of  the  conductivity  distribution 
in  the  electrode  volume.  The  basic  assumption  that  made  this  possible 
was  that  y  =  h  was  well  outside  the  region  where  diffusion  is  appreciable 
i.e., 


h  >>  2  (heat  diffusion) 

h  ^  (salinity  diffusion), 

which  are  very  small  distances  in  practice  ('-'10  cm).  These  conditions 
can  be  restated  as 


RP  »  1  (heat  diffusion) 

RS  »  1  (salinity  diffusion), 
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where  R  is  the  Reynolds  number  based  on  the  typical  electrode  dimension 
h  and 


P  = 

a 

»■  5 


(Prandtl  number) 
(Schmidt  number) 


Case  III  -  In  the  case  of  flow  with  a  velocity  boundaiy  layer,  we  shall 
see  in  Section  13*3  that  the  leading  edge  of  a  step-change  in  conductivity 
proceeds  toward  the  wall  in  such  a  way  that  the  distance  from  the  wall 
falls  off  exponentially  with  time  outside  the  velocity  boundary  layer, 
but  within  the  boundary  layer  this  distance  varies  inversely  with  time. 

This  has  the  result  that  the  overall  electrode  resistance  rises  exponen¬ 
tially  at  first,  but  later  it  rises  more  slowly  to  the  peak  value.  This 
situation  is  illustrated  in  Figure  13.6  .  The  long  tall  which  lingers  on 

due  to  the  boundary  layer  effect 
can  be  considered  undesirable  in 
that  it  implies  a  poor  response 
characteristic  to  variations  in 
conductivity  flowing  into  the 
detector  volume.  In  the  actual 
situation,  however,  this  tail  does 
not  continue  on  indefinitely,  since 
thermal  and  ionic  diffusion  process¬ 
es  come  into  play  when  the  conduc¬ 
tivity  gradients  near  the  wall  be¬ 
come  large.  This  effect  occurs 
when  the  edge  of  the  step- change 
in  conductivity  has  moved  well  into 
the  velocity  boundary  i.ayer  (since 
the  Prandtl  and  Schmidt  numbers  are 
considerably  greater  than  unity 
in  water).  When  these  diffusion 
processes  become  operative  the 
"tail"  again  proceeds  to  fall  off 

exponentially  but  with  a  different  time  constant  than  (h/u)  and  also  at 
a  rate  which  depends  on  the  diffusion  constant.  In  the  following  para¬ 
graphs  we  attempt  to  express  this  situation  analytically. 

The  equation  for  the  conductivity  distribution  is  (thermal  diffusion 

only) 

V(r^  OC  VV" 

or  in  cylindrical  coordinates 


Figure  13*6 


Response  to  Step- 
Change  in  Conductivity 
in  Stagnation  Flow 
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where  u  and  v  are  the  axial  and  radial  velocities,  respectively.  For 
potential  flow  these  velocities  are 


and  for  flow  in  which  a  boundary  layer  is  present  we  have  (7) 


Only  the  case  of  a  conductivity  distribution  which  is  a  function  of  y  is 
considered  so  that  the  radial  terms  in  the  above  equation  are  zero  since 


or  by  a  change  of  variable  (y  -^S*  )*• 


^  -  4‘(^)  If-  =  (IS")  . 

To  solve  this  equation  for  the  given  boundary  conditions,  which  are 


we  begin  with  separable  solutions 

(r=  T(i)  i  (?) . 

Substituting  this  form,  the  two  equations  for  T  and  t  are  obtained 
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and 


2.P 


2  i- 4>(s)  2 -h  >!  i  -O 


where ^  Is  a  parameter  (eigenvalue).  The  corresponding  equation  for 
ionic  diffusion  is  obtained  by  replacing  the  Prandtl  number,  P,  by  the 
Schmidt  number,  S.  The  solutions  to  these  equations  (eigenfunctions) 
are 

r-=  T^o)  e 
?  =  ?x(S) 

where  is  some  function  which  is  not  readily  obtainable  for  the 

general  form  for  ii(Qj  and  satisfies  the  boundary  conditions 

(0)  =  0 

(oo)  =  0  . 


The  time  dependent  boundary  condition  at  y  =  h  is  satisfied  by  developing 
the  function  e(t)  in  the  above  eigenfunctions  as  follows: 


where 


Dir 

o 


5  - 


U 


zKt/ 


The  eigenvalues  (and  associated  eigenfunctions)  may  consist  of  a  discrete 
set  of  values  In  which  case  this  integral  becomes  a  summation  over  these 
discrete  values.  We  will  not  attempt  to  solve  the  equation  for  Z;^  (^) 
in  the  general  case  but  will  consider  one  limiting  case  of  that  set  of 
functions.  Suppose  €(t)  is  some  function  of  time  of  finite  duration,  i.e., 
a  pulse.  At  times  which  are  great  in  comparison  with  the  pulse  length 
or  (h/U),  we  see  that  because  of  the  decay  of  the  exponential  factor  in 
the  above  integral  that  only  the  contribution  for  the  least  value  of  "h 
remains.  This  means  that  the  input  pulse  finally  attains  a  limiting 
shape  near  the  wall,  the  eunplitude  of  which  delays  exponentially  with 
time. 


If  the  flowing  is  without  a  boxindary  layer,  i.e.,  potential  flow, 
the  velocity  function  is 

in  which  case  the  least  eigenvalue  and  corresponding  eigenfmetion  are 
readily  found  to  be 

A  =  1 
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and 


and  the  limiting  conductivity  distribution  is 

<r-- 


7r(o)  irjo)  e 


The  decay  of  the  overall  electrode  resistance  in  this  case  has  already 
been  considered  irre selective  of  the  existence,  or  not,  of  a  diffusion 
process  and  agrees  with  the  above  value  of  time  constant  (  A  =  l).  In 
the  velocity  boundary  layer  (  'S<  l)  where  jy  is  approximately 


<p(i)  ^ 


(m  =  1.312iO)j 


the  solution  in  this  case  is  more  difficult  (8).  A  rough  estimate  of  the 
least  eigenvalue  can  be  obtained  in  the  following  way.  Beginning  with 
the  equation 

we  approximate  the  derivatives  by 

where  B  is  a  distance  comparable  with  the  distance  over  which  2:  is 
appreciable.  To  this  approximation,  the  minimum  eigenvalue  is  the  minimum 
with  respect  to  B  of  the  expression 

r  '/3 


i  Jl 
T 


/ 


The  final  state  distribution  is  appreciable  over  distances  of  the  order  of 


S’ 


I 


and  decays  in  time  approximately  as 

—  fU~tr 

e  UT 


yr’ 
1 


w 
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For  vater  P  *  w  2  and  !S  *  ■sc  10,  so  that  this  distrihution  Is  within  the 
velocity  boundary  layer  hut  not  much  thinner  In  the  case  of  thermal  dif¬ 
fusion. 

To  summarize  the  above  analysis  of  the  response  of  the  detector  to 
a  step-change  in  conductivity  at  a  stagnation  point,  we  can  identify 
four  stages  of  the  rise  of  the  overall  electrode  resistance  to  the  final 
value : 

1.  Exponential  region  with  a  time  constant  (h/u)  corresponding  to 
potential  flow  with  no  diffusion. 

2.  Ifyperbolic  region  in  which  boundary  layer  flow  is  operative  but 
not  diffusion. 

3.  Exponential  region  with  time  constant  (h/U)P’’^^  for  boundary 
layer  flow  with  thermal  diffusion  causing  that  part  of  the 
conductivity  change  associated  with  a  temperature  change  to  dif¬ 
fuse  into  the  medium,  and 

4.  Exponential  region  with  time  constant  (h/u)S“^*  for  boundary 
layer  flow  with  ionic  diffusion  causing  that  part  of  the  conduc¬ 
tivity  change  associated  with  a  salinity  change  to  diffuse  into 
the  medium. 

Since  the  thermal  diffusion  layer  is  comparable  with  the  velocity 
boundary  layer  thickness,  the  hyperbolic  region  is  not  of  long  duration 
when  the  step-change  in  conductivity  is  due  primarily  to  a  temperature 
change.  One  observes  simply  a  smooth  transition  from  one  exponential 
curve  to  the  other. 


Plat  Plate  Flow 


‘miFT  , 


The  response  of  a  xmiform  electrode  imbedded  some  distance  from  the 
leading  edge  of  a  flat  plate,  as  shown  in  Figure  13>7  ,  is  now  considered 

with  respect  to  the  effects  of  the 
potential  and  boundary  layer  flow 
and  diffusion  processes. 


In  the  case  of  uniform  flow 
without  a  boundary  layer  and  with 
zero  diffusion,  the  response  of  the 
detector  to  a  step-change  in  conduc¬ 
tivity  shows  a  fundamental  difference 
from  that  of  stagnation  flow,  viz., 
there  is  no  "lingering."  The  posi¬ 
tion  of  the  edge  of  the  step-change 
in  conductivity  is 


Figure  13.T 


X-L  X=4.+i- 

Electrode  Volume  in 
Flat  Plate  Flow 


=  Ut 
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where  It  is  assumed  to  he  at  the  leading  edge  of  the  plate  at  zero  time. 
The  resulting  electrode  resistance  as  a  function  of  time  is 


where  €  is  the  step  fractional  change  in  conductivity  and  the  electrode 
of  length.^  is  located  a  distance  L  from  the  leading  edge.  This  response 
curve  is  shown  as  the  solid  line  in  Figure  13>8  .  The  rise  of  the  elec¬ 


trode  resistance  is  linear  with  time  and  complete  after  a  time  (^/U)j 
this  was  not  the  case  for  stagnation  flow  which  gave  an  exponential 
response. 

If  diffusion  is  allowed  hut  no  velocity  boundary  layer  the  above 
situation  is  changed  only  in  that  the  edge  of  the  step-change  becomes 
"fuzzy"  when  it  reaches  the  electrode  and  causes  rounding  of  the  sharp 
changes  in  slope  in  the  above  Figure  at  the  front  and  back  edges  of  the 
electrode.  The  extent  of  this  fuzzy  edge  is  of  the  order  of  (L  =  1  cm, 
U  =  3  kts  =  154  cm/sec) 

2  \[^  X  3  X  10"^  cm 

for  thermal  diffusion  and 

2  »  3  X  10"^^  cm 


for  ionic  diffusion,  both  of  which  are  quite  small. 

For  the  case  of  finite  boundary  layer  flow  but  no  diffusion,  we  need 
the  results  for  flow  on  a  flat  plate  discussed  in  Section  13. 3  .  There  we 
find  that  in  the  boundary  layer^the  surface  of  the  step- change  in  conduc- 
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tivity  "becomes  distorted  as  shovra  in  Figure  13*7  and  Figure  13- 13.  Well 
after  the  step  has  passed  the  "back  side  of  the  electrode  volume  in  the 
uniform  flow  (tU  »  L  +jt),  the  thickness  of  the  "boundary  layer,  y,  is 
(Sec.  13.3  ) 


(^)  l/W 


(m  =  0.332) 


If  the  height  of  the  uniform  electrode  is  X  >  then,  in  this  case,  a  "tail" 
varying  inversely  with  time  is  obtained  on  the  response  of  the  overall 
electrode  resistance  change: 

-  (^)  =  e-  I  — 

as  shown  in  Figure  13.8  ,  This  situation  is  analogous  to  the  behavior  in 
stagnation  flow  under  the  corresponding  conditions.  The  magnitude  of  this 
effect  when  it  first  sets  in  (Ut  »  L)  is  about  20  %  of  the  final  value 
for  U  =  3  kts,  L  =  1  cm,  "V  =  .01  cm^/sec,  and  =  1  mm.  The  effect  is, 
thus,  appreciable.  As  with  stagnation  flow  this  undesirable  effect  does 
not  persist  Indefinitely  because  thermal  and  ionic  diffusion  processes 
set  in  which  give  rise  to  the  exponential  tail. 

The  diffusion  process  becomes  important  at  a  distance  B  from  the  wall 
when  the  conductivity  gradient  (d/s)  causes  diffusion  transport  comparable 
to  the  convection  transport: 


f 


\  Oi-  j  ' 

The  velocity  boundary  layer  thickness,  ^ ,  is  of  the  order  of 


r  _  _4_  f  -u 

%  'm.  K  ul) 


so  the  diffusion  process  takes  place  well  within  the  velocity  boimdary 
layer  since  v J_  _  J- 


TT  * 

for  thermal  diffusion,  and 


/ -y 

{aLj  O 


Q.OOS) 
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2 

for  Ionic  diffusion  with  U  =  3  kts,  L  =  1  cm  and  7/=  .01  cm  /sec. 

When  the  above  diffusion  processes  set  in,  the  tail  on  the  overall 
electrode  resistance  response  c\u:’ve  changes  from  the  inverse  time  charac¬ 
teristic  to  an  exponential  one  with  a  time  constant  related  to  the  rate 
at  which  conductivity  (via  temperature  or  salinity)  leave  the  boundary 
region  by  diffusion,  i.e.,  a  time  constant  of  the  order  of 


J.J  / 

^  ~  (1 

f)- 

Tn. 

/  UL 

for  thermal  diffusion 

and 

'4 

T  i 

?n. 

C  7^/ 

(u  J f 

for  ionic  diffusion  and  the  conditions  assumed  above.  This  analysis  shows 
that  the  effects  of  boundary  layer  response  are  definitely  appreciable  and 
lead  to  response  times  considerably  longer  than  the  time  to  transit  the 
electrode  volume,  (.£/u). 

In  summary,  four  distinct  phases  in  the  overall  response  of  the  detector 
to  a  step-change  in  conductivity  for  flow  along  a  flat  plate  can  be 
identified ; 

1.  A  linear  region  where  diffusion  and  velocity  boundary  layer  flow 
are not  important. 

2.  A  hyperbolic  region  associated  with  the  slower  velocities  in  the 
velocity  boundary  layer  but  where  diffusion  is  not  yet  operative. 

3.  An  exponential  region  with  a  time  constant  much  larger  than  the 
electrode  transit  time  caused  by  the  diffiision  of  temperature 
(heat)  to  the  boundary  layer  and  finally, 

h.  An  exponential  region  with  a  still  larger  time  consttint  caused  by 
diffusion  of  salt  concentration  to  the  region  near  the  wall. 

On  comparison  with  stagnation  flow  we  also  find  the  same  four  cor¬ 
responding  regions,  with  the  exception  that  the  initial  period  in  flat 
plate  flow  is  linear  instead  of  exponential.  Concerning  the  magnitude  of 
these  effects  limiting  the  electrode  response,  we  find  that  they  are  much 
larger  and  distinct  for  flat  plate  flow.  An  obvious  conclusion  to  be  drawn 
from  these  facts  is  that  to  avoid  the  limitations  of  boundary  layer  response, 
the  sensing  electrode  should  be  used  in  a  probe-like  configuration  with  the 
sensing  volume  occupying  primarily  the  stagnation  flow  region. 


13.3  Drift 

Sir  Charles  Darwin  (9)  introduced  to  concept  of  "drift"  which  refers 
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to  the  deformation  in  fluid  flow  of  material  surfaces,  i.e.,  the  motion 
of  Individual  fluid  particles.  Classical  hydrodynamics  usually  involves 
the  velocity  field  streamlines  as  a  function  of  position  relative  to  the 
moving  hody,  as  specified  in  the  Eulerlan  manner.  Tiie  study  of  hydro¬ 
dynamic  drift  involves  knowledge  concerning  the  history  of  individual 
particles  which  is  described  by  the  time  at  which  a  fluid  particle  reaches 
any  given  point.  In  addition  to  the  customary  streamline  surfaces,  then, 
there  exists  surfaces  of  constant  "drift"  i.e.,  surfaces  on  which  the  time 
relative  to  the  initial  reference  configuration  is  constant.  Darwin  (9) 
studied  the  drift  surfaces  for  the  cylinder  in  uniform  flow  perpendicular 
to  its  axis  and  Lighthlll  (lO)  obtained  the  corresponding  information  for 
a  sphere.  In  the  paragraphs  below  we  consider  drift  surfaces  when  laminar 
boundary  layers  are  involved  in  stagnation  and  flat  plate  flow. 


Stagnation  Flow 

Consider  the  axisymmetrical  flow  of  a  fluid  impinging  on  a  wall  at 
right  angles  to  it  and  flowing  away  radially  in  all  directions.  Such  a 
case  occurs  in  the  neighborhood  of  a  stagnation  point  of  a  body  of  revolu¬ 
tion  in  a  flow  parallel  to  its  axis.  This  situation  is  illustrated  in 
Figure  13.9  where  y  is  the  distance  from  the  wall,  p  is  the  radial  distance 
from  the  axis  and  the  velocity  on  the  axis  is  U  towards  the  wall  at  the 
reference  distance  y  =  h.  First  consider  the  case  of  potential  flow  in 
which  no  velocity  boundary  layer  exists  at  the  wall.  The  radial  and  axial 
velocity  components  in  this  case  are: 


Since  the  axial  velocity  is  independent  of  radius,  fluid  particles  which 
lie  in  the  plane  ysCWst Initially,  do  so  for  all  time.  The  distance  of  the 
material  surface  from  the  wall  is  determined  by  the  equation 


which  has  the  solution 


^  c 


The  "drift  surfaces"  are  t  =  constant,  and  refers  to  planes  parallel  to  the 
wall. 


The  velocity  field  in  the  case  of  axlsyimnetric  stagnation  flow  with 
finite  viscosity  in  which  a  boundary  layer  is  formed  (axisymmetrical 
Hiemenz  flow)  is  known  (7).  The  velocity  field  is  given  by 

U.  =  -2. 
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where 


^  Axisymmetric  Stagna- 
Figure  X3.9  .  tlon  Plow 


^(s) 

and 

and  the  functlcn^  satisfiea  the 
etiuation 

(jj"  i-  -/■/«=  £? 

with  'S  ■=  Qi  (/>:  <1/=  0-^  5  =  00 : 

<fi~  Since  the  axial  velocity 
is  independent  of  radius,  the  mate¬ 
rial  sui’facea  parallel  to  the  wall 
Initially  remain  eo  for  all  time. 

The  distance  from  the  wall  satisfies 
the  equation 


Integrating  this  cq,uation  we  get 

f 


For  s  >7  1  this  equation  yields  the  same  result  as  the  potential  flow 
given  previously,  hut  for  yc^cl  the  material  surfaces  move  slower  than  in 
the  case  of  potential  flow  and  linger  much  longer  in  the  boundary  layer 
before  approaching  the  wall  closely.  The  function  fiy(€,)  can  be  approximated 


4^  i-i.  , 


for 

fzl 

and  by 

for 

1. 

The  Integral  above  is^ 

to 

with  /„=  0.5690 


with  m  =  1.3120 

for  the  case  2>>lj approximately  equal 
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or 


j.i,  =  (&-fO  e 


which  approximates  potential  flow  if  "both  ?  and  are  much  greater  than 
unity.  For  the  case  S<  1,  the  integral  is  approximately 


Thus,  well  within  the  houndary  layer  the  distance  from  the  wall  varies 
approximately  Inversely  with  time: 


ZT  ~  /- 

^  {^ut/ 


Flat  Plate  Flovr 

Consider  a  fluid  flowing  parallel  to  a  flat  plate  at  velocity  U  in  the 
undisturbed  stream  as  shown  in  Figure  13* 10.  In  the  absence  of  a  velocity 

boundary  layer,  the  drift  surfaces 
are  simply 


X  =  Ut 


for  0  <  y,  which  are  planes  perpen¬ 
dicular  to  the  surface  of  the  flat 
plate.  The  existence  of  a  velocity 
boundary  layer  modifies  the  drift 
surfaces  near  the  plate  in  the  fol¬ 
lowing  way.  At  a  distance  x  down¬ 
stream  from  the  leading  edge,  the 
fluid  that  passes  between  the  wall 
and  the  height  yg  is  equal  to  the 
amount  of  fluid  that  passes  between  the  wall  and  y^  if  yg  lies  on  the 
trajectory  of  a  particle  which  passes  through  yT  : 

/  ‘'A  »)  , 

where  U^(x,y)  is  the  velocity  at  the  point  (x,y)  parallel  to  the  plate. 

This  provides  a  means  for  obtaining  the  esquation  of  the  particle  trajectories. 
The  velocity  field  in  the  boundary  layer  of  a  flat  plate  is  given  by  (ll) 

U  j'(^) 


-irt. 


)(‘=^  K^L 


Figure  13.10.  Flat  Plate  Flow 
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where 


a,Ti(^  t{*)  )  Isa  function  which  satisfies  the  equation 

//  -t-  2.  f  ■«  O 

with  <j  =  0;  f=f'>=0;  ^  =  oo:  f*=l.  Values  of  this  function  are 

recorded  in  Table  13-1  and'^plotted  in  Figure  13.II.  Evaluating  the  above 
integral  we  find 

/  f 

This  is  the  equation  of  particle  trajectories  or  streamlines.  The  time 
required  for  a  particle  beginning  at  at  t  =  0  to  reach  the  point  (L,  yg) 
downstream  is  found  by  integrating  the  equation 


where  the  integration  is  carried  out  over  the  trajectory  so  that 


Performing  the  integration  we  get 


This  simple  closed  form  for  the  drift  in  the  boundary  layer  of  a  flat  plate 
has  been  evaluated  with  the  Itnown  values  of  the  function  f  and  is  recorded 
in  Table  I3.I  and  plotted  in  Figure  13-12.  If  ^>3  the  function  f ( ^  ) 
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Tatle  13" 1  .  Functions  for  Boundary  Layer 
Drift  for  a  Flat  Plate 


B 

f(i ) 

Y 

0.0 

. 0000  1 

.0000 

0.0000 

0.2 

.0830 

.0066 

0.0576 

O.lt- 

.1660 

.0266 

0.1630 

0.6 

.249 

.0597 

0.2994 

0.8 

.332 

0.1061 

0.4610 

1.0 

.415 

0.1656 

0.6442 

1.2 

.488 

0-2380 

0.8383 

1.1^ 

.  586 

0.3230 

1.0533 

1.6 

.637 

0.4203 

1.2770 

1.8 

.696 

0.5295 

1.5017 

2.0 

.7500 

0.6500 

1.7320 

2.2 

.7939 

0.7812 

1.9591 

2.k 

.8446 

0.9223 

2.2049 

2.6 

.8793 

1.0725 

2.4376 

2.8 

.9079 

1.2310 

2.6660 

3.0 

.9309 

1.3968 

2.8931 

3.2 

.9491 

1.5691 

3.1173 

3.4 

.9633 

1.7470 

3.3365 

3.6 

.9740 

1.9295 

3.5529 

3.8 

.9819 

2.1161 

3.7637 

4.0 

.9877 

2 . 3058 

3.9740 

4.2 

.9919 

2.4981 

4.1810 

IBB 

.9947 

2.6924 

4 . 3868 

IBB 

.9968 

2.8883 

4.5907 

4.8 

.9980 

3.0853 

4.7952 

5.0 

.9990 

3-2833 

4.9975 

5.2 

.9993 

3-4819 

5.1973 

5.4 

.9998 

3.6809 

5.3972 

5.6 

.9999 

3.8803 

5.5971 

5.8 

.9999 

4.0799 

5.7970 

6.0 

1.0000 

4.2796 

6.0000 
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0.-i>  0.5  ,  ^  ^  <36 


is  approximated  closely  by 


f('))  =>)'% 


with  1.72077. 


The  drift  integral  in  this  case  is  easily  evaluated  to  he 


=  1  j 


as  expected  outside  the  boundary  layer.  For  Z  (inside  the  boundary 

layer)  the  function  is  approximated  by 

m  =0.33206. 

In  this  case^the  drift  integral  becomes 

-  K^)  ■ 

To  find  the  equation  of  the  drift  surfaces  (t  =  constant),  introduce  the 
dimensionless  similarity  variables 


■(k) 


then  for  t  =  Constantsa  functional  relation  exists  between  (X,Y)  which  is 
just  the  shape  of  the  material  surfacej^  Substituting  these  variables : 

A.  -  z  f  Js- 

X-  f%)  - 

These  similar  drift  surfaces  are  drawn  in  Figure  13.13  and  tabulated  in  Table 
13.1  .  For  small  X: 


y-  (^)  ^ 


^2 


The  trajectories  or  streamlines  of  the  fluid  have  the  equation 
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Response  to  Bubbles 


The  effective  change  in  electrode  resistance,  (.^iR/R),  due  to  the 
presence  of  a  small  spherical  cavity  of  different  conductivity  in  the  field 
of  the  electrode  was  found  in  Section  10.4  to  be 


where  av  is  the  volume  of  the  spherical  cavity,  Ru  is  the  cell  constant, 
K  is  the  ratio  of  the  conductivity  of  the  cavity  to  the  conductivity  cr 
of  the  medium; 


and  the  field  gradient  is  that  which  wcu’ld  be  obtained  at  the  location 

of  the  cavity  if  it  were  not  present.  For  a  non-cond\icting  bubble,  K  =  0. 
The  pulse  shape  of  the  resistance  variation  is  described  by  the  trajectory 
of  the  bubble  as  it  passes  through  the  electrode  field,  w. 

The  average  resistance  change  due  to  a  cavity  is  defined  as 


where  v^  is  the  effective  electrode  volume.  For  a  bubble  (K  =  O) 


A  simple  case  for  which  a  pulse  height  distribution  can  be  calculated 
is  when  the  sensing  ftinction  of  the  probe  is  a  function  only  of  the  radial 
distance,  r,  from  the  center  of  the  electrode  and  the  velocity  is  imiform. 
Consider  a  flush  electrode  with  the  uniform  flow  velocity  parallel  to  the 
wall  and  along  the  z-axis.  The  sensing  function,  w,  is  only  a  function  of 
the  radius,  r,  from  the  center  of  the  electrode.  The  trajectory  of  the 
bubble  is  along  the  z-axis  and  through  the  point  (x,y).  The  radial  distance 
is  r''  =  +  y^  +  and  z  =  Ut.  If  w  is  a  decreasing  function  of  radius, 

the  pulse  height  occurs  at  the  least  value  of  r,  i.e.,  at  z  =0,  and  at 
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2  2  2 

tha,t  point  equals  the  "distance  of  closest  approach,"  p,  where  p  =  x  +  y  . 
The  pulse  height  is  then  (for  a  given  hubhle  volume  av) 

^  i:  '^(e)  (K  =  0) 

and  the  maximum  pulse  height  occurs  at  p  =  0: 

i  T'lo) 

Define  the  relative  pulse  height,  h: 

where  0^  h  ^  1.  The  number  of  pulses,  dN,  of  pulse  height  h  is  propor¬ 
tional  to  the  element  of  frontal  area  jtpdp  at  the  radius  corresponding  to 
the  pulse  height  h: 

dN  =  c  (irf)  df)  U  i  / 

where  c  is  the  concentration  of  bubbles  of  volume  av,  U  is  the  speed  of  the 
detector  and  t  is  the  time.  The  number  of  pulses  per  unit  pulse  hei^t  is 

and  can  not  be  normalized  in  the  usual  way  because  there  are  infinitely 
many  (non-integrable)  very  small  pulses.  It  is  necessary  to  define  the 
"pulse  height  distribution,"  l|^(h),  as  follows 

where  Ky  is  some  reference  number  of  pulses  which  is  equal  to  the  number 
that  would  pass  through  a  (frontal)  area  Ay  : 

Ny  =  CAyUt  . 


Therefore,  we  have 


The  integral  distribution  function  of  this  function  is  defined  as 

k 
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The  average  pulse  height  and  higher  moments  are  all  zero  "because  the 
distrihution  is  not  Integrahle: 

o 

As  an  example  of  the  pulse  height  distribution  function,  assume  a 
radial  sensing  function  which  approximates  that  of  a  dipole  electrode 
(Sec.  10.1  ) 


where  b  determines  the  size 


of  the  electrode. 


> 


In  terms  of  h  we  have 


Carrying  through 
hutlon  function 


the  differentiation  of  this  expression,  we  get  the  distrl- 


,-fi 


It  is  easily  shown  that  this  distribution  has  a  minimum  at 


h  =  hv  =  2/3 


This  provides  a  convenient  standard  for  reference.  Define  Ay  as  the  frontal 
area  corresponding  to  pulses  of  height  1  >  h  2/3: 


A 


V 


and 


This  function  as  well  as  its  integral  distribution  is  show  in  Figure 
13. l4  .  The  following  relations  hold  for  this  distribution: 
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The  above  anali’-sis  assiamed  a  uniform  bubble  size.  If  there  is  also 
a  distribution  in  the  size  of  bubbles,  the  overall  pulse  height  spectrum 
consists  of  a  weighted  average  of  the  above  pulse  height  distribution 
function. 


13 . 5  Differential  Probe 

The  overall  response  of  a  differential  double  element  probe  is  different 
than  that  for  each  probe,  since  large  scale  conductivity  structure  measured 
by  each  probe  tends  to  cancel  out.  We  consider  the  overall  detector  response 
of  such  a  double  probe  for  measurements  in  an  isotropic-homogeneous  fluctu¬ 
ation  field.  The  analysis  applies  equally  well  to  the  measurement  of 
velocity  (turbulence)  and  scalar  variables  such  as  temperature  and  salinity. 
The  probe  elements  are  assumed  to  be  very  small  in  comparison  with  the 
separation  distance,  >  between  the  probes. 

The  analysis  follows  the  lines  of  the  three  dimensional  case  in  Section 
13.1.  Let  K^Cs)  and  K2(ib)  be  the  sensing  distribution  functions  of  each 
probe  normalized  so  that 

/ K(t)  4v(r)^  J kJ^)A\/Cs)  =  /, 

The  outputs  -^((1?)  and  from  each  probe  ar^combined  in  the  wheat- 

stone  bridge  network  such  that  the  net  output  is  the  difference  of 

the  outputs  of  each  probe: 

-^Lx)  =  -a_^(x+;r)  ~ _SL,  {T-T') 

•A  ^ 

where  /,  and— ^  are  the  position  vectors  of  the  two  (point)  probes  relative 
to  the  mid-point  between  the  two.  The  differential  probe  geometry  is  shown 
in  Figure  13.15.  Since  we  are  conccrng^  here  only  with  isotropic  turbulence 
fields,  the  orientation  of  the  vector  ^  is  unimportant.  The  individual 
outputs  are  given  by 
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and 


ic^is-t-f)  t(S)Jvfs)^ 

where  ^  (s)  is  the  measured  quantity  at  the  field  point '"s'.  The  overall 
output  is 

jlCx)- 

the  overall  kernel  as 

If  ve  assume  the  probes  to  be  ideal 
point  probes  and  Kj,  are  delta- 
functions)  the  overall  output  is  the 
difference  of  the  values  of  1  at  the 
two  probe  points: 

We  seek  the  correlation  function 
■'JJ(t')  and  spectrum  SCS)  of  the 
distribution  function  under  the 

assumption  that  the  two  probes 
experience  no  relative  motion  (no 
variation  of  separation  and  no  rota- 
tj^on)  as  the  double  probe  is  trans¬ 
lated  through  the  random  medium  is  a  constant).  The  correlation 

function  is 

i'(t]=  f  K(s)  K  ciK:^) 

=/[  k^(t-J^l^^Cs■hv~X)  i~  k,  (i+i)k, 

In  addition,  assume  that  the  distribution  functions  of  each  individual 
probe  is  identical  (but  located  at  different  positions)  so 


It  is  convenient  to  define 


K(s)'= 


y'P^e>i 
‘  m.i 


fhlPPO/z-JT 

rT 


Figure  13* 15'  Differential  Probe 


K^it)  =  K,^(s)  =  K„(3“)  , 
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and  that  this  distribution  is  spherically  symmetric.  In  this  case  the 
correlation  function  is 


i(v]=  iiCv)  -  'tCt+z-t) 

where 

ii(T)^ii(v)--  J  K(t)  fc.ct-h't)  A  At), 

In  the  limit  of  a  point  probe  these  correlation  functions  become  6-functions. 
The  overall  correlation  function  is  not  spherically  symmetric.  The 

spectrum,  of  the  double  probe  is  given  by  (5) 

J ^(v)  dAv)  , 

Evaluating  this  integral  under  the  assumption  that  the  probes  are  ideal 
points,  we  get 

sd)-  cosCt't]]  ^ 

and  the  spectral  response  depends  on  the  relative  orientation  of  the  double 
probe  and  the  wavenumber.  In  an  isotropic  random  field  we  are  concerned 
only  with  the  angular  average  of  S(^) 

0 

where  0  is  the  angle  between  k  and  JL  .  Carrying  out  this  integral  we  find 

A— 

This  is  the  power  sensitivity  spectrum  for  a  double  (differential)  detector 
with  point  probes.  For  small  scale  structure,  which  is  not  correlated  over 
the  distance  between  the  two  probes  (k^  ^  l),  the  response  is  just  that  of 
two  independent  probes  as  expected.  For  turbulent  structure  which  is  large 
with  respect  to  the  separation  distance  (kjZ^f^l)  the  response  spectrum  is 
given  approximately  by 

S(k)  ~  i  (kX)^  , 

which  approaches  zero  for  0,  which  illustrates  the  cancellation  of  the 

large  structure  by  the  differential  probe. 
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For  pro'bes  of  finite  size  the  behavior  of  S(k)  approximates  that  of  the 
individual  pro'bes  provided  the  separation  distance  2  A  is  relatively  large 
in  comparison  with  the  typical  dimensions  of  the  pro'be  electrodes.  If  the 
finite  size  of  these  electrodes  is  included;  the  overall  spectrm  is  given 
approximately  by 


where  So(k)  is  the  power  sensitivity  spectrum  of  each  probe.  As  an  example  , 
of  thiS;  the  overall  response  for  a  differential  probe  is  sketched  in 
Figure  13.16  for  electrodes  with  a  k"^  behavior  at  large  wavenumber.  The 
cutoff  wavenumber;  k^,;  is 


rms 


where  is  the  rms  radius  of  the  electrode  distribution.  The  lower  cut¬ 

off  wavenumber,  kv,  for  the  differential  probe  is  defined  by 

i  (k^i  =  2 


The  ratio  of  upper  and  lower  cutoff  wavenumbers  is 
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llj-.  VELOCITY  RESPONSE 


The  factors  which  determine  the  frequency  response  of  the  U-meter 
are  considered  in  this  Section.  Tlie  primary  factors  are  the  size  and 
configuration  of  the  probe  electrode,  the  velocity  and  thermal  boundary 
layers  at  the  electrode  surfaces,  and  the  thermal  properties  of  the 
probe  materials.  Simplified  special  cases  are  analyzed  to  understand 
these  effects  individually.  These  simplifications  are  similar  to  the 
ones  which  were  first  used  in  connection  with  the  analysis  of  the 
response  of  the  hot-wire  anemometer  (l).  The  temperature (and  salinity) 
of  the  medium  is  assumed  to  be  uniform  throughout  the  medium  except 
for  changes  caused  by  electrode  heating.  The  velocity  response  in  a 
given  mode  of  operation  (e.g.,  CTO)  is  considered  at  the  end  of  this 
Section. 


l4.1  Isotropic  Turbulence 

What  is  the  response  of  the  velocity  detector  to  an  isotropic,  homo¬ 
geneous  turbulence  field?  We  can  attempt  to  solve  this  case  only  under 
the  assumption  that  the  probe  itself  does  not  disturb  the  flow.  While 
this  assumption  is  valid  for  turbulent  structure,  large  in  comparison 
with  the  sensing  electrode,  it  is  not  so  for  turbulent  structure  compara¬ 
ble  to  or  smaller  than  the  probe.  The  turbulence  is  actually  quenched 
to  some  degree  where  the  shear  flow  is  hi^  near  the  surface  of  the  probe. 
This  effect  will  be  neglected  in  what  follows. 

The  analysis  of  the  turbulent  response  for  the  velocity  sensor  is 
analogous  to  that  of  Section  13*1  for  the  response  of  a  temperature 
detector  to  a  random  temperature  field.  First  it  is  necessary  to  estab¬ 
lish  how  a  turbulent  velocity  field  in  the  vicinity  of  the  electrode 
determines  the  change  in  electrode  resistance.  The  assumption  that  the 
turbulent  field  is  not  disturbed  by  the  probe  is  satisfied  if  the  average 
velocity  is  uniform  over  the  electrode  volume;  we  assvime  this  to  be  the 
case.  Let  he  the  temperature  at  a  point  in  the  fluid  medium  which  has 
an  average  value  T^  and  a  fluctuating  value  T: 

T,  =  Tq  +  T 


The  average  temperature  T„  ,  which  is  a  function  of  position  with  respect 
to  the  electrode,  is  assumed  to  be  zero  at  great  distance  upstream  from 
the  heating  field  of  the  electrode  (zero  ambient  temperature).  If  we 
consider  only  heating  due  to  Joule  heating  by  the  electrical  power  dis¬ 
sipated  in  the  electrode,  and  neglect  thermal  diffusion  and  friction  heating, 


.l4.1 


it  is  shown  in  Section  12. 2  that  the  temperature  satisfies  the  equation 

^ 

vrhere  P  is  the  average  total  electrode  power,  c  is  the  heat  capacity  per 
unit  volume  of  the  fluid,  w  is  the  electrode  sensing  distribution  function, 
and  "u^  is  the  ^velocity  of  the  medium  at  a  point  which  consists  of  an  aver¬ 
age  component  U  and  a  turbulent  Component'S: 

“u^  =  U  I'u  . 


We  assume  the  velocity  field  U  is  independent  of  time  and  we  are  attempting 
to  measure  the  turbulent  velocity  field, "u,  with  the  sensing  electrode. 

The  velocity  detector  responds  to  the  temperature  of  the  medium  aver¬ 
aged  over  the  electrode  volume 

=  J Tfs)  ^(s)  d V(t)^ 

where  the  integration  extends  over  the  entire  volume  of  the  fluid  about  the 
electrode.  Dividing  the  electrode  resistance  into  static  and  fluctuating 
components  we  have 

^  dV(s) 

■if- - ^  j  r  f%-i)  ■ 

The  term  (AR/R)  is  a  time  dependent  quantity  which  is  a  measure  of  the 
fluctuating  time  dependent  temperature  T('3,t)  which,  in  turn,  is  a  function 
of  the  turbulent  velocity  field. 

We  obtain  the  first  order  equation  for  T  under  the  assumption  that  the 
velocity  fluctuations  are  small  in  comparison  with  the  average  velocity : 


Also  we  assume  constant-power-operation  (CPO),  although  the  move  general 
case  of  the  other  modes  of  opeiation  may  easily  be  obtained.  The  dynamic 
temperature  equation  when  expanded  in  static  and  fluctuating  terms  is 
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Neglecting  the  second  order  term  and  separating  static  and  fluctuating 
terms : 


P-to 

e. 


and 


The  first  of  these  determines  the  temperature  field  in  the  vicinity  of  the 
electrode  and  the  latter  is  the  relation  between  the  fluctuating  temper¬ 
ature  field,  T,  and  the  turbulent  velocity  field, "u. 

The  fundamental  problem  In  the  response  of  the  velocity  detector  is 
to  find  the  statistical  properties  of  (^r/R)  in  terms  of  the  statistical 
properties  of  iT  (correlation  function  and  power  specti’iim)  from  the  equations 

'ff.V-r - 

and 


under  the  boundary  condition  that  T,  is  zero  at  great  distance  from  the 
electrode  except  downstream  in  the  wake  of  the  electrode  volume.  It  should 
be  mentioned  that,  while  u  is  assumed  to  be  a  homogeneous  turbulent  field, 

T  is  not  a  homogeneous  fluctuation  field,  being  most  intense  in  the  im¬ 
mediate  vicinity  of  the  electrode  volume  and  in  the  electrode  wake. and  small 
elsewhere.  As  a  matter  of  fact  it  can  be  shown  that  the  rms  value  of  T  is 
proportional  to  the  static  temperature  field  To,  The  inhomogeneity  of  the 
T-field  is  not,  however,  of  a  nature  which  precludes  the  direct  analysis 
of  the  problem  since  the  above  relations  are  linear  and  the  “u- field  is 
homogeneous . 

The  simplest  method  to  obtain  the  statistical  properties  of  (a  R/r) 
is  to  decompose  the  velocity  field  into  individual  wavenumber  components 


and  obtain  the  periodic  amplitude  of  detector  output.  Let  the  velocity 
at  a  point  in  the  medium  be 

yti  =  (^)  C 

where"?  is  the  position  vector  relative  to  a  frame  fixed  in  the  medium. 
The  position  of  the  probe  in  the  medium  is 

"r  =  ^  -  "Ut  , 


where's  is  the  position  of  the  point  in  the  medium  relative  to  the  probe. 
The  velocity  field  relative  to  the  probe  is,  thuu, 


We  seek  a  solution  of  the  form 

r=  sfi)  e 


it-  (s-t-t) 


Substituting  this  in  the  differential  equation  for  T,  we  find 


which  has  the  solution 

ect)-  -  C^)rJi). 


The  To -distribution  generated  by  heating  in  the  electrode  field  satisfies 
the  equation 


P-U! 

Q_ 


or 


with  the  boundary  condition  Tg(x,y,z)  =  0  at  x  =  -oo . 
this  equation  is  X 


The  solution  of 


The  temperature  at  a  point  in  the  medium  is,  thus, 


-i-t-Xfi: 
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The  electrode  resistance  as  a  function  of  time  is 

- - /  (  7— UJ  A  V{^) 

^  /r 

If  the  turhulent  structure  is  large  in  comparison  with  the  prohe  size 
(k  — ^O),  this  reduces  to 

since j  as  we  saw  in  Section  12.2, 

=  (^)  i  t)  id 

=  2  i^T  ^ 

=.  Jr 

where 

and  Ta(+oo,y,z)  is  the  exit  temperature  distribution.  IfJL  is  the  position 
of  the  probe  in  the  medium, 

^  =  -Ut 

then,  the  electrode  resistance  measured  at  the  position  ^  is 
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AROt) 


■iti 


? 


u 


ft  ir 

Define  the  quantity  .SL^^so  that 

5L(r)= 

R.  \/iATj 


^00  J 


which  has  the  units  of  a  velocity: 


Mf)  -  ^ 


2.4  -W  dv'(s) 


'^ui 

ca 


Now  turn  to  the  formulation  used  in  Section  13>ldue  to  Kovasznay  and 
Uberoi  (2) 

where  the  kernel  K('3')  is  a  function  of  the  sensing  distribution  of  the 
probe.  Assuming  a  periodic  velocity  field,  as  before,  we  find 


'7<. 


(f)  =  a  (It)  er^ 


and 


SlU) 


a 


■t) 


If  this  is  compared  with  the  expression  obtained  previously 


we  find 


IAto  -wcA?_\  ^ 


J. 


K  (s')  =  K  =  0 

y  z 


and 


K^(s)  =  K(s)=- 


The  power  sensitivity  spectrum,  S(k)  of  the  probe  is 
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sfn)-  / fa}  &  4 y(v)  , 

where )  is  the  correlation  function  of  the  kernel: 

•fW)  -  J K(t)  K(ti-v)  Jvfg), 

In  an  isotropic  turbulent  field  we  are  interested  only  in 

^  / sC^)  A^e  c^a 

where  Q  is  the  angle  between  k  and Carrying  out  this  integration 

s(k)=  j  fa) 

The  calculation  of  the  power  sensitivity  spectrum,  S(k),  with  the 
kernel  K 

jy  =1^/4  j  y) 


_'c>» 


where 


=  xl  +  y3  + 


is  not  simple  even  in  the  case  of  a  radially  symmetric  and  uniform  (spherical) 
electrode  distribution  function  w.  Relatively  simple  expressions  may  be 
obtained,  however,  for  a  one-dimensional  distribution  function  and  a  one- 
dimensional  turbulent  field. 

The  cutoff  wavenumber,  k^,  for  the  velocity  probe  is  defined  by  the 
value  such  that 

sW=  /-  (■^)  , 

for  small  wavenumbers  (k-«k^).  From  the  expansion 


^  / -fa)  T^a(y(*)  =/. 


we  have 


Sutstitu-ting  the  expression  for 

f  M)  =  J K(t)  Mt)  t’- 

=  2  Js^kCt)all/(sj  —  2 

where  the  latter  expression  follows  from  a  change  of  variable  and  order  of 
integration  and  the  fact  that 


/i  kit)  Mt) 


K(t)  dV(-S)  =  1  . 


The  above  integrals  may  be  evaluated  in  a  straight  forward,  though  somewhat 
tedious,  manner  to  obtain  the  cutoff  wavenvaiber  of  a  probe  with  a  uniform 
distribution  function  over  a  spherical  volume.  If  b  is  the  radius  of  the 
sphere,  we  find 


/s*  -  (^)  L- 


and 


f  t  k(t)  Mt)  =  ^  b 


k^( sphere) 


b 


An  approximate  expression  for  the  cutoff  wavenumber  for  a  square -cylinder 
(height  =  diameter  =  d)  is  obtained  from  the  above  result  by  requiring 
that  the  sphere  have  the  same  frontal  area  as  the  square -cylinder,  viz., 


or 


and 


( 8  quare - cyl inder ) 


In  Section  5*5  the  sensitivity  of  a  hot-wire  anemometer  is  compared 
with  that  of  the  U-meter  under  the  assumption  that  their  respective  cutoff 
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wavenumbers  are  equal,  and  that  the  U-meter  probe  is  a  square-cylinder. 
The  cutoff  wavenumber  of  a  hot-wire  of  length  A.  follows  from  the  analysis 
of  References  (2,3)  i 


k  (hot-wire)  = 

Thus,  the  U-meter  and  HWA  have  the  same  cutoff  wavenumber  if 

=  1.29 

f- 


14.2  One-Dimensional  Case 

The  formulas  of  the  last  Section  are  now  evaluated  for  the  case  of  a 
uniform  one-dimensional  electrode  distribution  and  a  one-dimensional  tur¬ 
bulent  field.  We  have  (for  vinit  frontal  area,  A  =  l) 

J  r)  ds 

K('x)  2.  J 

and 

J  '^0()cIk  —  / 

-SaO 

'toC 

f  K(>^)  4k  ---  /, 

— 

Assume  a  uniform  electrode  distribution  function: 


( 

'  1 

0  «x  <  X 

1 

a 

w(x)  =  j 

0 

otherwise  , 

then 

f  Kf) 

0<  k<  X 

K(x)  =  < 

r 

L  “ 

otherwise 
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The  corresponding  correlation  function  is 

and  the  power  sensitivity  spectrum  is 


where  a  =  kX .  These  four  functions  as  sketched  in  Figure  l4.1  . 


fluctuations  in  the  velocity  _at  £i  pointj  U,  is  proportional  to  the  steady- 
state  velocity  at  the  point,  Uo  and  the  constant  of  proportionality,  u, 
is  independent  of  position; 

"U-U  rrufo  ,  (|ul«.l) 


where  u  is  small  and  only  a  function  of  time.  This  is  termed  "proportional 
fluctuating  flow."  The  analysis  for  this  case  is  now  set  up  for  flow  about 
a  probe  which  distorts  the  otherwise  uniform  flow  in  the  vicinity  of  the 
probe.  A  solution  is  not  carried  through  because  of  the  great  analytical 
complexity,  however,  a  simple  experimental  method  for  measuring  the  power 
sensitivity  spectrum  in  this  case  is  developed. 

The  temperature  equation  in  three -dimensions  is 

^  ■^T  =  -225^ 

di  ‘  CL  / 

wher£^  P  is  the  electrode  power,  w  is  the  electrode  distribution  function, 
and  U  is  not  necessarily  uniform.  Let 

iT  =  +  uTt  , 


and 


P  =  Po  +  PP.  , 


where,  here,  we  allow  for  variations  in  the  total  electrode  power.  Sub¬ 
stituting  these  expressions,  neglecting  second  order  terms,  and  separating 
static  and  varying  quantities,  we  find 

u  .vi;  = 

and 

where  To('r)  is  the  steady-state  temperature  distribution  due  to  the  elec¬ 
trode  heating.  The  electrode  resistance  depends  on  the  average  electrode 
temperature 

Zt;  -  .2^  +  2r 

where 

wt  =  Jto 


l4.ll 


and 


The  power  spectrum  of  /5  T  Is  not  easily  calculated  from  the  electrode 
geometry.  A  very  convenient  experimental  method  exists,  however,  which  was 
first  used  hy  Ziegler  to  measure  the  response  of  a  hot-wire  anemometer  hy 
a  power  modulation  technique  (A).  We  notice  in  the  differential  equation 
for  T  that  power  fluctuations,  p,  enter  in  the  way  as  velocity  fluc¬ 

tuations,  u.  For  this  reason,  the  variation  of  Zt  with  u  for  constant 
power  (p  =  O)  is  identical  with  the  variation  of  with  -p  for  constant 
velocity  (u  =0).  Thus,  since  it  is  experimentally  easier  to  make  arbi¬ 
trary  variations  in  p  electronically  than  to  vary  the  fluid  flow  velocity 
u,  the  AT-response  is  best  measured  by  making  appropriate  modulation  of 
the  electrode  power  at  constant  fluid  velocity.  This  experimental  method 
of  determining  the  velocity  response  is  so  simple  and  direct  that  it  is  not 
worthwhile  to  carry  out  a  laborious  analytical  computation  of  the  response. 


l4.4  Boundary  Layer  Response 

The  temperature  rise  at  the  surfaces  of  the  electrodes  experiences  a 
more  or  less  abrupt  increase  near  the  surface  due  to  the  existence  of  the 
velocity  boundary  layer  (Sec.lZ.4  ).  The  resulting  temperature  boundary 
layer  makes  an  additional  contribution  to  the  overall  electrode  resistance, 
called  the  "boundary  layer  resistance . "  We  study  in  this  Section  how  this 
resistance  contribution  responds  to  fluctuations  in  the  velocity  of  the 
conducting  medium.  In  general,  for  a  given  electrode  geometry, this  is  a 
very  complicated  problem  and  is  necessarily  analyzed  here  under  simplified 
limiting  cases  of  very  low  and  very  high,  frequency  periodic  velocity 
fluctuations . 

The  electrode  geometry  considered  is  shown  in  Figure  13*7  and  consists 
of  a  uniform  electrode  field  of  length  imbedded  in  a  flat  plate  at  a 
distance  L  from  the  leading  edge.  The  free  stream  flow  is  parallel  to  the 
plate  and  the  velocity  boundary  layer  in  the  vicinity  of  the  electrode  is 
essentially  constant  if  ,  Since  we  are  dealing  with  water  as  the 

flowing  medium  with  a  Prandtl  number  of  about  5,.  the  thermal  boxuidary 
layer  is  thinner  than  the  ve.locity  boundary  layer  and  their  relative  thick¬ 
ness  is  some  fractional  power  (e.g. ,  l/S  cr  l/3)  of  the  ratio 


For  this  analysis  we  assume  this  ratio  to  be  very  large  so  that  the  velocity 
profile  in  the  vicinity  of  the  thermal  boundary  layer  varies  in  proportion 
with  the  distance  from  the  wall  (Sec.  12.4  ).  The  free  stream  velocity 
is  assumed  to  vary  periodically! 

.  (e«l) 
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The  temperature  and  velocity  houiidary  layers  are  calculated  in  the  two 
extreme  cases  of  very  low  (<»  — >0)  and  very  high  (co  oo )  frequencies. 
The  intermediate  frequency  between  these  extremes  occurs  when  all  the 
differential  terms  of  the  dynamic  equation  for  temperature 

c  If  ^  c  If  ^  i-  fi 

are  comparable.  This  occurs  when  the  following  approximate  relations 
hold; 


where  6,.  is  the  thermal  boundary  leyer  thickness  and  6  is  the  velocity 


where  we  have  used  the  fact  that  the  thiclmess  of  the  velocity  boundary 
layer  is 


6  = 


and  the  Prandtl  number  is 


P  = 


IL 

a 


and  a  =— • 
c 


For  example,  assume  the  values 

L  =  lOi  P  =  5 


.01  cm '"/sec 


then 


U  =  3  knots  (15^  cm/sec) 


1  mm 


2  X  10 


-3 


cm 


50 
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~  =  f  =  60  cps 

6  It 

Thus,  the  cases  considered  below  are  for  velocity  fluctuations  much  lower 
and  much  hi^er  than  a  frequency  of  the  order  of  100  cps.  The  periodic 
temperature  associated  with  the  velocity  fluctuations  is  expressed  in 
the  form 


Low  Frequency  Limit 

First  we  calculate  the  temperature  boundary  layer  in  the  limiting 
case  of  low  frequency  velocity  fluctuations.  Assume  the  thermal  conduc¬ 
tivity  of  the  wall,  Avv  ,  is  much  less  than  that  of  the  water,  H.  ,  The 
solution  to  this  problem  is  obtained  in  four  steps: 

1)  Obtain  quasi -static  temperature  variation  in  water  for  the 
case  Kw  =  0. 

2)  This  quasi-statlonary  temperature  variation  at  the  boundary 
implies  a  heat  flux  between  the  wall  and  the  water  for  l<w< 
finite  but  Aiv  «  /s  . 

3)  Solve  the  temperature  bovuadary  layer  equation  for  given 
boundary  flux. 

U)  Integrate  resultant  boundary  layer  temperature  over  surface 
to  get  boundary  layer  resistance  as  a  function  of  frequency. 

This  procedure  will  give  the  first  order  approximation  to  the  fluctuating 
temperature  field  in  the  low  frequency  limit. 


is 


The  dynamic  temperature  equation  in  the  boundary  layer  approximation 


2L 


where  U(y)  is  the  velocity  as  a  function  of  distance  from  the  wall  (inde¬ 
pendent  of  x),  and  Py  is  the  uniform  power  density  in  the  field  of  the 
electrode.  Near  the  wall  the  velocity  U(y)  is  expressible  in  the  form 

u(y)-u(f)  , 


where  U  is  the  free  stream  velocity  and  B  is  a  distance  determined  by  the 
slope  of  the  velocity  boundary  layer  at  the  wall  at  a  distance  L  from  the 
leading  edge.  The  steady-state  solution  of  this  equation  is  discussed 
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in  Section  12.4  in  similarity  form  and  will  be  denoted  by  To : 

where 


and  V  satisfies  the  following  second  order  linear  differential  etjuation  with 
boundary  conditions  appropriate  to  a  wall  of  zero  thermal  conductivity 

(  >:w  =  0) 

V  -I-  V  ~  -h  I  =0 


with 


v(0)  =  0  ,  v(cD  )  =  0 


The  quasi-static  solution  of  the  dynamic  temperature  equation  which  applies 
in  the  limit  cu  — »■  0  is  simply  the  secular  solution  in  which  the  temperature 
change  is  that  obtained  from  the  static  solutJ.on  by  a  direct  variation  of 
the  velocity  U  i.e., 

To  -  u  u  fv  uv  ^ 

“  '  f-t  +  i  ^  (^ , 

which  follows  from  the  velocity  dependence  given  above  for  the  static 
solution  Tg.  At  the  wall  the  quasi -stationary  solution  is 

To(x,o)  --iTo(x,o)  =  -  ■ 

This  temperature  variation  at  the  wall  corresponds  to  the  case  of  zero 
wall  conductivity  (  Ky^=  0).  In  the  next  paragraph  we  use  this  temperature 
variation  to  find  the  temperature  field  in  the  solid  wall  for  Aw  finite 
but  very  much  smaller  than  that  of  the  water  (k'w<'<  AT).  This  finite  but 
small  conductivity  would  only  slightly  change  the  wall  temperature  T-j^q(x,0) 
obtained  for  the  case  Kv/  =  0. 
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The  solution  for  the  temperature  field  in  a  solid  with  a  periodic 
wall  temperature  is  given  in  Carslaw  and  Jaeger  (5)-  If  T(^(x,y,t)  is  the 
temperature  at  the  point  (x,y)  in  the  solid  at  time  t,  and  if  the  harmonic 
boundary  temperature  is  the  i-eal  part  of 

T^(^)0,-t)  =  A0<)  ^ 

then  the  temperature  in  the  solid  wall  is  the  real  part  of 


where  avy  =  tC’w/cw  is  the  thermal  diffusivity  of  the  wall  material  and  y 
is  the  distance  into  the  wall.  We  assume  here  that  the  variation  of  the 
wall  temperature,  A(x)  along  the  wall  is  much  less  than  the  variation  of 
temperature  into  the  wall  so  that  conduction  along  the  direction  parallel 
to  the  wall  can  be  neglected.  The  resulting  heat  flux  from  the  wall  to  the 
medium  of  thermal  conductivity  K  at  its  surface  satisfies 


where  T  is  the  temperature  in  the  medium  bounding  the  wb.11  (water)  and  the 
temperature  gradients  are  evaluated  at  the  interface  (y  =  O).  We  assume 
that  K'w  «■  ^  so  that 

-  Ldtl  ~  “  ijrl  [jfl. 

The  temperature  gradient  in  the  water  is  much  less  than  that  in  the  solid 
wall.  The  expression  for  the  temperature  gradient  in  the  wall  is 


which  is  45  out  of  phase  (lag)  with  the  periodic  surface  temperature 
fluctuations.  With  the  knowledge  of  (dT/dy)  we  seek  in  the  next  paragraph 
the  resulting  temperature  field  in  the  water  which  would  result  from  such 
a  boundary  flux. 

We  seek  a  similarity  solution  of  the  form 

7^  =  WITH 


1U.I6 


(f<dX  ) 


oc^  k 

u 


where  these  quantities  are  the  same  as  those  in  Section  12.4  .  We  consider 
the  steady- state  solution  to  this  problem  since  it  corresponds  to  the 
quasi -stationary  solution  which  is  appropriate  to  the  first  order  approx¬ 
imation  in  the  low  frequency  limit,  The  steady-state  temperature  equation 
in  the  boundary  layer  approximation  without  internal  heating  and  with  a 
linear  velocity  profile  is 


which,  with  the  substitution  of  the  above  similarity  solution,  becomes 

-w  “  (  1  -ij  h(-~  +  TU  ? 


n~/TJ  ^  ^ \ . 


This  equation  must  satisfy  the  boundary  condition  that  the  temperature 
gradient  at  the  wall  is  proportional  to  some  power,  n,  of  the  distance, 
Xj  along  the  wall 


=  B 


(f-)\ 


or  g(x)  satisfies  the  equation 

(x")  . 

Without  lose  of  generality,  we  may  set 


w(0)  =  I 


in  order  to  make  the  value  of  g(x)  definite.  It  follows  that 

=  9L-t~ 

and  the  similarity  function,  w,  satisfies  the  ordinary  linear  differential 
equation  of  second  order 

-Uj  rL-  i.  / .IL.  £-  —u  \  _  ^ 
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with  w(co)  =  0  and  w(0)  =  1.  The  solution  of  this  equation  is  difficult 
and  has  not  "been  obtained.  The  temperature  in  the  flowing  medium  is 

where  B  and  n  are  specified  by  the  boundary  heat  flux.  We  show  later  that 
n  =  2/3  for  the  problem  of  Interest. 

The  results  of  the  previous  four  paragraphs  are  now  combined  to  obtain 
the  expression  for  the  quasi-stationary  boundary  layer  temperature  profile. 
The  quasi-stationary  temperature  fluctuation  at  the  wall  for  zero  wall 
conductivity  (  =  O)  is 

e  7;-oCx,o)  =  —  ^ 


This  temperature  is  equated  to  the  wall  temperature  of  the  solid  boundary 

£  17o(^fo)  ■ 

The  resulting  bo\mdary  heat  flux  from  the  wall  to  the  water  for  ^  small^ 
but  finlt^  produces  a  boundary  layer  temperature  profile  in  the  water  which 
is  the  first  order  correction  to  the  quasi-stationary  solution  in  the  low 
frequency  limit  and  will  be  denoted  by  The  gradient  of  6T]_.j_  iB 

specified  by  the  known  flux  from  the  wall.  The  gradient  at  the  wall  in  the 
water  is 


This  temperature  gradient  represents  the  given  boundary  condition  for  the 
boundary  layer  problem  of  cooling  a  wall  in  a  linear  velocity  profiles 


Substituting  previous  expressions  we  get  y  .  ^ 

Thus 

n  =  2/3 


I4.l8 


and 


B 


+- 


With  these  values  we  obtain  the  expression  for 


The  fluctuating  boundary  temperature  is 


definition,  the  quasi- stationary  solution,  T,q,  follows  the  velocity 
fluctuations  in  phase  and  without  attenuation.  The  first  order  correction 
term  does  not.  The  ratio  (T^p/T-j^q)  can  be  obtained  from  the  expressions 


where  the  velocity  boundary  layer  has  a  slope  at  the  wall  of  (L)/&)  where 


We  notice  that 


so  that  the  first  order  correction  terra  lags  the  quasi-stationary  solution 
(therefore  the  velocity)  by  135°,  thus,  tending  to  cancel  it  out  to  some 
degree . 

The  frequency  response  of  the  boundary  resistance  at  low  frequency 
i s  obtained  by  integi-ating  the  temperature  field  over  the  volume  of  the 
electrode  field.  Tire  change  in  electrode  resistance  (ZsB/R)  with  the 
change  in  velocity  e  =  .<dU/U  is  (Sec.  5.3  ) 
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K(r  ( f>  (iTa-f-  i;)  {7(l>rdv  ' 


where  3  is  the  temperature  coefficient  of^electrical  conductivity  of  the 


water.  For  a  uniform  sensing  function  \J70)  this  expression  "becomeB 


where  la  the  effective  electrode  volume.  At  zero  frequency  (tu — ►O)  and 
»  0,  we  have 

(■^1  "u"  /  • 

The  boundary  layer  amplitude  and  phase  response  of  the  electrodes  to  velocity 
changes  is  the  ratio 


AK. 

A  1^0 


J  (TToi-Ti)  alv  _ 

fl7od^ 


f Tijdv 
friodv  ^ 


where  the  integration  is  carried  out  over  the  entire  electrode  volume.  It 
is  shown  in  Section  12.4  that  the  temperature  profile  T^q  consists  of  two 
parts,  one  corresponding  to  heating  in  the  region  near  the  wall  where  the 
velocity  boundary  layer  plays  an  important  role  (T^^q^)  and  the  other  cor¬ 
responding  to  simple  heating  in  the  free  stream  (T2_qq).  If  the  velocity 
boundary  layer  is  thin  in  comparison  with  the  typical  electrode  dimensions, 
then  the  Integral  for  the  quasi-stationary  term  is  (Sec.  12.2  ) 


^  ^ ~^oo  d'V  — ■ 


jtPv 

C  U 


To  this  approximation  and  by  referring  to  the  expression  for  T^^  we  have 

4^  = 


i-vV  ^ 

= -  s  i-^)  (-^j "  ^  lii) 

where  the  electrode  volume  is  assumed  cubical  for  simplicity,  ^  Jc  , 
and  the  Integral  over  w(j;  )  has  been  doubled  because  of  a  contribution  at 
both  electrodes.  Performing  the  integrations  v/e  get 
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For  the  following  conditions: 

F  =  5  (water  at  40  °C) 

L  =  10^ 

k  =  3  (flat  plate) 

A.  =  EO/feTw  (water  and  celluloid) 

and  estimated  values  for  the  boundary  layer  functions^  the  value  of  mais 
about 

iHo  as  3 


Finally,  the  response  amplitude  is 


/  - 


/ /L  * 

u 


7 


which,  if  the  correction  term  is  small,  can  bo  written  approximately  as 

—  -n  .  Wo 

■  U  If 


f 


I /  (Q-U  / 


This  is  the  desired  expression  for  the  electrode  response  to  velocity  fluc¬ 
tuations  in  the  low  frequency  limit  when  boundary  layer  effects  are  taken 
into  account. 

The  next  order  correction  term  at  low  frequencies  can  be  developed  from 
the  work  of  Llghthill  (6),  The  term  makes  a  contribution  even  for  zero  wall 
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conductivity  (  -  O)  and  varies  as  the  first  power  of  frequency,  conse¬ 
quently  it  Deeofficb  smaller  than  the  above  correction  term  In  the  limit  of 
low  frequency  velocity  fluctuations. 


High  Frequency  Limit 

In  the  limit  of  very  high  frequency  velocity  fluctuations,  the  velocity 
boundary  layer  and  temperature  boundary  layer  become  very  thin.  This  has  the 
desirable  result  that  for  a  velocity  detector  which  senses  a  volume  of  the 
fluid,  instead  of  the  surface  conditions  (such  as  a  hot-film  anemometer), 
the  response  improves  at  higher  frequency,  liiis  situation  applies  only  to 
the  boundary  layer  effects.  The  analysis  for  this  problem  follows  the  work 
of  Llghthill  (6)  and  others  (7,8). 

If  the  impressed  velocity  is 

U  (^1  +  e  , 

where  U  is  the  uniform  free  stream  velocity  parallel  to  the  plate.  Light- 
hill  shown  that  In  the  limit  of  high  frequencies,  the  periodic  velocity 
profile  at  the  boundary  is 

u.(^)  -  u[i-  e" 

In  this  case  the  velocity  boundaiy  layer  thickness  is  of  the  order  of 

l/3? 

y  IV 

In  this  analysis  we  assume  the  velocity  boundary  layer  to  be  of  constant 
thickness  with  respect  to  x  (parallel,  finvr)  so  that  the  boundary  layer 
velocity  component  perpendicular  to  the  wall  is  zero. 

The  dynamic  temperature  equation  for  the  thermal  boundary  layer  is 

.  ^  c  C/U)  M. 

where 

r  1-  eT 

Substituting  these  expressions  we  get  the  equation  for  the  static  temper¬ 
ature  profile 


=  K 


7-  K 


4- 


(e^<l) 


xh.-dZ 


which  has  heen  solved  before  (Sec.  I2.1f  ),  aiid  the  etjuation  for  the  period¬ 
ic  temperature  profile  is 


CO  17  ■+*  C 


The  approximation  to  the  limiting  case  of  high  frequency  (cb  O)  is  ob¬ 
tained  by  retaining  only  the  terms  involving  us  and  the  hipest  derivative 
order  of  the  dependent  variable  T  : 


The  solution  at  great  distance  from  the  wall  where  the  diffusion  term  is 


which,  if  the  exponential  term  is  small,  is  just  the  temperature  fluctuation 
obtained  in  Section  1U.3  where  boundary  effects  are  not  considered.  For 
the  solution  near  the  boundary  we  assume  a  wall  of  zero  conductivity 
(  ^  =  0)  so  that  . 


and  Tq  is  essentially  independent  of  y  over  the  high  frequency  boundary 
layer  since  it  is  thinner  than  the  static  one.  In  his  case  the  solution 
valid  near  the  wall  (as  well  as  elsewhere)  is 


This  result  supersedes  the  previous  approximate  solution  at  great  distance 
from  the  wall  and  agrees  with  it  (for  P  >>  l)  except  for  the  factor 


1/ 

y-  a 


1.3  in  water. 


Li^thill  (6)  gives  the  solution  for  constant  wall  temperature  and  a 
finite  temperature  gradient  at  the  wall. 
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The  electrode  resistance  is 


^  J^Tj-  {v4>f'dv  (^) 

^  /77^/t'  , 

where  is  \iniform  over  the  electrode  volume.  Assume  the  exponential 

boundarj'  layer  is  much  thinner  than  the  static  boundary  layer,  T^,  and  the 
typical  dlmsnsion  of  the  electrode  ( ^ )  is  much  larger  than  the  thickness 
of  the  boundary  layers.  In  this  case. 


since  throughout  most  of  the  electrode  volume 


Thus,  we  have. 


where  a  factor  of  two  has  been  included  in  the  boiuidary  layer  integral 
to  account  for  integration  at  both  electrodes  and  the  limit  of  the  integral 
has  been  extended  to  infinity  because  ('&To/^x)  is  constant  over  the 
region  where  the  boundary  layer  functions  are  appreciable.  From  Section 
12.4  we  know  that 


and  the  exponential  integral  is 


14.24 


Combining  these  results  we  get 


For  water  and  L  =  10^  ,  this  is  estimated  to  "be  approximately 

m  Krf  30 
00 

The  reduction  in  response  due  to  the  "boundary  layer  effects  is  expressed, 
as  the  ratio  of  the  change  in  resistance,  <dR,  with  the  "boundary  layer 
term  to  that  without  the  boundary  layer  term,  denoted  by,/iRQQ.  The 
resulting  amplitude  response  is: 

/- 

If  the  correction  term  is  small  this  may  be  expressed  as 


This  expression  is  similar  to  the  low  frequency  approximation.  It  should 
be  mentioned  that  ARq^  goes  over  into  ^R®  hs  the  frequency  goes  from  a 
very  high  value  to  a  very  low  value  where  the  response  is  not  limited  by 
the  physical  size  of  the  detector  probe. 

The  reduction  of  the  velocity  detector  response  due  to  boundary  layer 
effects  is  shown  in  Figure  lU.2  ,  in  the  limits  of  very  low  and  very 
high  frequency.  This  curve  of  this  Figure  gives  both  the  amplitude  and 
phase  response  as  a  function  of  frequency  f  =  ts/gn.  In  the  low  frequency 
limit  the  response  is  determined  by  the  term 

'TUq  i/ 

U  f  2 
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|_'1_1-U4-1-4-4-1-  i  T-U-CUH. 


and  in  the  high  frequency  lirait  by 


moo 

JL 


These  two  factors  are  of  equal  importance  at  the  frequency 

^  U 


T  t  -ZTT  Mo  ) 


■ZW  Mo  ) 

and  at  this  frequency  both  terms  equal 


'^oM.oa 


2.  /C 


where  R  is  the  Reynolds  number  based  on  the  length/^  .  For  water  (>*=  ,01 
cm^/sec)  and 


=  3 
=  30 


U  =  154  cm/scc 
=0.1  cm 


the  frequency  and  response  factors  are 


f  =2.5  ko 


=  1.6 


It  is  important,  and  fortunate,  that  the  detector  response  is  little 
affected  by  boundary  layer  pnenomena,  and  the  small  effect  that  there  is, 
is  quite  small  at  nil  frequencies  except  in  the  region  corresponding  to 
the  time  to  transit  the  electrode  volume. 


l4.5  Mode  of  Operation 

The  velocity  response  in  a  given  mode  of  operation  is  now  considered. 
Assume  a  proportional  fluctuating  velocity  field.  The  relative  change  in 
electrode  resistance,  r  =  (.^dR/Ro),  is  related  to  the  relative  chEingc  in 
average  electrode  temperature,  0  =  (T/^T),  by 

r  =  -aO  , 

where  a  =  ^  ZTt.  The  relative  change  in  velocity,  u,  for  periodic  fluc¬ 
tuations  is  given  by  (for  constant  electrode  power) 
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e  =  -h(tu)u  , 

where  us  is  the  angular  frequency  and  h(u>)  is  the  complex  transfer  f\inction 
of  the  prohe.  We  saw  in  Section  1*J .  3  that  if  the  electrode  power  also 
experiences  a  fractional  change,  p,  that 


e  =  -h(co)(u  -  p) 

Combining  the  above  relations,  we  find 

r  =  ah(u  -  p) 


In  a  given  mode  of  operation,  the  power  and  resistance  fluctuations  are 
related  by  (Sec.  8.5  ) 


^  r  9)  ^ 


where  p  is  the  "mode  angle."  If  the  resistance,  r,  is  measured,  in  order 
to  determine  the  velocity  fluctuations  then 


'K- 


OC  k. 


If  Oik  -^-^(^-9)  J 

In  unc  constaii w'.po n cr * c*  s./pc*uwion  ^  ~ 


r  =  ah(ca)u 


At  higher  frequencies,  m— ♦oo,  the  response  h(co)  falls  off  due  to  the 
finite  size  of  the  probe  and  the  electrode  resistance  does  not  respond 
fully  to  the  velocity  fluctuations.  This  difficulty  is  alleviated  by 
operation  in  the  constant-resistance  mode  (CTO).  To  show  this,  assume 
that  the  power,  p,  is  now  measured  in  order  to  determine  the  velocity 
fluctuations,  then 


Oik 

I  -f-  OC^K  'fcsVTN  (^—9) 


It  is  clear  that  the  quantity  in  brackets  becomes  independent  of  h(u>)  if 
we  choose  0  =  -45°,  which  corresponds  to  constant-resistance  operation, 
and 

p  =  u  . 

Thus,  in  this  case  the  velocity  fluctuations  are  fully  measured  even 
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though  the  transfer  function  h(a))  may  be  falling  off  due  to  the  response 
limitations  of  the  probe.  This  shows  that  the  advantage  of  the  CTO  mode 
applies  ei^ually  well  to  the  U-mfti.cr  as  it  is  known  to  apply  to  the  hot¬ 
wire  anemometer.  The  applicability  is  valid  only,  however,  if  the  velocity 
fluctuations  are  proportional  to  the  steady-state  velocity  field.  Thus, 
in  this  case,  the  frequency  response  of  the  U-meter  probe  may  be  improved 
over  the  limits  set  by  its  finite  size. 

The  degree  to  which  this  is  possible  is  set  by  the  feedback  loop  in 
the  electronics  which  makes  the  constant-resistance-operation  possible. 

As  shown  in  Section  8.5  ,  if  Rq  the  electrode  resistance,  and  the 
transconductance  of  the  feedback  loop,  then 

The  amplitude  response  in  this  mode  of  operation  falls  to  half-value 
(-6  db)  when 

o<h(‘o)\\fZR^^  =  I  =  k(o), 

or  when  the  probe  response  has  fallen  to 

hlM)  ^  / _ 

KLo)  oih+zi^j,^ 

As  an  example,  assume  the  probe  response  varies  as  (power  spectrum  varies 
as  inverse  fourth  power): 

hM^h(o)  (-^J  ^ 

where  is  the  cutoff  frequency  without  constant-resistance-operation. 
Also  assume, 

p  =  .02  per  °C 
Zf  =  20  °C 
a  =0.40 
R^=  30  ohms 
giij=  10  ohm  ^ 

then,  the  new  cutoff  frequency  is 

15  a>g  . 
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Thus^  the  bandwidth  of  the  U-iaeter  is  increased  by  a  factor  of  15  in  the 
CTO  mode. 


If  the  velocity  field  is  turbulent  in  three  dimensions,  instead  of  a 
proportional  fluctuation  field,  the  advantage  of  the  CTO  mode  is  nullified 
for  the  U-meter.  Only  a  "statistical"  compensation  is  possible  in  this 
case  to  account  for  the  fall  off  of  the  power  sensitivity  spectrum  at 
high  wavenumber. 
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15.  ELECTRONICS  ANALYSIS 


The  performance  of  the  detection  equipment  depends  primarily  on  its 
ability  to  detect  minute  changes  in  the  sensing  elements.  The  optimization 
of  the  electronic  instruments  for  measuring  such  changes  is  studied  in 
this  Section.  In  particular,  the  best  type  of  Wheatstone  bridge,  the 
reduction  of  Internal  noise,  and  practical  problems  of  operating  with 
balanced  bridges  are  considered.  More  advanced  techniques  for  further 
improving  the  detection  equlpaent  are  discussed  briefly  at  the  end  of 
this  Section. 


15.1  Wheatstone  Bridge 

Some  of  the  fundamental  properties  of  Wheatstone  bridge  networks  are 
established  below.  It  la  necessary  in  the  theoiy  of  alternating  current 
networks  to  Introduce  complex  quantities  for  the  variables  under  consider¬ 
ation  -  we  adopt  the  convention  that  small  letters  represent  complex  quan¬ 
tities  (e.g.  voltage  V )  and  capital  letters  the  magnitude  of  thgse  quantities 
(e.g.  vojjtage  V).  The  conjugate  of  a  variable  vis  denoted  by  v  (thus, 

V  V*  =  V'').  First,  the  relation  between  input  and  output  for  a  general 
bridge  is  developed  and  then  the  optimum  sensitivity  for  a  special  bridge 
of  practical  Importance  la  obtained.  The  input  impedance  of  a  bridge 
is  also  derived. 

The  measurement  of  small  changes  in  the  Impedance  of  an  electrical 
element  is  best  made  with  the  aid  of  a  bridge  network.  This  is  due  to  the 
fact  that  in  such  a  network  an  output  which  is  proportioned,  to  the  varia¬ 
tions  can  be  obtained  rather  than  an  output  which  also  Includes  the  large 
contribution  due  to  the  average  value  of  the  electrical  component.  Exam¬ 
ples  of  such  networks  are  shown  in  Figure  15 -I  and  Figure  15-^  . 

A  number  of  advantages  of  the  use  of  bridge  networks  can  be  pointed 
out  in  connection  with  performing  differential  measurements  in  which 
two  elements  of  identical  properties  are  used  to  measure  a  variable  to 
which  the  elements  are  responsive.  These  sensing  elements  constitute 
two  arms  of  a  bridge  network  smd  are  physically  located  at  different 
points  where  the  values  of  the  variable  being  measured  may  not  be 
equal  at  all  times,  but  are  on  the  average.  Thus,  the  average  bridge 
output  can  be  adjusted  to  zero,  and,  then,  if  a  finite  output  is  ob¬ 
served,  it  indicates  differences  in  the  magnitude  of  the  physical  varia¬ 
ble  being  measured  at  the  two  points  separated  in  space.  Such  an  ar¬ 
rangement  is  well  suited  to  measure  slight  differences  in  properties  of 
microstructure  in  a  medium.  Large  changes  in  the  measured  variable  which 
are  uniform  over  distances  of  the  order  of  the  separation  between  the 
sensing  elements  are  not  detected.  Since  the  output  of  the  bridge  circuit 
is  small  in  magnitude  in  ccanparlson  with  the  input  voltage  required  to 
meike  the  measurement,  a  large  amplification  of  the  output  signs.!  can  be 
used  before  the  signal  becomes  inconveniently  large.  Such  large  smplifl- 
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cation  would  not  fee  posslfele  without  a  ferldge  network  unless  a  filter  was 
used  to  pass  only  these  frequencies  of  interest.  The  use  of  such  a  filter 
is  not  possifele  if  the  bridge  is  operated  at  high  frequency  and  the  fluc¬ 
tuations  of  Interest  extend  to  low  frequencies  because  of  practical  limit¬ 
ations  in  the  construction  of  very  narrow  band  filters.  The  dl f ferential- 
spacial  bridge  arrangement  is  also  well  suited  for  canceling  out  spurious 
electrical  noise  signals  which  are  homogeneous  over  the  separation  dis¬ 
tance  of  the  electrodes  but  which  have  large  time-varying  components  in 
the  frequency  band  of  interest.  Finally  the  measurements  become  essen¬ 
tially  Independent  in  amplitude  and  phase  fluctuations  in  the  electrical 
power  source  for  the  measurement. 

As  is  well  known  the  output  of  a  bridge  is  proportional  (for  small 
increments)  to  the  combination  (l) 


where  the  four  quantities  are  the  Impedances  of  the  arms  of  the  bridge j 
the  balance  condition  for  null  output  is 

A  symmetrical  bridge  is  defined  as  one  in  which,  on  the  average,  we  have 

In  a  symmetrical  bridge  if  5-/  and are  the  sensing  elements,  the  output 
is  proportional  to 

(^) 

where  z  is  the  average  value  of  and  Zg  andAzQ_  and  Azg  respect¬ 

ive  varia^ons  of  these  two  impedances.  The  ims  average  output  in  this 
case  is  yg  larger  than  the  individual  component  variations  if  the  iwo 
are  uncorrelated,  i.e.,  the  output  of  a  double  element  bridge  is  v2  times 
larger  than  that  of  a  single  element  bridge;  if  three  elements  are  used 
the  improvement  factor  is  yjx  and  if  all  arms  of  the  bridge  are  sensing 
elements,  the  improvement  isY^  =  2. 

In  the  following  paragraphs  some  of  the  detailed  properties  of  bridge 
networks  are  considered. 


Bridge  Equation 

Consider  the  four-arm  Wheatstone  bridge  network  of  Figure  15*1  in 
which  =  z  +  Az  is  the  sensing  element  consisting  of  an  average  value  z 
and  a  small  variation  Az;  Zg,  z^  and  zj^  are  the  complex  impedances  in 
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Figure  15.I.  Wheatstone  Bridge  Network 


the  other  arms;  and  aind  zg  are  the  input  and  output  impedances  of  the 
detector  and  source,  respectively.  The  complex  voltage  applied  to  the 
bridge  network  is  v,  and  the  bridge  output  voltage  is  Av.  As  is  well 
known,  the  bridge  is  balanced  so  that  there  is  no  output  (Av  =  O)  when 

Zi  z^  =  Z2  ^^4  • 

We  will  assxane  this  condition  to  hold  precisely  only  for  average  values, 
consequently 


Z  Zg  =  Zg  Z4  , 

which  holds  only  when  Az  =  0.  In  the  analysis  of  the  bridge  we  will  assume 
only  alight  deviations  from  balance  and  only  first  order  terms  will  be 
retained.  The  voltage  v  appearing  across  the  input  impedance  to  the 
bridge,  z^,  is  given  by 

where  v^  is  the  source  voltage  in  series  with  Zg.  For  a  detector  of 
infinite  impedance  (zc  =  00),  the  voltage  Av^^  which  appears  across  the 
detector  is  given  by  the  well  known  expression  (2) 

(2} 

where 


is  the  "complex  balance  factor"  or  "bridge  transfer  function."  Small  incre¬ 
ments  in  the  bridge  elements  are  proportional  to  b.  By  Th^venln's  theorem, 
the  voltage  Av  which  appears  across  a  detector  of  finite  Impedance,  Zc, 
is 


AV  = 


is 


where  z^is  the  impedance  of  the  bridge  looking  back  from  the  detector. 
Combining  the  above  relations  (and  temporarily  writing  Av  =  v^  for  symmetry 
of  notation),  we  have  the  general  bridge  equation: 
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For  first  order  theory  the  source  impedance,  25,  and  detector  impedance, 
Sc,  appear  only  as  shovn  in  the  last  two  factors  since  to  first  order  Zj 
is  independent  of  Zc,  and  ^is  independent  of  zg.  This  fact  is  discussed 
in  a  later  paragrapn. 


An  important  special  case  of  the  a^ove  bridge  equation  is  when  the 
source  is  matched  to  the  bridge  (zg  =  zjT)  and  when  the  detector  input 
impedance  is  infinite  (z^  =00): 


M. 

u 


where  we  have  used  the  fact  that  Zj^  =«  z  +  Az.  Define  the  (complex)  bridge 
factor,  m,  as 


or  since  2,  ®  expressed  in  the  more  symmetrical  form 

(involving  only  two  instead  of  four  impedances)  as 


Ori 


C2  ^x)** 


The  bridge  equation  now  takes  the  simple  form 


kL.^  a  [a®' 
V  zj 


The  bridge  equation  can  always  be  written  in  this  form  even  without  the 
special  assumptions  used  here.  If  we  consider  the  magnitudes  of  the  above 
equation  it  becomes 


> 


where  M  is  called  simply  "bridge  factor."  If  we  consider  the  rms  value  of 
the  above  equation,  the  voltage  ratio  of  output  to  input  is  called  the 
(steady  state)  "balance  factor,"  B, 
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Sensitivity 

The  sensitivity  of  a  bridge  (or  any  device)  is  defined  as  the  change 
in  output,  AV,  per  unit  change  in  the  measured  quantity,  AZ: 


and  the  "sensitivity  exponent"  or  "fractional  sensitivity"  as 

which  is  identical  with  the  bridge  factor. 

Let  us  find  the  optimum  sensitivity  (i.e.  maximum  M)  for  a  given 
impedance  z  (3^^)»  Let  the  ratio  of  Z2  to  z  be 

where 


and 


Er 

that 

M  ^ 

\  \  -h  ZfK  Coscf  + 

YL®| 

The  optimum  (maximum)  value  of  M  is  found  first  with  respect  to  n  by  the 
condition 


0n 


0  , 


with  the  result  n  =  1,  or  Zg  =  z.  The  value  of  M^now^  is 

M  =  - 

It  would  seem  that  for  y?  =  n  the  sensitivity  is  infinite  (a  resonance 
condition)  but  because  of  the  finite  resistance  of  z,  the  value  of  ^ 
must  be  less  than  «.  We  find  this  optimum  ^ -value  by  observing  that  the 
real  (resistive)  parts  of  z  and  zg  must  be  positive  (for  passive  linear 
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elements)  so 


cos  ©2^0  or 


also 


cos  0^0 


or 


e  ^ 


« 

2 


With  a  little  consideration  it  is  easily  shovm  that  the  optimum  value  of 
which  is  consistent  with  these  constraints  is 


COB 


f 


sin  ©  , 


so  that  the  optimum  M -value  is 


™max  ”  2(T^sin  0) 

If  z  is  a  pure  reactance  (8  =  it/2),  the  sensitivity  is  infinite.  If  z  is 
approximately  a  pure  resistance  as  is  the  case  for  electrodes,  we  have 
©  0  and 


M 

max 


1 

2  • 


In  this  case  X  a  X  *^0  and  Zg  “  “  “  ^2’  values  for  z-  and  z,  can 

he  any  finite^ value  provided  ^ 


’'4 


nC 


iCf 


We  will  see  later  that  different  optimum  values  are  obtained  if  we  are 
concerned  with  the  signal-to-noise  ratio  rather  than  the  less  fundamental 
sensitivity  of  the  bridge.  The  sensitivity  of  the  Wheatstone  bridge  is 
considered  under  other  conditions  in  References  (5)6, 7, 8). 


Input  and  Output  Impedance 

The  input  impedance,  z,  to  the  Wheatstone  bridge  network  shown  in 
Figure  15.2  is  required.  The  source  voltage  and  current  are  v  and  s, 
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respectively.  The  quanti¬ 
ties  A,BjC,D  and  X  are  com¬ 
plex  impedances  and 

V  ■=  sz  . 

Following  Maxwell's  theory 
of  networks,  we  write 

V  =  3(A+B)  +  t(A)  +  w(b) 

0  =  a(A)  +  t(A+X+D)  +  w(-X) 

0  =  s(B)  +  t(-X)  +  w(B+C+X)'  . 


The  solution  to  these  three 
linear  equations  hy  ueter- 
mlnants  is 


Figure  15.2 


Bridge  Impedance 


V  A  B 

0  A+D+X  -X 

0  -X  B+C+X 

s  =  —  - 

A+B  A  B 

A  A+D+X  -X 

B  -X  B+C+X 


Expanding  and  simplifying,  we  obtain 


V  _  DC(A+B)  +  AB(D+C)  +  X(A+B)(C+D) 
s  ■  (A+D ) (B+C )  +  X( A+B+C+D ) 


It  is  convenient  to  define  three  quantities: 


!A+B)(C+p) 

A+B+C+D) 


1  ab] 

Ia+b 

+ 

|C+D 

+  X 


h 


,AC-BD) 

'a+b)(c+d) 
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The  first  of  these,  z  ,  has  the  form  of  the  input  impedance  when 
bridge  is  balanced;  i?e.,  when  AC  =  BD,  and  is  independent  of  X. 
quantity,  b,  is  the  balance  factor  for  the  Wheatstone  bridge;  at 
b  =  0.  These  quantities  are  related  to  z  by 


which  may  be  shown  by  direct  substitution,  and  some  amount  of  algebraic 
manipulation.  This  is  an  exact  expression  -  not  one  developed  as  an 
approximation  which  retains  leading  terms  in  powers  of  b.  A  similar 
result  is  obtained  for  the  impedance  of  the  Wheatstone  bridge  looking  back 
from  the  detector  (impedance  X  is  then  the  source  internal  impedance). 

It  will  be  noticed  that  near  balance  where 


the 

The 

balance 


B  =  b  «.!  , 


that  z  -as  z 

o 

Therefore,  to  first  order  in  the  balance  factor,  b,  we  can  write 


which  is  the  familiar  result  for  an  exactly  balanced  bridge. 


15.2  Optimum  Bridge  Networks 

The  Wheatstone  bridge  of  optimum  sensitivity  is  not  necessarily 
optimum  with  respect  to  signal-to-noise  ratio  if  noise  is  generated 
internally  in  the  arms  of  the  bridge.  This  topic  is  studied  in  some 
detail  in  this  Section  for  single  and  double  sensing  element  bridges. 

The  basic  concept  on  which  the  optimization  of  these  bridges  is  based  is 
considered  first. 


Detectability  Concept 

Tlie  relative  merit  of  a  bridge  is  frequently  expressed  in  terms  of 
the  "sensitivity"  of  the  network.  The  sensitivity  is  defined  as  the 
magnitude  of  output  signal  for  a  given  (small)  change  in  one  arm  of  the 
bridge  which  is  due  to  changes  in  the  particular  physical  variable  being 
detected.  A  more  important  basis  for  judging  the  merit  of  a  bridge 
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netvork  in  a  detection  system  is  the  "minimum  detectable  signal"  (9). 

This  is  defined  as  the  smallest  change  in  the  physical  variable  under 
consideration  which  is  Just  detectable  by  the  instrument.  The  term 
"Just  detectable"  requires  a  statement  of  the  signal-to-noise  ratio 
whien  is  assumed  ibr  the  signal  to  be  considered  "detected."  In  opti¬ 
mizing  a  given  detection  instrument,  it  is  preferable  to  optimize  the 
"detectability"  rather  than  the  "sensitivity."  The  former  concept  is 
intrinsically  Involved  with  background  noise  whereas  the  latter  is  in¬ 
volved  essentially  with  the  "gain"  of  the  instrument.  Thus,  "maximum 
sensitivity"  is  not  considered  as  important  as  the  "minimum  detectable 
signal. " 

The  noise  which  limits  a  certain  Instrument  is  of  two  distinct  types; 
that  which  originates  in  the  instrument  itself  (internal  noise)  and  that 
which  is  in  the  medium  (external  noise).  In  the  case  of  an  internal 
noise  limited  instrument,  the  concept  of  detectability  is  of  prime  im¬ 
portance  and  will  not  necessarily  have  optimum  conditions  which  are  the 
same  as  those  based  on  maximum  sensitivity.  For  an  external  noise  limit¬ 
ed  instrument  the  minimum  detectable  signal  is  set  already  by  the  envi¬ 
ronment,  and  it  is  proper  in  this  case  bo  optimize  the  detector  by  max¬ 
imizing  the  sensitivity. 


Optimization  Criterion 

The  criterion  for  optimizing  the  Wheatstone  bridge  network  for  the 
detection  of  small  changes  in  Impedance  will  be  based  on  the  "detect¬ 
ability"  concept.  This  assumes  that  the  noise  which  limits  the  measure¬ 
ments  is  internal  to  the  bridge  network.  The  criterion  is  the  following: 
given  the  total  power,  P,  developed  in  the  bridge  network;  the  impedance 
z  which  is  subject  to  variations  which  one  is  trying  to  detect;  the 
source  of  noise  is  due  to  Johnson  thermal  noise  only;  and  the  signal-to- 
noise  ratio, ,  which  Just  permits  the  detection  of  a  signal  (over  the 
passband  of  the  equipment);  then  choose  the  impedances  of  the  source, 
detector  and  bridge  network  such  that  the  detectable  impedance  variation 
is  a  minimum.  If  the  noise  limiting  the  measurement  is  due  to  an  external 
source,  the  "sensitivity  concept"  applies  and  the  bridge  is  optimized  in 
the  conventional  way  for  maximum  bridge  output  signal  power.  Lord 
Rayleigh  (6)  shows  that  this  is  achieved  by  matching  the  source  impedance 
to  the  bridge  input  impedance  (conjugates  of  each  other);  the  detector 
impedance  is  matched  to  the  output  impedance  of  the  bridge  (conjugates 
of  each  other);  and  all  arms  of  the  bridge  are  of  equal  Impedance,  i.e., 
equal  to  the  impedance,  z,  of  the  measured  element.  The  optimization 
of  the  bridge  which  follows,  refers  properly  to  the  operation  of  the 
detector  with  impedances  which  are  independent  of  applied  power,  that  is, 
for  the  measurement  of  temperature  and  salinity,  but  not  for  velocity. 

As  is  known,  the  sensitivity  to  velocity  fluctuations  depends  on  the  mode 
of  operation,  i.e.,  CCO,  CVO,  CPO  (Sec.  5.3  )}  tut  for  impedances  which 
are  independent  of  applied  power  (linear  elements)  the  mode  of  operation 
is  not  of  importance. 
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single  Blement  Bridge 

In  Section  15.1  we  saw  that  the  output  signal,  Av,  from  a  bridge 
Is  given  by  (see  Figure  15.I  ) 

AV  =  'V  h 

where 

^  _  -^1  . 

Added  to  the  output,  Av,  la  a  noise  voltage,  v  ,  due  to  thermal  noiae 
voltage  fluctuations.  The  root-mean- square  of'^the  thermal  noiae  is  (10,25) 

where  k  Is  Boltzman's  Constant,  T  the  absolute  temperature,  Af  the 
bandwidth  and  Re  fx]  denotes  the  real  part  of  x.  This  thermal  noise  is 
due  to  the  resistive  part  of  the  impedance  in  parallel  with  the  detector 
input,  i.e.,  and  z^. 

'fhe  total  signal,  Avj. ,  at  the  detector  input  is 


tv-r  =  Av  +  , 


where  the  signal,  Av,  and  noise,  v  ,  are  assumed  to  be  uncorrelated.  The 
algnal-to-noise  ratio  (power),  Ji, ,  5b  defined  as 


(VtC)  rovii 


and  is  assumed  to  bo  given  and  fixed.  Combining  relations 


P 


R5I 


where  P  is  the  given  total  power  dissipated  in  the  bridge, 

P- ^l-k]  -  ^ 


15.11 


Rewriting  the  above  equation  we  get 


.  F 


p  y  ^eL  T 

which  is  the  square  of  the  balance  factor  averaged  over  the  band  of 
frequencies,  Af . 


The  optimum  source  and  detector  impedance  are  determined  by  minimiz¬ 
ing  the  above  expression.  Since  the  source  impedance  does  not  appear  in 
this  eqiaatlon  (except  for  a  second  order  term  in  it  is  not  pertinent 
to  the  persent  optimization  criterion.  In  practice  it  is  matched  to  the 
bridge  network  (z*  =  zg)  for  maximum  power  transfer.  The  detector  imped¬ 
ance  is  determined  by  minimizing 


is^<L 


-]  =  "kV 1 


which  requires  (since  Re  is  positive) 


Mi2L=  o, 

I 


Thus,  the  detector  impedance  is  a  pure  reactance  (preferably 
Using  this  result  we  have 


large ) . 


which  is  applicable  for  either  single  or  double  sensing  element  bridges. 
For  a  single  element  bridge  we  have 
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Define  the  magnitude  of  the  fractional  impedance  imcrement, |  ,  as 

a* 

comhining  these  relations  we  obtain  a  relatively  complicated  relation 
which  la  a  function  only  of  the  impedances  and.  Zj^  and  the  given 
impedance  z.  This  expression  is,  however,  symmetrical  in  zg  and  It 

may  be  shown  that  the  process  for  optimizing  with  respect  to  one  is  the 
same  as  for  the  other  because  of  the  interchangeability  of  the  two  varia¬ 
bles.  This  greatly  simplifies  the  analysis  because  we  may  set 

^2  *  , 


and  optimize  with  respect  to  zg  (or  zi|).  Assuming  this,  we  have 


If  we  write 


where 


£' 


and 


then 


2^  IT  Zg 


The  minimization  of  t  with  respect  to  n  yields  the  result  n  =  1,  which  is 
the  solution  of  the  eq,uation  (’J^/dn)  =  0.  Thus,  the  magnitute  of 
z,Z2>Z3  and  zj^  are  all  identical.  For  this  value 


I  =  (±A^f  4  oc^^(4.)c^(^+e). 
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It  would  appear  that  h  could  be  reduced,  to  zero  by  an  appropriate  choice 
of  in  this  equation,  however,  this  is  not  possible  for  linear  circuit 
elements  (fixed  values).  This  follows  because  the  resistive  component 
of  all  impedances  must  be  positive  or  zero: 

>/0 

Rn  f  ^  1  ^  ^  ^  '^o 

^  \  <2."'”  ?/  C 

or 


Cct^  &■ 

OasCcpH-e)  >  o 

Z(p-hS>')  >  o  . 

The  optimum  value  of  p  is  found  by  inspection  of  the  "allowed"  region 
of  for  a  given  Q.  The  first  and  last  of  the  above  equations  set  the 
botinds  on  this  allowed  region: 


n  Q 
2 


d 

2 


With  some  consideration,  it  may  be  shown  that  the  optimum  value  of  (fi 
lies  on  part  of  the  bovindary  of  this  region,  viz.  : 

f  ~  ^  /  I©!  <  Tk 

At  this  value,  we  have 

E  =  M.(e)  , 

where 

M.(«)  =  . 

This  is  the  minimum  detectable  signal  obtained  by  the  optimization  crite¬ 
rion  for  the  single  element  bridge.  For  this  optimum  arrangement,  we  have 
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:Ss*:  -22.= 


The  voltage,  v^,  which  appears  across  a']_  =  z  +  Az  ia  related  to  the  input 
voltage,  V,  by 


The  "efficiency,"^  ,  of  the  bridge  is  defined  as  the  ratio  of  power 
dissipated  in  the  el.eotrode  to  the  total  power,  P,  that  is: 


The  bridge  equation  is 

nj  ” 


or 


Qos  ^ 

A>«,  (») 


^  =  «(#■) 

where 


(magnitudes ) 


/ _ 

(2oS'^  - 


For  pure  resistance  sensing  elements,  as  is  approximately  the  case 
for  the  electrodes  of  this  Report,  we  have  6  =  0,  z  =  R  =  Z.  In  this 
case  ^  =  +  ®2  ”  ®i|-  “  i 


/Wo  SI  /Wo  /<:>)  =  ^  ^ *  =a 


?= 


and 
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The  arms  of  the  hridge  are: 


2^=  R. 

—  R. 

fZ  -  /zT 

at  jTxt  . 

Such  a  bridge  is  shown  in  Figure  15*3  with  inductances  as  the  positive 
reactive  components. 


Figure  15*3  •  Optimum  Single  Resistive  Element  Bridge 


Double  Element  Bridge 

Consider  now  the  problem  of  optimizing  a  Wheatstone  bridge  network 
with  two  equal,  but  independent,  sensing  elements.  The  network  for  this 
case  is  that  of  Figure  15-1  where 

and  we  must  also  include  an  impedance  z  which  appears  as  a  load  across  the 
bridge  input  and  is  due  to  a  possible  conducting  path  between  the  individ¬ 
ual  elements.  Variations  in  z^  do  not  cause  variations  in  bridge  output 
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(to  first  order).  This  "cross  impedance,"  z^,  will  be  written 

z  =  Kz  , 

where  K  is  some  complex  number.  The  requirement  of  steady  state  balance 
is  satisfied  if 


which  will  be  assumed.  As  in  the  case  of  a  single  sensing  element  the 
detector  impedance  is  a  large  pure  reactance  an.d  the  source  impedance  is 
the  conjugate  of  the  bridge  input  impedance  (matched).  The  bridge 
equation  in  this  case  is 

-^=  i>  =  __  / 

1/  ^ 


where  Az  =  tz-^  -  Azg  bridge  factor  is 

M  =  I  =  0.250  . 

The  input  impedance  to  the  bridge  is  given  by 


— i ^  i - 

2  K' 2  ^ 


Zd  =  • 

The  equation  for  the  minimum  detectable  variation  developed  previously 


-i-=r  -i-  +  u 


-s 

where 


/<  _ 


The  bridge  output  impedance  is 


15.  IT 


or 


If  we  write 


/n, 


£ 


^  - 


where 


'K- 


and 


then 


=  ^3.-^ 

^  .  Ze^  > 

/yf^ss  4^  (lass  +•  'K  t^s>Ccp-i-^j^  4.  CoS 

Minimizing  M^  with  respect  to  n  “i®]  yields  the  condition 

^2_  jc'  ■  ^ 


Oo^C  f'-f-e) 

and  on  substitution  of  this  result  we  have 


M. 


Qe^  & 


i-  <=fes. 


The  number  n  is  independent  of  ^  .  The  optimum  value  of  ^  is  foimd  by 
inspection  under  the  constraints  ' 

or 

CoS  ®  Cosf<^y-«9^ 

or 

-  f  <  g' 7^  , 

The  minimum  value  of  M  is  clearly  at  the  minimum  allowed  value  of 
cos(tj)+0)  since  all  te?ms  are  positive,  therefore 

9  -  ±1  . 
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Thus,  z  and  Zo  =  are  in  quadrature  Independent  of  the  value  of  K' 

(or  K).  Suhstltutlng  this  result,  the  optimum  value  of  is  found  to  he 


/We 


g.  CX&  & 

yL 


where 


ST 


For  the  Important  case  of  purely  resistive  elements  and  cross  resist¬ 
ance  (6  =  0,  {|)'  =  0,  z  =  R)  we  have 


=  i  V-2. 


^5^  M  =  ^  i  ^ 


tr  ± 


and 


=  4  (A^)  7  ^ 


7 


The  efficiency  (per  electrode),^,  is 

K 


/C. 


”  i  {-<4^  , 


and  the  efficiency  for  both  electrodes  together  is  just  2  h  .  The  bridge 
network  corresponding  to  this  case  is  shown  in  Figure  15.4  for  inductive 
reactive  components. 

The  simplest  case  for  K  =  00  for  large  cross  resistance  we  have 
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Results  Eund  Comparison 


The  results  of  the  analysis  above  are  now  given  for  the  case  of 
Infinitely  large  cross  resistance  (K  =  oo )  in  the  case  of  the  double 
sensor.  A  comparison  is  made  between  the  single  and  double  sensing  ele¬ 
ments  to  show  that  for  differential  measurements  of  raicrostructure  which 
is  not  correlated  over  the  separation  distance  between  the  double  sensing 
elements,  that  the  double  sensor  is  more  suitable,  i.e.,  its  minimum 
detectable  signal  is  smaller  than  that  for  a  single  sensing  element.  In 
the  case  of  the  single  element  the  smallest  detectable  impedance  difference, 


and  that  for  a  double  sensing  element  is 

'^^2.00  ^  =  2.00) 

the  ratio  of  these  quantities  is 

T-=- 

If  At  is  the  rms  effective  temperature  fluctuation  in  the  medium  which 
produces  signals  in  the  passband  of  the  equipment,  and  p.^i8  the  temper¬ 
ature  coefficient,  and  if  furthermore,  the  temperature  fluctuations  at 
each  of  the  double  sensors  are  uncorrelated  (because  they  are  separated 
sufficiently),  it  was  shown  in  Section  15 •!  that 

=  A- 

but 

—  /K-  ^  / 

where  the  subscripts  on  AT  refer  to  the  minimum  detectable  temperature 
fluctuations  in  each  arrangement.  Finally,  combining  the  above  relations 
we  find 
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Thus,  the  minimum  detectable  temperature  of  the  double  sensor  is  about  60  ^ 
that  of  the  single  sensor,  l.e.,  the  detectability  is  about  4.7  db  better. 
It  is  for  this  reason,  among  others,  that  the  high  sensitivity  detection 
equipment  developed  and  described  in  Section  16.1  is  based  on  the  double 
sensing  element  arrangement. 

To  summarize,  we  list  in  Table  15 •!  below  some  numerical  factors  which 
characterize  the  bridge  networks.  It  is  useful  to  introduce  some  dimen¬ 
sionless  numbers  which  describe  the  properties  of  the  bridge;  they  will 
be  denoted  by  where  i  is  a  subscript  which  identifies  the  property  of 
the  bridge;  M  is  the  bridge  factor  which  has  already  been  Introduced  (no 
subscript);  M  is  the  number  already  introduced  to  account  for  the  S/N 
theory;  M-j_  is°the  number  of  electrodes;  Mg  is  the  resistance  of  the  input 
impedance  to  the  bridge  relative  to  the  resistance  R  of  the  sensing  ele¬ 
ment  =  MgR);  is  the  resistance  of  the  output  impedance  of  the 

bridge  relative  to  the  resistance  R  of  the  sensing  element  (Re{'2.«(^  = 
M|^(=^  )  is  the  fraction  of  power  absorbed  by  each  sensing  element;  and 
is  the  total  power  efficiency  of  the  electrodes  (M^  = 

Table  15-1  .  Table  of  M-Numbers  for  Optimum  Wheatstone 
Bridge  Networks 


Number 

Single 

Element 

Double 

Elements 

Four 

Elements 

M 

0.294 

0.250 

0.250 

M 

o 

2.41 

2.00 

4.00 

Ml 

1.00 

2.00 

«2 

0.707 

1.00 

M3 

0.707 

0.500 

M4 

0.415 

0.500 

0.250 

M5 

0.415 

1.00 

Also  included  in  the  last  column  are  the  results  for  an  equilateral 
bridge  with  four  equal  (on  the  average)  resistances,  R;  the  source  is 
matched  to  the  bridge  (zg  =  R);  the  detector  impedance  is  assumed  infinite 
(z^  =  oo).  These  are  the  optimum  conditions  for  the  equilateral  bridge 
for  maximum  detectability. 


15.3  Balance  Problem 

The  operation  of  the  detection  equipment  is  improved  in  several  respects 
if  the  bridge  is  adjusted  to  a  high  degree  of  steady  state  balance.  This  improve¬ 
ment  is  associated  with  the  reduction  of  noise  originating  in  the  signal 
source j  linear  detector,  and  spurious  noise  in  the  Bmpllfying  system.  For 
a  system  which  is  manually  balanced,  there  is  a  practical  limit  to  the  degree 
of  balance  which  is  set  by  the  natural  instability  in  the  electrode  ele¬ 
ments.  A  higgler  degree  of  balance  is  possible  when  the  balance  is  set  by 
automatic  means  (Sec.  15.4  ).  The  variations  in  balance  conditions  can 
present  a  very  troublesome  practical  problem  if  a  wide  range  of  gain  control 
is  not  available  and  if  suitable  adjustments  of  the  bridge  are  not  available. 
This  situation  sometimes  arises  if  it  is  necessary  to  adjust  the  bridge  to 
balance  by  an  Inadequate  remote  adjusting  arrangement  and  Is  due  to  the  fact 
that,  if  the  bridge  deviates  too  far  from  balance,  the  output  signal  is  so 
large  that  the  sensitive  input  amplifiers  saturate.  There  is  no  means  of 
determining  whether  the  bridge  adjustments  are  improving  or  worsening  the 
balance  condition  in  this  situation.  Proper  balancing  of  the  bridge  is 
accomplished  most  readily  by  two  independent  controls  which  are  "orthogonal." 

The  above  aspects  and  others  concerning  the  problem  of  balancing  a  bridge 
network  are  considered  in  moi'e  detail  below. 


Balance  Convergence 

A  four  arm  Wheatstone  bridge  is  brought  to  balance,  i.e.,  a  null  output, 
by  the  adjustment  of  the  components  of  the  bridge.  This  can  be  done,  in 
general,  only  if  two  adjustments  are  available  which  are  at  least  somewhat 
independent.  For  a  highly  refined  balance  one  must  make  quite  a  few  adjust¬ 
ments,  alternating  between  the  two,  to  achieve  the  desired  balance.  Unless 
care  is  exercised  in  choosing  the  adjustable  components  it  may  prove  very 
difficult  or  impossible  to  obtain  a  null  condition.  This  difficulty  lies 
in  the  degree  of  dependence  or  independence  of  the  two  controls.  This  prob¬ 
lem  of  balance  convergence  has  been  studied  In  References  (11,12,13,14). 

The  results  of  these  works  are  briefly  summarized  here  with  some  minor  modi¬ 
fications. 

Consider  a  bridge  initially  near  balance.  With  reference  to  Figure  15-5, 
it  may  he  shown  that  the  bridge  output  can  be  represented  as  the  radial  dis¬ 
tance  from  the  origin  to  a  point  in  the  complex  plane.  The  bridge  output 
lies  on  a  line  as  any  one  of  the  bridge  elements  is  adjusted;  the  family  of 
lines  for  any  two  adjustable  elements  cross  each  other  at  an  angle  /  .  The 
bridge  output  follows  the  zig-zag  path  of  Figure  15.5  as  adjustments  are 
alternately  made  between  the  two  elements.  The  angle  4  in  this  Figure 
indicates  the  error  in  any  one  gdjustment.  If  the  corssing  angle  between 
the  families  of  lines, Y ,  is  90*^  the  bridge  balances  rapidly, whereas  if  Y 
is  a  small  angle  the  convergence  is  poor.  The  two  adjustable  elements  are 
said  to  be  "orthogonal"  if  their  relative  crossing  angle  is  90°. 
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If  the  bridge  output  is  reduced  on  the  average  by  a  factor  k,  called  the 
"convergence  coefficient,"  with  each  adjustment,  it  may  he  shown  that 

where  rms  values  are  assumed.  In  practice  the  angle  6  is  about  10°.  The 
convergence  is  rapid  and  convenient  if  k  is  less  than  about  0.5,  In  which 
case  the  angle  Y  satisfies,  approximately,  the  condition  (for  tan^fi  =  .03) 

60°  <  /  <  90°  . 

It  remains  to  find  out  how  to  choose  the  adjustable  elements  so  that  the 
above  condition  holds.  Hague  (15)  shows  that  if 

D  =  -  zgZ4  , 
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where  the  impedances  those  of  the  arms  of  the  wheat- 

stone  bridge  (D  =  0  at  balance},  if  x  and  y  are  any  two  adjustable  impedance 
elements  of  the  bridge  which  are  parts  of  the  above  impedances,  then 


J>h  x  { 


M 


.  -S£? 
'3 IV  j  ■ 


0'& 


For  the  symmetrical  differential  bridge  illustrated  in  Figure  l6.3  used  in 
the  high  sensitivity  detection  equipment  in  which  the  reactance  of  the 
electrodes  is  relatively  small  we  have 


^4  ^  A,  W  L. 


2,  ^  r,  -  X  W 


^'2  —  yi  Y-i,  C <2,  / 


where  L  is  the  inductance  in  two  of  the  arms  of  the  bridge  and  the  electrode 
resistances  and  capacities  are  r,,  rg  and  Cg,  respectively.  Assume  r^^ 
and  cq^  are  the  adjustable  elements  (or  rg  and  Cg,  see  Figure  16. j  )  then 
X  =  rj^  and  y  =  -l/wcp  and  by  the  above  formula 

eifl'C,  «J  “ 

For  the  bridge  network  of  Figure  16.3 

2.7 -n-  Cy  - 

thus 

tan  y  =  1.85  and  "/  =  62°  , 


therefore,  the  convergence  of  the  bridge  should  be  satisfactory. 


Degree  of  Balance 

A  convenient  measure  of  how  well  a  bridge  is  balanced  is  the  ratio  of 
the  voltage, AV,  at  the  output  of  the  bridge  to  the  voltage,  V,  at  the  input. 
This  ratio  is  called  the  "balance  factor"  and  designated  by  B; 


The  degree  to  which  a  bridge  can  be  balanced  under  quasi- steady  state 
conditions  depends  on  the  over  all  stability  of  the  fixed  and  variable 
elements  of  the  bridge.  If  the  bridge  is  of  a  symmetrical  (e.g.  Figure  13.I1 
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type  the  balance  factor,  will  be  inherentlj/'  superior  (i.e.  smaller)  to 
that  of  an  asyimnetrical  or  single  element  type  bridge  (e.g.  Fig.  I5.3  ). 
The  balance  factor  for  a  symmetrical  bridge  of  the  type  shown  in  Figure 
1>4  is  expressible  in  terms  of  the  difference, AR,  in  the  resistances  of 
the  electrodes  as 


It  is  of  intci’est  to  quote  the  results  of  experience  with  bridge  balance 
adjustments  performed  in  laboratory  experiments;  if  two  electrodes  are 
constructed  with  care  so  that  they  are  mechanically  similar  to  tolerances 
readily  attainable  in  shop  work,  (e.g.  the  electrodes  of  Fig.  9.3i^  ) 

a  balance  factor  of  the  order  of  3  x  10“-^  is  obtained  straight  away  based 
on  the  similarity  of  the  electrode  construction,  that  is,  their  resistances 
are  equal  to  about  1  if  balance  adjustments  are  made  manually  and  contin¬ 
uously  while  the  electrodes  are  immersed  in  flowing  water,  the  balance 
factor  can  be  Improved  about  a  factor  of  100,  or  B  =  3  x  10“^ j  this  state 
of  balance  is  not  stable,  however,  and  if  adjustments  are  made  about  every 
15  minutes  the  average  balance  factor  is  about  3  x  10"^;  if  good  quality 
resistors  are  used  as  bridge  elements  instead  of  electrodes  in  water,  a 
much  higher  degree  of  balance  is  possible,  amounting  to  about  B  =  10" '  in 
the  best  cases,  for  short  periods  of  time. 


Methods  of  Adjustment 

In  laboratory  experiments  it  is  usually  a  simple  matter  to  provide 
sufficient  adjustable  elements  (more  than  two)  in  a  bridge  network  so  that 
the  convergence  to  a  null  is  virtually  guaranteed,  even  if  the  convergence 
coefficient  of  one  pair  of  controls  is  not  good.  In  experiments  where  one 
does  not  have  easy  access  to  the  bridge  network  because  it  is  remotely 
located  close  to  the  external  sensing  electrodes,  as  for  example  in  some 
oceanographical  experiments,  greater  case  must  be  exercised  in  choosing 
the  proper  adjustable  elements.  Several  methods  of  making  the  two  inde¬ 
pendent  adjustments  may  be  mentioned  which  have  applicability  to  the  balance 
of  a  bri dge  by  remote  means . 

The  first  and  most  direct  means  is  through  the  use  of  small  reversible 
motors  that  adjust  suitable  bridge  elements.  The  operator  contiols  these 
motors  by  means  of  electrical  wires  from  the  detection  equipment  through 
cables  to  the  bridge  network  and  electrode  elements.  For  a  fine  adjust¬ 
ment,  the  elements  must  have  hi^  resolution  and  many  turns  (e.g.  ten  turn 
potentiometer).  Two  such  elements  are  required.  Several  other  indirect 
means  of  balancing  depend  on  the  non-linearity  of  some  element  of  the 
frequency  dependence  of  the  bridge  network.  If  the  bridge  is  slightly 
non-linear  the  balance  may  be  refined  by  adjusting  the  power  to  the  bridge; 
if  it  is  frequency  dependent  the  balance  can  be  controlled  by  varying  the 
frequency  of  the  power  source  slightly.  The  above  have  the  advantage  that 
no  auxiliary  wires  other  than  those  necessary  to  drive  the  bridge  are 
required.  Whether  these  two  adjustments  are  orthogonal  or  not  must  be 
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determined  iDy  experiment.  Another  method  involves  the  use  of  a  heating 
element,  attached  to  a  temperature  sensitive  component,  although  this 
requires  an  additional  wire  to  supply  the  adjustable  electric  power  to 
the  heating  element. 


Phase  Detector 

V?hen  a  bridge  is  adjusted  to  balance,  the  residual  output  signal 
from  the  bridge  has  a  phase  which  bears  no  known  relation  to  that  of  the 
input,  i.e.,  the  output  signal  phase  relative  to  the  input  phase  is  random¬ 
ly  distributed  (but  fixed).  As  a  result,  if  the  output  signal  is  envelope 
detected  it  may  or  may  not  respond  fully  to  the  resistance  variations  of 
the  electrode  as  desired.  A  special  arrangement,  thus,  must  be  used  to 
accomplish  this,  which  .involves  the  use  of  a  phase  detector.  The  theory 
of  this  technique  is  presented  below.  The  output  signal  (complex),  Av, 
from  a  bridge  circuit  to  which  a  signal  v  is  applied  is  given  by  the  form 


Av 

V 


=  m 


where  m  is  the  "bridge  factor,"  z  is  the  impedance  of  the  sensing  element, 
and  Az  is  a  small  change  In  the  sensing  element(s).  The  variables  are, 
in  general,  coa^lex.  If  the  bridge  is  balanced  (Az  =  O),  the  signal  Av 
is  zero;  if  not,  the  signal  Av  is  finite  and  may  be  temed  the  "unbalance 
signal."  If  the  applied  signal  is 

-0:=,  l/E  Y  ^ 

where  V  is  the  rms  value  of  the  applied  voltage,  and 

M 

and  -a  = 

M  -  AZ  ^  , 

?  “  z 


then  the  output  signal  is  given  by 


4- 


Oos 


It  will  be  noticed  that  small  changes  in  the  magnitude,  of  the 

sensing  element  Impedance  are  90°  out  of  phase  with  small  ciianges  in  the 
impedance  phase  angle,  A6.  The  changes  AZ  are  due  primarily  to  variations 
in  volume  resistance  and  the  changes  Ae  are  due  to  variations  in  surface 
reactance.  The  rms  value,  AV,  of  the  output  signal  is 


*The  signal  is  actually  the  real  part  of  Av  i.e..  Re  ^AvJ 


15-27 


The  actual  method  of  obtaining  this  simal  requires  closer  consider¬ 
ation.  The  modulation  of  the  signal  Re  ,  caused  by  variations  in 

Z  and  6,  is  obtained  by  an  envelope  detector  which  is  operating  essentially 
as  a  linear  detector.  As  such,  the  output  of  the  linear  detector  closely 
approximates  the  signal  value  AV.  The  detection  process  is  subject  to 
several  limitations  which  are  discussed  below. 

The  unbalance  signal  consists  of  a  steady  state  component  and  a  vary¬ 
ing  component  caused  by  the  constant  and  variable  parts  of  the  impedance 
changes  &Z  and  A©.  Denote  the  constant  parts  of  AZ  and  A©  by  AZ  and  A© 
and  the  variable  components  by  AZ'  and  A©',  then 


-h  A&' 


A  faithful  reproduction  of  the  signals  AZ'  and  A©'  is  desired  from  the 
detection  equipment.  The  limitations  encountered  may  be  seen  by  expanding 
the  output  signal,  AV,  as  follows: 


Unless  the  variations  are  small  compared  with  the  constant  values,  non¬ 
linear  distortion  and  harmonic  distortion  of  the  signals  AZ'  and  A©'  will 
occur.  If  these  variations  are  small  (i.e.  the  bridge  is  not  critically 
balanced  in  the  steady  state)  then  the  above  linear  detec''"'r  output  signal 
is  approximated  by 


The  linear  detector  is  followed  by  a  filter  which  rejects  the  dc  and 
slowly  varying  components.  The  resulting  signal  is 


15.28 


■where 


4V  ~  H-  4V\ 

The  output  signal  is^  thus,  a  linear  comhination  of  the  desired  signals. 
The  last,  and  possiuiy  most  Important,  limitation  is  that  for  a  given 
steady  state  unbalance,  t  ,  the  coefficients 


are,  in  practice,  completely  unknown  and  uncontrollable.  Sines  the  varia¬ 
tions  AZ'  are  generally  considerably  larger  than  A©'  variations,  the  out¬ 
put  signal  can  be  greatly  altered  by  slight  variations  in  the  steady  state 
balance  conditions  (for  a  given  e  ).  Furthermore,  it  is  desirable  to  make 
independent  measurements  of  the  a2'  and  AS'  variations  by  some  means. 

Because  of  the  above  limitations  of  non-linear  distortion,  harmonic 
distortion,  dependence  of  the  output  signal  on  the  details  of  the  bridge 
balance  and  the  mixing  of  the  impedance  magnitude  and  phase  variations, 
it  is  not  advisable  to  make  a  direct  linear  detection  of  the  bridge  output 
signal.  I'hese  problems  are  avoided  by  a  suitable  method  of  phase  detection. 

Suppose  a  signal  of  known  amplitude  (rms).  A,  and  phase,  ,  is  added 
to  the  bridge  output  signal; 

A  CoS  ^  V iJoS  -f-  4© 

and  this  signal  is  applied,  as  above,  to  the  linear  detector.  In  order  to 
avoid  non-linear  distortion  and  harmonic  distortion,  assume  that  A  is  much 
greater  than  the  signal  variations.  In  this  case  the  rms  value  (averaged 
over  one  cycle  of  the  carrier  frequency  a))  of  the  signal  from  the  filter 
which  follows  the  linear  detector  is 

A\/'=  (^')  vm  yif) 

Since  the  phase  angles  p  and  <|)  are  now  constant  and  controllable,  the 
independent  variations  AZ'  ang  A©'  may  be  measured  by  adjusting  the  relative 
phase  angle  (p  — between  0  and  90^,  respectively.  Thus,  the  varia¬ 
tions  of  surface  impedance  (A©')  may  be  measured  independently  of  the 
variations  AZ'  due  primarily  to  volume  resistance  variations.  Such  an 
arrangement  is  used  in  the  detection  equipment  as  shown  in  Figure  l6.10. 
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A  measurement  of  the  correlation  "between  AZ'  and  A O'  variations  may 
be  made  by  measuring  the  rms  value  of  AV'  for  various  relative  phase 
angles 


15.4  Low  Noise  Techniques 

Internal  noise  sets  the  limits  of  detectability  of  the  temperature, 
salinity  and  velocity  sensors  in  certain  experiments,  for  example,  in  the 
ocean.  For  this  reason  measures  should  be  taken  to  reduce  internal  noise 
to  as  low  a  level  as  possible.  Techniques  for  noise  reduction  are  now 
considered. 


Amplifier  Noise 

The  output  signal  from  the  bridge  must  be  amplified  to  a  suitable 
level  for  its  proper  measurement.  As  shown  in  Section  15.2  ,  the  detector 
input  Impedance  should  be  a  large  pure  reactance.  A  vacuum  tube  amplifier 
largely  fills  this  requirement  and  will  be  used  as  the  basic  preamplifier 
unit.  Optimization  of  detectability  is  a  requirement  on  the  noise  figure 
rather  than  a  requirement  on  gain.  The  noise  figure,  F,  is  defined  as  the 
ratio  of  signal-to-noise  ratios  in  the  input  and  output  circuits: 

~  ooTPtjr) 

where  A  denotes  signal-to-noise  ratio.  When  a  number  of  successive  stages 
are  involved  with  noise  figures  F,,  Pg,  Fj  ...,  and  power  gains  Gg, 

Go  . . , ,  then  the  composite  noise  figure  is  given  by  a  formula  due  to 
Friis  (16) 


F  =:  p  ^  .  /S-/  , 

n  ^  —s — /-  — p — y- 

”  'S'z. 

When  all  stages  are  identical  with  the  first 


if  G;l 

The  simplest  and  most  effective  vacuum  tube  amplifier  at  moderately 
high  frequencies  is  the  grounded- cathode  triode.  This  arrangement  has 
the  advantages  of  the  hipest  available  power  gain  (hence  maximum  possible 
reduction  of  second  stage  noise)  and  a  good  noise  figure  (17).  The  dis¬ 
advantage  of  instability  (oscillation)  at  higti  gain  due  to  interelectrode 
capacity  may  be  neutralized  by  appropriately  tuned  inductances  when  the 
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required  'bandwidth  is  sufficiently  narrow.  The  disadvantage  of  shunting 
the  signal  and  resultant  loss  of  gain  is  not  important  at  freq,uencles  of 
the  order  of  UO  kc.  If  a  wide  "bandwidth  Is  required,  other  types  of 
amplifier  are  more  suita'ble  e.g. ,  the  double  triode  cascade  amplifier. 

At  moderate  frequencies  where  parasitic  capacitances  can  'be  neglected, 
the  noise  figure  of  the  grounded  cathode  triode  amplifier  is  (IT) 


where  the  trans conductance  of  the  triode,  R-j_,  is  the  effective  internal 

resistance  of  the  signal  source  at  the  triode  input,  and  the  equivalent 
noise  resistance  (due  primarily  to  the  shot  effect  from  random  emission 
of  electrons  from  the  cathode)  is  given  approximately  by  (l8) 


A  good  noise  figure  may,  therefore,  be  obtained  with  a  triode  of  large 
transconductance  (and  may  be  further  improved  by  paralleling  tubes). 


Input  Transformer 

The  degradation  in  the  noise  figure  of  a  detection  system  due  to  the 
equivalent  noise  of  the  Input  amplifier  tube  is  reduced  by  having  the 
signal  which  is  being  detected  generated  in  an  impedance  which  is  large 
in  comparison  with  the  noise  resistance  of  the  amplifier.  If  the  impedance 
in  which  the  signal  is  generated  is  fixed  by  other  considerations,  the 
Improvement  can  be  achieved  by  a  transformer  which  effectively  changes 
the  signal  impedance  level.  Consider  the  idealized  input  circuit  of  Figure 
15.6  where  a  signal  AV  is  generated  in  a  resistance  and  passes  through 


Figure  15.6  .  Input  Transformer 
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a  transformer  of  turns  ratio  N  to  the  grid  of  the  Input  tube  of  the  amplifier. 
We  assume  the  induci.ance  of  the  transformer  is  tuned  out  hy  the  capacity 
shown  in  the  primary  over  the  handwidth  of  the  signal  centered  on  the 
carrier  frequency;  also  that  the  quality  of  the  transformer  is  high  (high 
so  that  the  input  Impedance  to  the  transformer  is  much  larger  than  that  of 
the  source  impedance  These  assumptions  are  not  always  valid  for  very 

hi^  carrier  frequencies  (above  radio  frequencies)  hut  are  valid  to  a  high 
degree  in  the  present  detection  equipment  at  ItO  kc.  The  requirement  of  a 
good  noise  figure  is  that  the  impedance  of  the  transformer  as  viewed  from 
the  grid  of  the  tube  is  very  much  higher  than  the  effective  noise  resistance 
of  the  amplifier  tube,  that  is 

where  M  is  a  numiber  much  greater  than  unity.  This  condition  is  better 
achieved  by  a  higher  turns  ratio;  however,  for  a  very  high  turns  ratio  the 
quality  of  the  transformer  suffers.  The  improvement  in  noise  figure  for  a 
turns  ratio  greater  than  that  corresponding  to  M  =  10  is  oli£dit>  althou^ 
the  signal  Av  does  experience  a  higher  gain  (equal  to  II).  For  the  case  at 
hand  we  have  R2^  =  15  ohms,  g^^  =  9 >300  micromhos,  N  =  30  and  M  =  50.  The 
corresponding  noise  figure  this  input  stage  is  only  0.1  db.  The  voltage 
gain  of  the  input  transformer  is  30. 


Linear  Detector  Molse 

The  very  slight  amplitude  modulation  on  the  steady  state  unbalance 
carrier  wave  from  the  bridge  output  contains  the  informs.tion  concerning 
the  minute  variations  of  the  electrode  impedance.  This  low  frequency 
modulation  is  picked  off  the  carrier  wave  by  a  linear  de-becfcor  and  further 
amplified.  The  linear  detector  consists  of  a  diode  which  is  a  source  of 
ordinary  thermal  noise  at  higher  frequencies  but  at  lower  frequencies  an 
additional  noise  signal  is  present,  called  "excess  noise."  The  noise  power 
density  of  excess  noise  1.3  roughly  inversely  proportional  to  the  frequency 
(19, 20). This  additional  source  of  noise  can  be  reduced  by  proper  selection 
of  diodes  and  operating  conditions,  and  by  greatly  amplifying  the  carrier 
wave  plus  modulation  before  envelope  detection.  A  good  diode  is  generally 
one  which  has  a  large  contact  area,  i.e.,  a  Junction  diode  rather  than  a 
point  contact  diode.  Operating  a  number  of  these  diodes  in  parallel  is 
also  helpful  in  reducing  diode  excess  noise.  The  diode  excess  noise  power 
varies  roughly  as  the  square  of  the  average  diode  current,  therefore  the 
average  rectified  diode  current  should  be  as  small  as  possible.  If  this 
rectified  current  is  zero,  the  excess  noise  is  zero.  If  it  is  possible  to 
amplify  the  carrier  wave  plus  modulation  considerably,  before  envelope 
detection,  the  excess  noise  of  the  diode  will  be  relatively  small  compared 
with  the  desired  signal  and  the  fundamental  themal  noise  of  the  input 
stages. 

This  latter  method  places  constraints  on  the  steady  state  unbalance 
signal  of  the  bridge  network,  the  peak  voltage  on  the  linear  detector  and 
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the  gain  of  the  preamplifier  stages.  The  conditions  imposed  on  the  detec¬ 
tion  equipment  apply  at  the  low  end  of  the  hand  of  frequencies  of  interest 
in  the  amplitude  modulation  signal  where  the  excess  noise  is  largest.  The 
noise  ratio  due  to  excess  noise  may  he  as  large  as  40  dh  at  an  average 
current  or  1  ma. 


Source  Noise 

Amplitude  modulation  of  the  signal  source  which  drives  the  bridge 
appears  at  the  output  of  the  bridge  and  is  indistinguishable  from  the 
desired  modulation  if  they  occur  over  the  same  hand  of  frequencies.  This 
source  noise  is  greatly  reduced  if  the  bridge  can  he  balanced  to  a  high 
degree j  it  is  also  reduced,  of  course,  by  having  the  source  as  free  as 
possible  of  amplitude  modulation  noise.  The  requirement  Imposed  on  the 
degree  of  balance  of  the  bridge  and  the  source  noise,  in  order  that  it  not 
be  a  problem,  is  now  calculated  under  the  assumption  that  the  source  noise 
should  be  equal  to  the  Johnson  noise  at  the  output  of  the  optimum  differ¬ 
ential  bridge  illustrated  in  Figure  15.4  .  The  mean  square  Johnson  noise, 
(Vn)r^g  ,  at  the  bridge  output  is 

where  R  is  the  electrode  resistance  and  Af  is  the  bandwidth  of  the  modula¬ 
tion  signals  which  one  is  attempting  to  detect.  This  assumes  a  detector 
of  high  input  impedance.  Let  the  rms  noise  modulation,  over  the  band  of 
frequencies  of  interest,  on  the  source  signal,  AVjj,  be  a  small  fraction, g  , 
of  the  rms  voltage,  V,  applied  to  the  bridge 

AVn  «  eV  . 

The  rms  noise  output  voltage,  SAV,  from  the  bridge  is 

SAV  — 

where  Ab  is  the  steady  state  difference  in  the  two  electrode  resistances 
of  the  differential  bridge  and  is  a  measure  of  the  degree  of  balance  of 
the  bridge.  We  require  that  the  noise  at  the  bridge  output  due  to  source 
noise  be  so  small  that 


SAV  = 

n  rms 


Combining  the  above  relations  we  find 
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or 


€  (^)  _ 

where  P  =  (V^/4R)  is  the  electrical  power  dissipated  in  one  electrode. 
As  discussed  in  Section  15-3  ,  it  is  reasonable  to  expect,  in  practice, 
a  bridge  ba3.ance  (with  occasional  manual  adjustment)  of  the  order  of 

("^)  -  ■ 

For  an  electrode  power  of  100  mw  (P  =  0.1  watt),  and  a  bandwidth  of 
Af  =  100  cps,  this  corresponds  to  a  source  noise  level  of 

€  ^6  X  10“^ 


This  is  a  fairly  low  level  of  source  noise.  Improvements  in  the  amoimt  of 
source  noise  can  be  obtained  by  regulation  as  discussed  in  Section  15*5  . 
Our  original  requirement  in  the  above  calculaticn  was  that  the  noise  as¬ 
sociated  with  the  source  be  equal  to  Johnson  noise;  in  detection  systems 
with  very  good  noise  figures  (l  db)  this  requirement  should  be  somewhat 
more  strict. 


Other  Noise 

A  very  dlstrubing  source  of  signals  is  hum  associated  with  the  avail¬ 
able  60  cps  power  and  its  first  several  harmonics.  A  large  step  towards 
eliminating  this  problem  is  to  use  do  on  the  filaments.  If  transformers 
are  used  in  low  signal  level  circuits  they  should  be  wound  to  cancel  ao 
pick-up  and  should  be  adequately  shielded  from  ac  fields.  Ground  loops 
should  be  avoided  by  using  a  single  ground  connection  and  by  small  resistors 
approximately  placed  in  the  input  networks.  The  contribution  of  hum  is 
also  reduced  directly  by  the  use  of  feedback  in  the  input  amplifiers.  As  a 
last  resort,  a  hum  compensation  network  can  be  constructed  with  variable 
phase  and  amplitude  to  cancel  out  the  residual  hum  due  to  power  frequencies 
(although  this  is  usually  quite  difficult  because  the  first  several  har¬ 
monics  must  be  adjusted  to  cancellation  independently).  Notch  filters  at 
60,  120,  and  l8o  cps  can  also  be  used.  Problems  with  power  frequency  hum 
can  sometimes  be  reduced  by  the  use  of  400  cps  bu]k  power,  particularly  if 
the  signal  modulation  frequencies  of  interest  cover  a  bandwidth  less  than 
400  cps . 

It  is  very  difficult  to  construct  a  detection  system  of  very  high 
sensitivity  in  the  audio  band  which  is  not  subject  to  microphonic  problems. 
In  spite  of  the  fact  that  the  detection  equipment  may  be  microphonic^  this 
source  of  noise  can  be  largely  eliminated  by  proper  shock  mounting  of 
sensitive  components  and  by  locating  or  moiintlng  the  overall  detection 
electronics  in  a  vibration  free  environment. 


The  use  of  larg;e  negative  feedback  In  the  amplifier  stages  is  effective 
In  reducing  noise  due  to  gain  variations  associated  with  component  Insta¬ 
bility,  hum,  and  spurious  signal  injection  caused  by  variations  in  the 
temperature  of  components  in  an  Irregular  air  cooling  stream. 


15.5  Advanced  Systems 

The  detection  equipment  described  in  Section  16.  is  capable  of  very 
high  sensitivity  with  a  relatively  narrow  bandwidth.  Modifications  of  this 
equipment  to  make  the  operation  more  convienent:  less  subject  to  certain 
sources  of  noise;  capable  of  a  wider  frequency  band;  and  subject  to  dif¬ 
ferent  modes  of  operation,  are  more  or  less  direct  improvements  which  would 
constitute  the  next  stages  of  development  of  the  equipment.  Because  of 
limitations  of  time  the  refinements  have  not  been  attempted  at  this  time, 
but  will  be  described  briefly  below. 


Heterodyne  Detection  System 

Detection  equipment  operating  at  high  frequencies  in  the  radio  fre¬ 
quency  range  or  higher,  is  called  for  as  a  possible  solution  of  some  prob¬ 
lems  in  the  detection  technique  (e.g.  polarization  impedance  problems)  or 
as  a  means  to  make  specific  measurements  of  salinity  (Sec.  4.3  ).  In  such 

a  situation  it  is  not  always  convenient  or  even  desirable  to  amplify  the 
bridge  output  signal  directly  at  the  carrier  frequency  before  linear 
detection.  The  procedure  followed  is  to  change  the  carrier  frequency  by  a 
mixing  process  to  a  lower  frequency  (the  heterodyne  process)  for  amplifi¬ 
cation.  The  intermediate  frequency  for  this  amplification  is  usually  of 
the  order  of  1  me  (e.g.  455  ko).  Mixers  for  changing  the  carrier  frequency 
can  usually  be  obtained  with  a  noise  figure  which  does  not  greatly  reduce 
the  sensitivity  of  the  measurements.  After  amplification  at  the  inter¬ 
mediate  frequency,  the  modulation  signal  is  detected  in  the  usual  way.  The 
development  of  a  heterodyne  system  was  not  necessary  in  the  present  equip¬ 
ment  because  operation  at  very  high  power  from  the  signal  source,  which 
calls  for  high  operating  frequency,  was  not  necessary  at  the  low  operating 
speeds  used  in  the  water  tub  experiments  in  the  laboratory  (Sec,  17*3  ). 


Automatic  Source  Regulator 

If  the  balance  of  the  bridge  is  imperfect  for  one  reason  or  another, 
the  amplitude  modulation  noise  of  the  source  tends  to  mask  the  desired 
signals.  Signal  sources  of  good  design  which  have  well  regulated  power 
supplies  and  include  measures  to  reduce  the  effects  of  hum  modulation, 
have  a  relatively  low  level  of  noise  about  the  carrier  frequency  of  the 
source  (22).  Noise  of  this  type  can  be  reduced  by  a  regulating  system  on 
the  output  of  the  source  oscillator  which  is  so  designed  to  insure  the 
reduction  of  amplitude  modulation  noise  to  a  low  level.  Such  a  system 
involves  a  linear  detector  on  the  source  output  followed  by  high  amplifi- 
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cation  to  detect  the  amplitude  modulation  noisej  and  then  a  feedback 
system  using  the  detected  signal  as  input,  to  automatically  regulate  the 
noise  modulation.  A  feedback  system  of  this  type  is  not  easily  constructed 
if  it  is  to  operate  effectively j  no  estimate  of  the  amoxint  of  improvement 
of  such  a  system  can  be  reliably  given  now  without  experience  with  it  in 
actual  operation. 


Automatic  Balance  Regulator 

A  high  degree  of  steady  state  bridge  balance  has  a  number  of  advantages 
in  a  practical  detection  system.  Because  of  inherent  spurious  instability 
in  electrode  systems  of  identical  construction  as  used  in  a  differential 
detection  system,  the  degree  of  bridge  balance  cannot  be  maintained  better 
than  a  certain  value;  a  balance  factor  of  the  order  of  3  x  10”  is  a 
practical  minimum.  A  steady  state  balance  to  a  much  higher  degree  is 
possible  if  an  automatic  fast  acting  system  is  used  which  regulates  the 
bridge  to  zero  average  output.  The  term  steady  state  refers  to  fluctuations 
at  frequencies  from  dc  to  the  lowest  frequency  of  interest  in  the  detector 
system  (e.g.  1  ops).  The  automatic  balancing  regulator  should  not  work  to 
higher  frequencies  otherwise  it  would  regulate  out  the  desired  signals. 

Such  an  automatic  system  requires  two  separate  and  independent  channels 
of  regulation,  one  to  regulate  amplitude  and  the  other  to  regulate  phase. 
This  is  due  to  the  fact,  in  ac  bridges,  that  it  requires  two  separated 
adjustments  to  bring  the  bridge  to  balance.  A  feedback  system  of  this 
type  is  complicated  and  would  require  considerable  development  for  a 
practical  system,  particularly  because  of  its  tendency  to  instability 
caused  by  large  transient  signals.  An  extension  of  this  balance  regulator 
system  is  to  increase  its  bandwidth  to  cover  the  entire  band  of  frequencies, 
even  those  over  which  the  signal  is  to  occur,  so  that  the  bridge  always  has 
zero  output.  The  signal  is  obtained, not  from  the  bridge  output  but,  by 
appropriately  filtering  the  regulating  voltages  which  are  replicas  of  the 
variations  in  electrode  impedance.  Such  a  technique  is  similar  in  some 
respects  to  that  used  in  hot-wire  anemometers  in  the  constant-temperature - 
mode  of  operation. 


Wide  Band  System 

The  detection  equipment  of  the  present  Report  has  been  designed  for  a 
relatively  narrow  bandwidth  (about  100  ops)  but  this  bandwidth  is  suf¬ 
ficiently  large  to  cope  with  the  fluctuations  measured  in  laboratory  tests 
and  those  of  interest  in  many  oceanographic  measurements.  If  measurements 
of  very  fine  micro structure  at  high  speeds  are  desired,  the  bandwidth  must 
be  much  wider.  For  example,  50  kc  bandwidth  is  required  for  0.1  mm  struc¬ 
ture  at  30  knots.  In  a  narrow  band  system  the  problem  associated  with 
instability  in  bridge  balance  is  at  its  worst  because  it  happens  at  frequen¬ 
cies  not  far  removed  from  the  band  of  interest.  In  a  wide  band  system  the 
problems  of  balance  instability  can  be  almost  completely  eliminated  if  it 
is  not  necessary,  also,  to  measure  slowly  varying  components.  This  is 
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accomplished  hy  having  a  sharp  notch  filter  on  the  output  of  the  bridge 
which  rejects  the  carrier  and  closely  neighboring  frequencies  and  passes 
frequencies  well  removed  from  the  carrier.  This  has  the  consequence  that 
steady  state  unbalance  signals  from  the  bridge  network  do  not  reach  the 
input  amplifier  of  the  detection  system.  Consequently,  very  high  gain 
before  linear  detection  can  be  used  since  the  amplified  wave  consists  only 
of  the  desired  signal  with  no  carrier.  The  practical  limitation  to  this 
system  is  the  notch  filter  which  sets  a  lower  limit  to  the  signal  modulation 
frequencies  detected.  In  the  present  narrow  band  equipment  it  is  not 
possible  because  a  filter  of  very  high  attenuation  at  the  center  frequency 
(40  kc)  and  also  very  narrow  bandwidth  (~1  cps)  is  not  possible.  For 
special  applications  the  wide  band  system  with  the  notch  filter  would  be 
quite  useful  and  probably  simpler  than  the  present  detection  equipment. 

No  attempt  has  been  made  to  develop  the  methods  and  techniques  of  such 
a  wide  band  system. 


Constant  Resistance  Operation 

The  technique  of  constant- temperature-operation,  familiar  in  hot¬ 
wire  anemometer  instrumentation,  can  be  applied  directly,  without  modi¬ 
fication,  to  the  present  technique  for  measuring  water  velocities. 
Fundamentally,  this  Involves  a  feedback  circuit  which  regulates  the 
power  dissipated  in  the  water  so  that  the  electrode  temperature,  and 
resistance,  is  held  constant.  This  system  is  more  complicated  than  the 
passive  arrangements  such  as  constant-current  or  constant-power  oper¬ 
ation.  Considerahle  development  work  on  this  mode  of  operation  has 
been  carried  out  in  connection  with  the  hot-wire  anemometer  and  this 
experience  may  be  used  in  application  to  the  electrode  systems  of 
this  Report  (23,24). 


Impulse  Noise  Limiter 

The  passage  of  localized  impurities  in  the  water  through  the  elec¬ 
trode  volume,  such  as  bubbles,  bits  of  matter  and  plankton,  causes  very 
large  and  sharp  pulses  in  the  detection  system.  Unless  one  is  specif¬ 
ically  interested  iii  detecting  these  impurities,  they  present  a  trouble¬ 
some  problem  to  the  detection  system  when  set  for  operation  at  very  high 
sensitivity.  The  problem  arises  in  the  difficulty  for  practical  ampli¬ 
fying  systems  to  recuperate  back  to  normal  operating  conditions  after 
a  very  large  transient  signal.  This  is  to  say  nothing  of  the  possible 
resulting  impact  damage  to  papei’  recording  devices  and  disturbingly  loud 
popping  sound  produced  in  audio  speaker  system  for  monitoring  the  detei:- 
tion  sounds.  This  problem  can  be  met  by  an  impulse  noise  limiting 
device  which  functions  by  not  allowing  very  large  transient  signals, 
which  occur  very  rapidly  (pulses),  from  passing  througli  the  overall 
detection  equipment  (2l).  Such  a  device  is  used  in  iimplitude  modu¬ 
lation  receivers.  This  technique  is  only  possible  in  a  situation  where 
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the  desired  signal  does  not  itself  experience  changes  over  a  ve’.*y  wide 
dynamic  range  in  time  comparable  with  the  transit  time  through  the 
sensing  volume  of  the  electrode. 
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l6.  BEfTECTION  EQUIPMENT 


Electronic  equipment  is  described  in  this  Section  which  embodies  the 
principles  and  techniques  analyzed  in  the  preceding  Sections  of  this  Report. 
This  instrumentation  distinguishes  itself  by  its  ability  to  detect  extremely 
siiiall  changes  in  the  properties  of  flowing  water. 


l6.1  General  Description 

Instrumentation  for  measuring  temperature,  salinity  and  velocity 
fluctuations  in  sea  water  by  means  of  electrolytic  conductivity  is  shown 
in  Figure  l6.1a  and  l6. Ib.This  detection  equipment  is  dual  purpose  in  the 
sense  that  the  velocity  fluctuations  and  conductivity  fluctuations  (which 
are  a  measure  of  the  temperature  and/or  salinity  fluctuations)  can  be 
measured  independently  by  a  selection  of  the  operating  power  level.  The 
sensing  elements  consist  of  two  identical  eye-type  electrodes  suitably 
mounted  for  differential  microstructure  measurements.  The  constant-power 
mode  of  operation  (CPO)  is  used  when  detecting  velocity  fluctuations.  In 
the  arrangement  for  detecting  conductivity  fluctuations  (C-meter)  no  at¬ 
tempt  has  been  made  to  separate  and  identify  the  contributions  due  to  temper¬ 
ature  and  salinity.  Although,  as  used  in  the  laboratory  tests,  the  conduc¬ 
tivity  fluctuations  are  due  almost  exclusively  to  temperature  vai-lations 
since  the  salinity  microstructure  is  removed  by  continuous  mixing. 


Design  Considerations 

The  design  philosophy  of  this  equipment  has  been  oriented  to  the  utility 
of  the  equipment  for  laboratory  research.  As  a  consequence  the  design  is, 
in  almost  all  respects,  straij^tforward  and  simple,  in  order  to  insure  its 
easy  understanding,  checkout,  repair  and,  if  necessary,  modification.  All 
functional  units  are  built  as  separate  and  convenient  chassis  units.  Several 
of  the  components  are  coitunercially  available  units  which  have  been  inte¬ 
grated  into  the  overall  detection  equipment.  No  attempt  has  been  made  to 
miniaturize  the  equipment  or  to  make  the  equipment  portable. 

The  choice  of  the  carrier  frequency  is  based  on  a  number  of  factors. 

The  fundamental  consideration  is  that  the  carrier  frequency  be  at  least  an 
order  of  magnitude  larger  than  the  hipest  modulation  frequency  to  be  detect¬ 
ed.  The  carrier  wave  frequency  should  be  inaudible  (greater  than  l6  kc) 
because  of  the  disturbing  effects  of  the  high  pitched  carrier  signal  in  the 
audio  system.  The  constraints  of  the  electrical  components  with  respect  to 
size,  quality,  availability,  stray  capacities,  simplicity  of  design,  etc. 
requires  that  the  carrier  frequency  be  not  too  high  or  too  low;  the  LF 
range  ( 30  kc  -  300  kc)  is  a  convenient  range  in  this  respect.  If  a  sharp 
bandpass  filter^  of  the  order  of  a  few  hundred  cycles  width  at  the  carrier 
frequency,  is  required  and  inductances  of  moderately  high  Q  (about  lOO) 
are  used,  instead  of  crystal  filter^  a  carrier  frequency  of  about  4o  kc  is 
arrived  at.  Because  of  polarization  effects  (Sec.  9.4  )  at  the  electrodes 
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Figure  l6.1.  Sensitivity  Detection  Equipment 


a  high  operating  frequency  is  called  for.  A  frequency  of  40  kc  is  effective 
in  reducing  polarization  effects  with  stainless  steel  electrodes  in  sea 
water  (compared  with  a  frequency  of  1000  cps  which  Is  ordinarily  used  in 
electrolytic  conductivity  measurements).  Operation  in  the  radio  frequency 
range  is  required  to  completely  eliminate  electrode  polarization  effects. 

The  use  of  an  ordinary  radio  receiver  as  a  detector  of  the  bridge  out¬ 
put  has  been  considered  but  found  unsatisfactory  for  the  present  applica¬ 
tion  for  the  following  reasons.  The  relatively  large  steady- state  output 
from  the  bridge  saturates  an  ordinary  receiver;  the  bandwidth  before 
linear  detection  is  too  wide;  there  is  no  phase  detection  capabilityj  the 
output  bandwidth  does  not  extend  down  to  1  cps;  the  audio  system  is  subject 
to  hum  noise j  and  the  linear  detector  usually  does  not  have  the  capability 
of  large  amplitude  input  before  detection.  The  modifications  of  such  a 
receiver  would  be  so  extensive  that  the  advantage  of  its  availability  would 
be  nullified. 


Functional  Diagram 

The  overall  functional  diagram  of  the  detection  equipment  is  shown  in 
Figure  l6.2  j  it  consists  of  the  following  blocks: 

a)  Signal  source 

b )  Heater  source 

c )  Bridge  network 

d)  Electrode  elements 

e)  Detection  electronics 

f)  Display  units 

g)  DC  power  supplies 

These  blocks  are  discussed  in  detail  in  Section  l6.2  .  The  equipment 
functions  as  follows :  The  signal  source  provides  the  40  kc  power  to  drive 
the  bridge  network  and  electrodes;  the  heater  source  provides  the  power  to 
the  electrodes  when  velocity  measurements  are  being  made;  variations  in  the 
electrode  impedances  cause  the  bridge  to  unbalance  and  the  bridge  network 
output  signal  is  amplified,  detected  and  filtered  in  the  detection  electronics; 
a  suitably  large  signal  consisting  of  the  desired  modulation  is  monitored 
and  analyzed  In  the  display  equipment.  The  do  power  supplies  provide  plate 
and  filament  voltages  to  the  most  sensitive  components  of  the  equipment, 
viz.,  the  heater  source,  signal  source  and  detection  electronics.  The  detec¬ 
ted  signal  is  sufficiently  amplified  when  it  reaches  the  display  equipment 
so  that  these  units  need  not  be  on  dc  power.  The  details  of  each  block  are 
indicated  by  Figure  numbers  in  the  overall  block  diagram  of  Figure  l6.2  . 

The  basic  network  of  the  electronics  consists  of  the  symmetrical  wheat- 
stone  bridge  network  shown  in  Figure  16.3  .  This  is  the  optimum  arrange¬ 
ment  for  a  double  sensing  element  bridge  for  obtaining  the  minimum  detectable 
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Figure  l6.2  .  Overall  Block  Diagram  of  Detection  Equipment 


Figure  16.3  .  Basic  Bridge  Circuit  Diagram 


signal.  The  capacity  in  parallel  with  the  source  impedance  and  in  series 
with  the  detector  Impedance  are  for  matching  purposes  (the  detector  imped¬ 
ance  is  shown  matched  to  the  bridge,  however,  optimum  detectability  is 
obtained  if  the  detector  impedance  is  large).  The  resistance  of  the  elec¬ 
trodes  (27  ohms)  is  due  mainly  to  the  volume  conductivity  of  the  sea  water; 
the  capacity  in  parallel  with  the  electrode  resistance  is  due  to  polarization 
effects  at  the  electrode  surfaces.  The  other  two  arms  of  the  symmetrical 
bridge  are  equal  inductances  of  reactance  equal  to  the  resistance  of  the 
electrodes  at  the  operating  frequency.  The  ground  on  the  bridge  at  the 
point  indicated  is  required  by  the  constraints  of  electrode  design. 


Equipment  Design 

The  typical  operating  characteristics  of  the  detection  equipment  are 
shown  in  Table  l6.1  .  The  frequency  response  of  the  pre-amplifier  stages 
and  overall  system  is  shown  in  Figure  l6.i+a  andi6.4b. 


Performance  Characteristics 
of  Detection  Equipment 


Carrier  Frequency 

40  kc 

Heater  Frequency 

3.7  me 

Electrode  Impedance 

27  ohms 

■  Bandwidth 

150  cps 

Noise  Figure 

0.3  d-b 

Overall  Gain 

160  db 

Signal  Source 

160  mw 

Heater  Source 

15  watts 

l6 . 2  Equ Ipment  Design 

The  design  details  of  the  electronic.^  of  the  detection  equipment  are 
covered  in  this  Section, 


Signal  Source 

The  bridge  of  the  detection  equipment  is  driven  by  a  signal  source 
operating  at  40  kc.  The  block  diagram  of  this  source  is  shown  in  Figure 
16.5  ;  it  consists  of  the  following  units: 

a)  4o  kc  oscillator 

b )  Attenuator 

c)  Bandpass  filter. 


TV 


Figure  16.5  .  Signal  Source  Block  Diagram 


Figure  16.6  .  Heater  Source  Block  Diagram 
AK. 


Figure  16.7  •  3*7  me  Cryatal  Oscillator  Schematic 


The  40  kc  oscillator  Is  a  Hewlett-Packard  Model  200CD  oscillator  with  l60  mw 
maximum  output  into  600  ohms;  the  attenuator  is  a  Hewlett-Packard  Model  350B 
attenuator  of  600  ohm  impedance.  The  40  kc  "bandpass  filter  circuit  is  shown 
in  Figure  16.16  • 


Heater  Source 

For  the  detection  of  velocity  fluctuations  at  the  electrode,  it  la 
necessary  to  heat  the  water  flowing  throu^  the  electrode  volume.  As  dis¬ 
cussed  In  Section  9-4  ,  this  is  best  done  with  hl^  frequency  power  to 

avoid  electrode  polarization  effects.  A  frequency  much  hi^.er  than  40  kc 
is  also  desirable  in  order  to  operate  the  heating  source  separately  and 
independent  of  the  signal  source  without  affecting  the  critical  balance 
conditions  of  the  bridge.  The  heater  source  for  this  purpose  operates  at 
3.7  me  and  is  capable  of  about  16  watt  output  (8  watts  per  electrode).  The 
block  diagram  of  the  heater  source  is  shown  in  Figure  16.6  j  it  consists  of 
the  following  units 

a)  Crystal  oscillator  <r> 

b )  Variable  attenuator 

c)  Power  amplifier. 

The  variable  attenuator  is  a  Hewlett-Packard  Model  355B  attenuator  of  50  ohm 
impedance.  The  power  amplifier  is  a  General  Radio  Model  1233^  with  the  out¬ 
put  modification  described  in  its  manual  for  operation  at  the  higher  than 
ordinary  frequency  of  3-7  me. 


a)  Crystal  08ci].lator  -  The  Input  signa],  for  the  power  amplifier  of  the 
heater  source  is  generated  by  a  stable  cyrstal  oscillator  at  3*7  mo.  The 
crystal  oscillator  employs  the  Miller  circuit  which  is  equivalent  to  a 
tuned-grid-tuned'  plate  arrangement.  The  schematic  for  this  circuit  is 
shown  in  Figure  16.7  .  Spurious  amplitude  modulation  is  avoided  by  the 
use  of  DC  filament  and  plate  voltages.  The  output  is  3*1-  volts  in  a  50 
ohm  load  (200  raw). 


Bridge  Network 

The  bridge  nctvrork  of  the  detection  equipment  consists  of  the  circuits 
for  the  adding  and  distribution  of  the  input  signals  and  output  signals. 

It  contains  the  fixed  and  adjustable  components  of  the  Wheatstone  bridge, 
with  the  exception  of  the  electrodes  themselves,  and  a  network  for  the 
phase  detection  of  the  desired  signal.  The  overall  block  diagram  of  the 
bridge  network  is  shown  in  Figure  16.8  ,  and  is  sub-divided  into  the 
following  blocks: 

a)  Balance  adjustment  unit 

b)  Variable  amplitude  and  phase  unit 

c)  Input/output  unit 

d)  Coupling  linit. 
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Figure  16.8  .  Bridge  Network  Block  Diagram 


Figure  16.9  .  Balance  Adjustment  Unit  Schematic 


These  are  discussed  in  detail  "below. 


a)  Balance  Adjustment  Unit  -  The  Wheatstone  bridge  is  initially  unbalanced 
due  to  tolerances  in  electrical  components  and  electrode  construction. 

These  errors  are  compensated  for  to  reduce  the  average  output  from  the 
bridge  by  means  of  the  balance  adjustment  unit  shown  in  Figure  I6.9  .  This 
unit  consists  of  coarse  and  fine  adjustments  of  both  the  resistive  and 
reactive  bridge  components.  As  shown  in  Section  15,3  ,  the  components 

have  been  chosen  so  that  the  controls  approach  those  of  the  ideal  orthogonal 
controls  in  order  to  facilitate  the  convergence  to  balance. 

b)  Variable  A<|)  Unit  -  The  amplitude  modulation  of  the  small  steady-state 
carrier  wave  from  the  bridge  Is  detected  after  amplification  by  an  envelope 
detector.  As  shown  in  Section  I5.3  >  the  phase  angle  of  the  impedance  fluc¬ 
tuations  at  the  electrode  determines  how  well  the  fluctuations  are  detected 
by  the  envelope  detector.  As  a  matter  of  fact,  if  the  phase  angle  is  set 

at  one  certain  value,  the  impedance  fluctuations  would  not  be  detected  at 
all!  To  rectify  this  situation  an  elementary  phase  detection  techniq.ue  has 
been  used.  It  consists  of  mixing  (adding)  a  wave  of  adjustable  amplitude 
(a)  and  phase  ( 4>  )  to  the  bridge  output  wave.  Adjustments  of  the  amplitude 
and  phase  of  this  added  signal  are  accomplished  by  the  network  shown  in 
Figure  16.IO  .  This  circuit  receives  its  signal  from  the  balanced  line, 
but  is  decoupled  from  this  line  so  that  adjustments  of  its  components  do 
not  unbalance  the  bridge.  The  amplitude  is  adjusted  by  meems  of  a  Hewlett- 
Packard  Model  35OB  attenuator.  The  variable  phase  shifting  network  covers 
the  range  from  -45°  to  +135°  ^  means  of  a  continuous  knob  adjustment  which 
covers  the  range  +45°  and  a  switch  selected  phase  shift  of  either  0°  or  +90°. 
The  continuously  adjustable  phase  network  is  of  somewhat  novel  design  and 
provides  for  the  above  stated  range  of  phase  shift  with  an  output  amplitude 
which  is  essentially  independent  of  phase  setting  (constant  output  within 

+0.7  db). 

c)  Input/Output  Unit  -  The  signal  applied  to  the  wheatstbne  bridge  is  coupled 
to  it  through  a  transformer  to  the  balanced  line.  The  output  from  the  bridge 
Is  with  respect  to  ground  (single  ended)  and  is  taken  from  the  midpoint  of 
two  identical  inductances,  of  reactance  equal  to  the  resistance  of  the  elec¬ 
trodes,  which  are  across  the  balanced  line  and  constitute  the  other  two  sym¬ 
metrical  arms  of  the  bridge  besides  the  electrodes.  This  network  is  shown 

in  Figure  16.II  .  Also  provided  in  this  circuit  are  the  capacitors  in 
parallel  with  the  input  and  in  series  with  the  output  to  match  the  source 
and  detector  to  the  resistance  of  the  bridge. 

d)  Coupling  Unit  -  Two  separate  signals  are  applied  to  the  electrodes: 
a  4o  kc  wave  from  the  signal  generator  source  and  a  3-7  me  wave  from  the 
heater  source.  In  order  that  these  two  signals  are  coupled  only  to  the 
electrode  load  and  not  also  into  each  other's  output  Impedance,  a  special 
coupling  unit  is  required.  This  is  accomplished  by  the  network  shown  in 
Figure  16.12  .  Tank  circuits  are  placed  in  the  lines  which  pass  the  appro¬ 
priate  signals  and  stop  the  others.  The  tank  circuits  in  the  balance  line 
from  the  signal  source  pass  the  40  kc  signal  through  the  Inductances  but 
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Figure  16.12.  Coupling  Unit  Schematic 
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Figure  16.13.  Block  Diagram  of  Detection  Elec  Ironies 


stop  the  heater  signal  coming  from  the  other  direction  since  they  are  tuned 
to  3*7  me.  The  tank  circuits  in  the  balanced  lines  from  the  heater  source 
pass  the  3*7  me  power  through  the  capacities  but  stop  the  4o  kc  signal 
power  coming  from  the  other  direction  since  they  are  tuned  to  40  kc.  Since 
the  two  signals  were  separated  by  almost  a  factor  of  100,  it  was  not  neces- 
saiy  to  use  a  more  sophisticated  balanced  bandpass/band-stop  filter  for  each 
power  source.  The  component  values  were  calculated  by  requiring  the  imped¬ 
ance  of  the  units  when  "passing"  to  be  1/50  of  the  electrode  resistance 
and  to  be  resonant  at  the  appropriate  frequency.  The  resulting  Impedances 
at  resonance  are  about  50  times  that  of  the  electrodes  (if  Q>  30). 


Detection  Electronics 

The  function  of  the  detection  electronics  Is  to  amplify  and  detect  the 
feeble  modulation  of  the  carrier  wave  and  present  an  adequately  large  and 
noiseless  signal  for  input  to  the  monitoring  and  display  instrments.  The 
overall  block  diagram  of  the  detection  electronics  is  shown  in  Figure  16.I3. 
The  components  of  this  equipment  consist  of  the  following: 

a)  Input  unit 

b)  40  kc  amplifiers 

c)  40  kc  bandpass  filters 

d )  Variable  attenuator 

e )  Linear  detector 

f )  Audio  amplifiers 

g)  Low  pass  filter 

h )  Output  box 

Basically  the  detection  electronics  serves  t,o  transform  the  Impedance 
level  of  the  signal  in  the  input  unit;  amplifies  and  filters  the  carrier 
plus  modulation  in  the  pre-amplifiers;  linearly  detects  and  filters  the 
carrier  modulation;  further  amplifies  the  low  frequency  modulation  in  the 
post-amplifiers.  A  number  of  switching  arrangements  facilitate  all  phases 
of  the  measurements  with  the  detection  electronics. 

a)  Input  Unit  -  This  unit,  which  is  detailed  in  Figure  l6.l4  ,  receives 
a  40  kc  simal  from  the  bridge  network  output  and/or  a  40  kc  signal  from  the 
variable  A^  unit.  The  two  signals  are  mixed  with  a  passive  adder  and 
transformed  from  the  low  15  ohm  impedance  level  to  the  relatively  high  level 
of  13.5  K  to  improve  the  overall  noise  figure  of  the  detection  equipment 
as  discussed  in  Section  15.4  .  The  40  kc  signal  experiences  a  gain  of  30 
in  amplitude  through  the  transformer.  The  high  turns  ratio  of  the  trans¬ 
former  is  made  possible  by  operating  the  transformer  at  resonance.  The 
switching  arrangement  of  the  input  unit  allows  the  Independent  adjustment 
and  detection  of  either  or  both  the  carrier  plus  signal  and  the  phase 
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bhifted  carrier.  The  signals  are  matched  for  all  switching  positions. 

b)  40  kc  Amplifiers  -  The  carrier  plus  signal  modulation  is  amplified 
considerably  before  linear  detection  by  several  stages  of  amplification. 

The  amplifiers  for  this  purpose  are  operated  as  individual  units.  The 
schematic  for  these  units  Is  shown  in  Figure  16.15  .  The  amplifier  is 
designed  for  low  noise  operation  over  a  wide  frequency  range,  and  consists 
of  an  RC  coupled  amplifier  of  two  stages  with  negative  feedback  to  reduce 
distortion  and  stabilize  the  gain. 

The  gain  with  a  6OO  ohm  load  is  about  15  db  and  into  a  high  impedance 
is  about  22  db.  A  switch  to  by-pass  the  amplifier  (O  db)  is  also  provided. 
Approximately  20  db  negative  feedback  is  used.  The  input  Impedance  is  of 
the  order  of  several  megohms  and  the  output  impedance  is  about  800  ohms. 

The  frequency  response  at  the  -3  db  points  extends  from  3  cps  to  1  me  with 
a  600  ohm  load,  and  from  0.6  cps  to  500  kc  with  a  10  K  ohm  load.  Care  was 
taken  in  the  construction  to  provide  adequate  heat  sinks  for  the  high  power 
resistors  and  to  protect  the  other  elements  from  thermal  variations  due  to 
air  currents. 

To  obtain  the  lowest  noise  figure  in  the  first  stage  of  amplification 
of  the  detection  equipment,  it  was  found  necessary  to  by-pass  the  feedback 
network  with  the  0.1  mfd  capacitor  which  is  dotted  in  Figure  l6,15  ■  With 
this  arrangement  the  equivalent  Input  noise  is  0.12  microvolts  for  a  1  kc 
bandwidth.  This  noise  level  is  about  5  ili  above  the  minimum  noise  expected 
from  the  amplifier  based  on  a  transconductance  of  9>300  micromhos.  When 
the  amplifier  is  used  in  combination  with  the  input  transformer  the  combined 
noise  figure  is  about  0.3  db.  The  amplifier  gain  in  this  arrangement  with 
a  tuned  filter  as  a  load  is  about  38  db. 

c)  40  kc  Bandpass  Filter  -  Two  of  these  filters  are  used  as  interstage 
band  bandpass  filters  for  the  carrier  plus  modulation  between  the  40  kc 
amplifiers.  The  filters  are  of  the  constant-k  type  with  it -section  input 
and  output  and  6OO  ohm  impedance  at  the  cctiter  frequency.  The  insertion 
loss  Is  2.0  db  and  the  3  db  passband  is  4o+5  kc.  Outside  the  pussband, 
the  skirts  of  the  filter  characteristic  fall  off  at  lO  db  per  octave.  The 
schematic  for  this  filter  is  shown  in  Figure  16.16  . 

d)  Variable  Attenuator  -  This  unit  consists  simply  of  a  100  K  potentiometer 
and  is  used  to  adjust  the  signal  level  to  the  optimum  value  for  the  linear 
detector. 

e)  Linear  Detector  -  The  signal  modulation  is  removed  from  the  carrier  vrave 
by  the  linear  detector  and  filtering  networks  shown  in  Figure  16.IT  •  The 
main  design  consideration  in  this  unit  Is  the  provision  for  the  detection 
of  a  large  amplitude  carrier  wave.  The  peak  voltage  applied  to  the  diode 
for  maximum  output  of  the  amplifiers  is  36  volts.  The  filtering  networks 
following  the  diode  have  a  passband  from  O.5  cps  (or  DC)  to  4.00  cps.  The 
amplitude  of  the  rectified  carrier  wave  is  monitored  by  an  external  meter. 
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f)  Audio  Amplifiers  -  The  signal  modulation  from  the  linear  detector  is 

further  amplified  by  units  which  are  identical  with  the  hO  kc  amplifiers 
of  Figure  16.15  ■  The  load  Impedance,  however,  is  10  K  ohms  instead  of 

600  ohms.  The  passband  extends  from  0.6  cps  to  500  kc. 

g)  Low  Pass  Filter  -  This  unit  consists  of  a  simple  RC  filter  with  a  time 
constant  suitable  for  the  particular  measurements  under  consideration.  The 
passband  used  in  the  present  equipment  is  15O  cps. 

h)  Output  Box  -  This  unit  consists  simply  of  four  output  connectors  for  the 
detector  signal  and  a  switch  for  grounding  this  signal  for  calibration  tests. 


Display  Equipment 

The  output  signal  from  the  detection  equipment  is  analyzed  with  the 
following  equipment:  voltmeter,  paper  recorder,  speaker  system,  spectrum 
analyzer  and  oscilloscope. 


Power  Supplies 

Direct  current  power  supplies  are  used  to  supply  plate,  bias,  and 
filament  power.  The  supplies  are  mounted  in  a  separate  rack,  with  a 
distribution  panel,  in  order  to  remove  all  ac  power  from  the  detection  elec¬ 
tronics  rack  and,  consequently,  reduce  hum  levels.  Four  separate  power 
supplies  are  required; 

a)  Lambda  Model  50  set  at  450  V  at  350  ma  supplies  power  to  all  unit 
amplifiers,  crystal  oscillator  and  HP  200  CD  oscillator.  A  series 
resistor  in  the  distribution  panel  lowers  the  voltage  to  the  HP 
200CD  oscillator  to  190  volts  at  90  ma. 

b)  Lambda  Model  50  set  at  400  V  at  25O  ma  supplies  power  to  the 
General  Radio  Model  1233A  RF  power  amplifier. 

c)  Lambda  Model  C-8OIM  set  at  -300  V  at  120  ma  supplies  bias  power 

to  the  HP  20OCD  oscillator  and  GR  1233A  RF  power  amplifier.  Series 
resistors  in  the  distribution  panel  lower  the  voltage  to  the  HP 
200CD  oscillator  to  -135  V  at  90  ma  and  to  the  GR  1233A  to  -100  V 
at  30  ma. 

d)  American  Avionics  Model  1032A  set  at  6.3  V  at  9-5  amps  supplies 
filament  current  for  all  the  detection  electronics. 

The  display  equipment  is  operated  on  ac  power  since  the  signal  levels  are 
high  at  the  inputs. 
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].7.  LABORATOUY  EXPERIMENTS 


Exjierltnencs  with  the  pmhes  and  associated  oj.ectrotue  equipment  to 
measure  the  temperature,  salinity  and  velocity  of  water,  which  have  been 
performed  in  the  lahoratoxy,  are  described  in  this  Section.  This  descrip¬ 
tion  covers  a)  the  exx)erlmental  methods  for  measuring  the  properties  of 
electrodes,  b)  water  velocity  measurements  in  a  special  water  tunnel 
capabJ.e  of  laminar  and  turbulent  flow,  and  c)  the  measurement  of  conduc¬ 
tivity  and  velocity  structure  In  a  steady- state  turbulent  medium  with 
high  sensitivity  detection  equipment. 


17-1  Electrode  Experiments 

The  apparatus  and  methods  for  measviring  the  characteristics  of  elec- 
l,rodes  in  water,  the  reauJlc  of  vfhic.h  liave  already  been  dlseussed  In  Tjec. 

9'Y  j  are  now  considei^d.  The  experiments  have  teen  designed  to  determine 
the  dependence  of  the  resistive  and  reactive  components  of  the  electrode 
impedance  on  frequency,  salinity,  temperature,  and  the  size,  shape  and 
material  of  the  electrodes.  Non-linear  effects  associated  with  gas  evo¬ 
lution  and  corrosion,  and  time  dependent  (aging)  effects  have  also  been 
measured.  The  special  methods  for  each  of  these  measurements  are  consid¬ 
ered  below.  The  most  important  of  these  is  the  measurement  of  the  elec¬ 
trode  impedance  under  conditions  which  a).'p.ro>d.mate  'those  of  the  detection 
equipment,  i.e.,  under  "standard  conditions."  In  most  of  the  work  those.; 
conditions  refer  to  a  femperature  of  ?,0  ‘^C,  an  NaCl  solution  of  .111.6  ',uo 
salinity,  a  frequency  of  40kc,s.nd  the  eye-type  electrode  (a/b  =  .Ii6)  of 
about  30  ohms  resistance  to  which  a  voltage  of  about  0.1  volt  is  applied 
(3  ma,  0.3  mw).  The  outside  diameter  of  the  standard  eye-type  electrode 
is  about  0.28  in. 
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.A  vdieatfalonc  br.l.dge  for  ol.cctrode  .M'oufiUi'cmwnt',;  wa.s  ;i.Sf;(;i';b,Vo('l,  1,0  :rrt i  s.'V 
the  requirement  for  measurements  of  re.Lativel.y  high  ■i;rc(’.isic)n  over  a  ,,.ido 
variety  of  experimental  conditions.  The  equipment  is  of  strnightforwa;rd 
design  and  consists  of  an  approximately  equal  arm  resistive  bri'lge  net¬ 
work.  The  substitution  method  is  used  as  the  most  reliable  method  for 
nullifying  bridge  defects  such  as  non-llncarities,  spvirinus  caxiaclties, 
and  unbalance  in  the  inxiut  tranofomner  to  the  bridge.  As  a  back-up  i;rovi- 
sion,  a  version  of  Wagner  ground  arrangement  .i.s  used  t(.i  obta.in  re.i.;a.i vo iy 
accurate  measurements  even  without  the  .substitution  iiiethod.  Thi;.  equip¬ 
ment  is  shown  in  Figure  .’ 7- Hn.  .  A  cornmere.i  ",.l.  unit  war;  not  aval. labile  which 
covered  the  I’ange  O-f  lesistr.riee,  rca.ot.'inco,  i.'.i’rajuoncy  and  input  p.ower 
which  are  of  Interest  in  these  experiments.  General  Radio  decade  resist¬ 
ances  and  capacities  are  used  as  references.  A  Hewlett-Packard  Model 
233  oscillator  is  used  no  o.  source  to  cover  the  desired  amxilitude  and 
frequency  range.  The  detector  consists  of  a  Hewlett-Packard  amplifier 


and  ii-OOD  vacuum  tube  voltmeter,  with  either  the  variable  type  Kronhite 
filters,  or  with  fixed  bandpass  filters  at  hO  he  for  operation  under 
standard  conditions.  The  filters  are  required  to  remove  the  higher  har¬ 
monics  of  the  carrier  frequency  in  the  bridge  output  In  order  to  obtain 
a  null  output.  The  substitution  box  for  switching  between  the  unknown 
electrode  Impedance  and  the  reference  impedance  is  corrected  for  capacity 
differences  in  the  cabling  in  the  two  switch  positions.  Measurements  to 
1  in  10^  were  readily  made,  and  beyond  this  accuracy,  the  absolute  values 
of  the  reference  impedances  used  are  in  question. 


Frequency 

In  order  to  investigate  the  properties  of  the  polarization  impedance, 
which  is  relatively  large  for  smooth  stainless  steel  electrodes  in  salt 
water,  it  is  necessary  to  cover  a  very  wide  frequency  range  extending 
from  the  kilocycle  range  to  the  radio  frequency  range.  The  measurements 
from  1  kc  to  5OO  he  were  performed  with  the  substitution  bridge  described 
above.  The  range  from  0.5  me.  to  40  me  was  covered  with  the  General  Radio 
BF  bridge  Model  1606A  and  a  General  Radio  Model  1330A.  oscillator  as  a 
source.  The  detector  for  this  range  was  a  Hammarlund  SP300  radio  receiver. 
It  was  found  that  care  must  be  exercised  in  the  cabling  to  the  electrode 
for  measurements  in  the  radio  frequency  range.  For  reliable  measurements 
a  special  electrode  (Fig.  9. 36  )  was  constructed  which  made  possible  con¬ 
necting  the  electrode  to  the  RF  bridge  with  a  short  low  capacity  connector. 
Reliable  measurements  were  made  with  this  arrangement  except  possibly  at 
the  hipest  frequencies  around  50  me.  As  a  matter  of  interest,  measure¬ 
ments  were  also  made  in  the  region  from  50  me  to  400  me  by  means  of  a 
Hewlett-Packard  Model  HP830A  bridge  with  an  HP608D  source,  HP417A  detector, 
and  HP415B  indicator.  At  these  frequencies  the  polarization  impedance  of 
the  electrode  is  negligibly  small,  however,  capacity  (and  inductance) 
effects  of  the  electrode  volume  and  lead  in  wires  become  measurable. 


Temperature 

The  measurement  of  the  temperature  coefficient  of  electrode  resistance 
and  capacity  involves  some  difficulties  because  of  the  polarization  effects 
associated  with  the  surface  of  the  electrode.  The  technique  for  these 
measurements  involves  either  the  use  of  the  water  tub  described  in  Section 
17.2  whose  temperature  can  be  adjusted  from  17  °C  to  40  °CjOr  several 
beakers  of  identical  solution  but  at  different  temperature.  If  an  elec¬ 
trode  of  hl^  heat  capacity  is  used,  the  temperature  of  the  electrode 
proper  does  not  track  that  of  the  solution.  This  has  the  disadvantage 
that  the  surface  of  the  electrode  is  at  a  different  temperature  than  that 
of  the  hulk  solution.  As  a  result,  the  temperature  which  affects  the 
surface  impedance  is  different  (and  unknown)  from  the  measured  temperature 
of  the  solution.  This  effect  causes  erratic  measurements  of  the  temperature 
coefficient.  The  obvious  solution  to  this  problem  of  allowing  time  for  the 
temperature  of  the  electrode  and  solution  to  stabilize  is  also  complicated 
by  the  fact  that  the  polarization  impedance  is  time  dependent  (aging). 
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This  teolinique  is  effective  if  use  is  mde  of  electrodes  of  very  lov  heat 
capacity  and  hi^  thermal  conductivity.  Such  an  electrode  is  the  parallel 
wire  type  shown  in  Figure  9-39  which  has  a  short  thermal  time  constant. 

An  eye-type  electrode  made  by  printed  circuit  techniques  on  a  material  of 
low  thermal  conductivity  would  also  he  suitable  for  such  measurements. 

The  measurement  of  the  salinity  coefficient  of  the  electrode  is  not 
subject  to  the  above  difficulties  since  the  electrode  has  no  capacity  for 
salinity.  The  salinity  coefficient  is  simply  measured  by  varying  the  con¬ 
centration  of  the  solution  by  dilution  with  distilled  water  at  the  same 
temperature  as  the  original  solution. 


High-Power 

The  measvirement  of  electrode  Impedance  at  relatively  high  power  is 
of  interest  in  connection  with  effects  which  depend  on  the  electrode  cur¬ 
rent-density  and  gas  evolution.  These  non-linear  effects  can  be  measured 
by  three  methods. 

The  first  of  these,  which  is  covered  in  Section  9,7  ,  is  most  suitable 
for  small  non-linearity  effects  and  is  based  on  the  amplitude  dependence 
of  bridge  balance.  This  method  is  not  suitable  for  operation  at  very  high 
power  because  of  the  power  consumed  by  the  arms  of  the  bridge  other  than 
that  being  measured. 

A  second  method  involves  the  direct  transfer  of  electrical  power  from  the 
source  to  the  electrode.  A  McIntosh  MC-30  power  amplifier  has  been  used  for 
tests  at  the  highest  power  levels  (30  watts  at  40  kc).  The  impedance  is 
determined  by  measuring  the  voltage  across  the  unknown  load  and  across  a 
small  resistance  in  series  with  this  load.  If  the  load  has  a  relatively  small 
reactance,  X,  and  a  resistance  R,  and  the  small  series  resistance  is  r  (see 
Fig.  17.1  )  the  voltage  across  the  total  load  is  related  to  the  voltage 
V2  across  the  known  series  resistance  by  (r  R,  X  «  R) 


A  measurement  of  V-j^  and  Vg  gives  the  (integral)  R  in  terms  of  the  known 
(small)  resistance,  r.  The  phase  angle  of  the  unknown  load  z  >=  R  +  iX  may 
be  measured  by  moans  of  an  oscilloscope.  The  voltage  V2^  is  applied  to  the 
horizontal  plates,  Vg  to  the  vertical  plates  and  the  resulting  elliptical 
trace  indicates  the  phase  angle  tan"^(X/R)  by  the  usual  method.  This  method 
is  well  suited  for  impedance  measurements  at  high  power  since  essentially 
all  the  power  generated  is  dissipated  in  the  unknown  load. 

Another  technique  for  the  observation  of  gas  evolution  at  high  power 
uses  the  circuit  of  Figure  17.I  but  the  resistance  r  is  paralleled  by  a 
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Fl^e  17.1  . 


Inpsdance  Measurement 
at  High  Power 


large  condenser  (dotted)  which 
shunts  the  hi^  frequency  signal 
to  ground.  The  voltage  Vg  is  then 
measured  with  a  de  voltmeter  and 
indicates  the  rectifier  action  of 
the  electrode  impedance  due  to  its 
non-linearity.  The  resistance  r 
need  not  he  small  in  comparison  with 
R.  This  technique  has  been  used  for 
qualitative  measurements  of  the  in¬ 
ception  of  gas  evolution  and  proves 
to  he  more  ssnsitlve  for  this  pur¬ 
pose  than  the  visual  method  (Sec. 

9.7  ).  The  method  has  not  heen 

developed  to  the  point  where  reli¬ 
able  quantitative  measurements  can 
be  made  because  of  some  erratic  ef¬ 
fects  in  the  variation  of  Vg  with 
applied  voltage  V-j^. 


Size  and  Shape 

The  volume  resistance  and  surface  impedance  of  the  eye-type  electrode 
is,  in  spite  of  its  apparent  geometrical  simplicity,  difficult  to  calculate 
on  the  basis  of  potential  theory.  These  quantities  must  be  determined  by 
direct  measurement.  The  dependence  on  size  was  measured  on  two  eye-type 
electrodes  of  (inner/outer)  diameter  ratio  of  0.478  and  a  factor  of  three 
difference  in  size  (resistance  of  about  10  ohms  and  30  ohms  in  sea  water). 
The  shape  dependence  was  detenained  using  the  equipment  of  Figure  17. 2  . 
This  arrangement  provided  for  ten  insertable  eye-type  electrodes  of  various 
inner  diameters  and  constant  outer  diameter.  The  electrode  material  is 
stainless  steel.  The  size  dependence  was  also  crudely  measured  to  very 
small  size  by  the  use  of  the  hypodermic  needle  probes  (Sec.  9.8  )  which 
are  roughly  similar  to  the  eye-type  configuration  but  about  ten  times 
smaller  than  the  30  ohm  eye-type  electrode  discussed  above. 


Conducting  Solutions 

Electrode  measurements  have  almost  exclusively  been  perfomed  in  NaCl 
solutions  and  tap  water.  The  standard  NaCl  solution  is  that  one  which  has 
the  same  conductivity  as  35  sea  water  at  EO  °C,  viz.,  a  32.8  $0  salinity 
solution  (Sec.  7-2  ).  The  salt  solutions  were  made  up  using  distilled 

water  and  were  bao.id  on  weight  rather  than  volume  proportions.  For  meas¬ 
urements  which  were  not  critically  dependent  on  salinity,  tap  water  was 
mixed  with  a  calculated  amount  of  salt  to  make  up,  approximately,  the 
desired  salinity.  Such  a  solution  was  used  in  the  recirculating  water 
tub  for  water  tunnel  and  other  measurements.  The  salinity  of  such  a 
solution  can  be  determined  after  mixing  by  a  hydrometer  density  measurement. 
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Figure  17.2  Electrode  Diameter  Ratio  Experiment 

For  tnis  purpose  a  U.S.  C. and  G. S.  salinity  hydrometer  was  used,  with 
appropriate  corrections,  for  solutions  approximating  35  $0  sea  water. 
Solution  temperatures  were  measured  "by  ordinary  glass  thermometers  to  an 
accuracy  of  about  0.1  °C.  The  conductivity  of  a  given  solution,  such  as 
that  in  the  water  tub,  was  monitored  over  long  periods  by  a  standard  elec¬ 
trode.  Loss  of  water  by  evaporation  or  salt  by  leaks  and  spilling  can 
be  corrected  for  either  by  the  addition  of  salt  or  water,  as  the  case  may 
be. 


17.2  Water  Tunnel  Experiments 

Measurements  of  the  velocity  of  water  with  the  U-meter  have  been 
perfont.ed  in  a  small  water  tunnel  specially  constructed  for  this  purpose. 
In  the  paragraphs  that  follow,  the  properties  of  the  water  tunnel  are 
described  and  experimental  results  of  velocity  measurements  in  the  tunnel 
are  analysed . 


Experimental  Equipment 

The  water  tunnel  experimental  equipment  is  described  below  in  terms 
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of  the  mechanical  equipment,  electronic  instrumentation  and  hydrodynamic 
performance  characteristics.  A  functional  diagram  of  the  water  tunnel 
experimental  arrangement  is  shown  in  Figure  17.3  and  photographs  of  the 
equipment  are  shown  in  Figure  l?-^  .  The  equipment  consists,  "basically, 
of  a  recirculating  reservoir  of  artificial  sea  water,  a  small  diameter 
glass  tube  test  section  which  is  long  enough  to  establish  fully  developed 
laminar  or  turbulent  flow,  a  small  electrode  probe  coaxially  mounted  at 
the  end  of  the  glass  tube,  and  the  associated  electronic  equipment  to 
provide  high  power  to  the  electrode  and  to  measure  the  variations  in  elec¬ 
trode  resistance. 

Mechanical  Equipment  -  The  water  pump  filter  used  is  a  Sears  and  Roebuck 
Model  No.  C56G2M  centrifugal  pump  with  a  1/3  HP  electric  motor  capable  of 
a  maximm  throu^put  (with  filtering)  of  I.9  cfm  at  aero  pressure  or  20 
psi  at  zero  throughput  as  shown  in  Figure  17  •  5  •  The  maximum  fluid  power 
is  1.1  cfm  at  12  psi.  The  filtering  system  holds  about  0-5  cu.  ft.  water. 
This  system  has  operated  satisfactorily  for  about  one  year  on  artificial 
sea  water.  The  water  tunnel  system  may  also  be  operated  directly  from 
the  tap  water  supply  which  provides  a  higher  pressure  (8b  psi)  but  which 
is  poorly  regulated.  This  arrangement  is  only  suitable  for  velociLy  meas¬ 
urements  in  tap  water  which  has  a  much  lower  conductivity  (x  100 )  than 
sea  water.  The  recirculation  tank  is  an  ordinary  galvanized  wash  tub 
size  no.  1  filled  to  about  8"  depth  and  with  a  mean,  diameter  of  I8"  and 
1.2  cu.  ft.  water  volume.  The  mean  recirculation  time  with  the  pump  and 
filtering  system  is  about  1  minute.  The  heating  and  cooling  of  the  water 
is  achieved  by  a  5  turn  copper  coil  around  the  tank  which  is  supplied  with 
either  hot  (•— '  58  °C)  or  cold  ( —  18  ®C)  tap  water.  The  salt  water  temper¬ 
ature  can  be  changed  fairly  rapidly  (2.8  °C/rainute)  in  order  to  make  temper¬ 
ature  coefficient  measurements.  The  heating  and  cooling  cycle  is  shown  in 
Figure  17-6  ,  The  heat  power  transferred  to  the  water  at  the  maximum  rate 
is  6.5  kw.  No  temperature  regulation  system  is  used.  Hie  salt  solution 
is  ordinarily  a  mixture  of  99-9  lo  pure  Mortons  salt  with  tap  water  to  a 
concentration  of  32.8  ^  corresponding  to  3.6  lbs.  of  salt  in  110  lbs.  of 
solution  (1.7  cu.  ft.).  This  solution  has  the  same  electrical  conductivity 
as  3b  $0  sea  water  at  20  °C.  The  watci  temperature  is  measured  by  a  glass 
thermometer  in  the  tub.  The  concentration  of  the  solution  is  monitored  by 
means  of  a  calibrated  conductivity  cell  immersed  in  the  tank.  The  solution 
is  easily  adjusted  by  slight  additions  of  either  salt  or  tap  water.  The 
flow  to  the  water  tunnel  is  controlled  by  a  number  of  gate  valves,  the  first 
two  of  which  are  used  to  adjust  the  amout  of  recirculation  to  the  tank  and 
the  driving  pressure.  The  actual  flow  to  the  tunnel  is  controlled  by  a 
needle  valve  with  a  low  pitch  thread  which  is  capable  of  fine  adjustment. 
The  rate  of  flow  through  the  tunnel  is  monitored  by  a  mercury  manometer 
which  measures  essentially  the  pressure  drop  across  the  test  section  glass 
tube,-  The  water  throughput  Is  measured  by  direct  volumetric  means  and 
correlated  with  the  manometer  readings.  The  test  section  consists  of  a 
3.5  non  inside  diameter  glass  tube  28"  in  length.  The  probe  is  mounted  at 
the  end  of  the  glass  tube  where  the  fluid  flow  is  fully  developed  for  both 
laminar  and  turbulent  flow.  The  diameter  of  the  electrode  probes  is  small 
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Figure  17-3  -  Water  Tunnel  Experimental  Arrangement 


Figure  17. ^  .  Water 


Experimental  Equipment 
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in  comparison  with  the  tube  diameter  so  that  the  axial  velocity  is  approx¬ 
imately  equal  to  the  expected  theoretical  value.  The  tube  is  connected  to 
a  flexible  hose  so  that  the  glass  tube  can  be  easily  backed  off  from  the 
water  seal  at  the  probe  to  facilitate  the  changing  and  maintenance  of  the 
detector  probes.  The  flow  in  the  vicinity  of  the  probe  is  viewed  throu^ 
the  glass  tube  v/ith  an  X15  pox/er  microscope.  Because  of  distortion  caused 
by  the  glass,  a  higher  magnification  was  not  possible  nor  desirable.  The 
probe  is  mounted  on  an  end  block  which  is  used  to  position  the  probe  cen¬ 
trally  in  the  tube  and  also  to  provide  a  low  resistance  (large  area)  return 
path  for  the  water.  The  return  pipe  is  of  large  diameter  for  low  resist¬ 
ance  and  contains  a  thermometer  v;hich  shovrs  the  increase  in  water  temper- 
u LUx'e  due  to  the  power  input  at  the  electrode.  The  test  section^  end-block^ 
return  pipe  and  associated  valves  are  mounted  on  a  common  wooden  frame  which 
protects  the  glass  tubing  and  provides  a  rigid  alignment. 

Electronic  Equipment  -  The  electronic  equipment  necessary  for  these  experi¬ 
ments  consists  of  a  hi^  power  and  hi^  frequency  source  of  electrical 
energy,  and  metering  equipment  to  measure  the  electrical  properties  of  the 
probe.  This  equipment  is  illustrated  in  Figure  17.3  .  The  source  of  elec¬ 
trical  energy  to  heat  the  vxater  is  supplied  by  a  Central  Electronics  Model 
60OL  RF  power  amplifier  driven  by  a  Model  190  Textronix  signal  source.  The 
RF  power  is  dissipated  directly  in  the  resistive  load  of  the  probe.  The 
resistance  of  the  probe,  while  operating  at  high  power,  is  detennined  by  a- 
measurement  of  the  voltage  across  the  probe  and  the  voltage  across  a  small 
known  resistance  in  series  with  the  probe  resistance.  The  latter  measurement 
indicated  the  current  in  the  load,  which,  together  with  the  total  voltage, 
provided  the  necessary  data  to  calculate  the  probe  resistance.  For  refined 
measurements  of  changes  of  resistance  with  velocity,  the  probe  is  operated 
in  a  bridge  network  which  is  capable  of  dissipating  high  power.  The  varia¬ 
tions  in  probe  resistance  due  to  fluctuations  in  water  velocity  were  observ¬ 
ed  by  means  of  a  linear  detector  which  responds  to  the  envelope  of  the  volt¬ 
age  fluctuations  across  the  loan.  The  detected  voltage  fluctuations  are 
then  recorded  and  analyrxed  by  the  display  equipment  consisting  of  an  oscil¬ 
loscope,  speaker,  paper  recorder  and  spectrum  analyzer. 

Flow  Characteristics  -  The  range  of  controllable  average  velocity,  "U,  and 
flow,  Q,  in  the  water  tunnel  is 


1.0  cm/ sec  u  i  570  cm/ sec 

1.0  cm^/cec^  Q  ss-  55  emVoee  , 

which  corresii.-.nds  to  the  Reynolds  number  range 


where , 


30  ^  R  ^  19,000 

in  terms  of  the  tube  diameter,  d,  wc  have 
Q  =  Au  A  =(-j7)'i^  ^  ■■= 


Bd 
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The  tube  diameter  was  chosen  so  that  both  laminar  and  turbulent  flow  could 
be  obtained.  The  transition  between  these  two  flow  regimes  occurs  at  a 
Reynolds  number  of  about  2300  where 

Ux  =76  cm/ sec  =1-5  knots 

Qjj  =7-3  cm^/sec 

Rx  =  2300 

The  velocity  on  the  axis,  ,  is  related  to  the  average  velocity,  u,  by 

=  2.00  u  for  laminar  flow  (l) 

and 

Uy^  =  1.25  u  for  turbulent  flow  (2) 
therefore,  the  full  range  of  axial  velocities  is 

2.1  cm/sec(.04  knots)  720  cm/8ec(l4  knots) 

It  is  this  velocity  which  Is  measured  in  the  tuimel  since  the  small  elec¬ 
trode  probes  are  located  on  the  axis  of  the  tube.  The  hypodermic  needle 

probes  which  have  been  used  are  small  enough  that  they  do  not  appreciably 

change  the  velocity  distribution  across  the  tube:  the  frontal  area  of  a. 

No.  21  gauge  needle  is  5^  A,  and  that  of  n  No.  27  gauge  needle  is  1^  A, 
where  A  is  the  cross-sectional  area  of  the  tube.  The  turbulence  intensity 
on  the  axis,  Just  above  the  critical  Reynolds  number,  is  approximately 
The  length  of  the  tube  is  long  enough  that  the  flow  is  fully  developed  in 
both  laminar  and  turbulent  flow  (3).  For  laminar  flow  it  is  necessary  that 

(/^/d)>  100  for  R  -  2300,  and  for  turbulent  flow  that  (.7* /d)  ;?>•  50.  k 

summary  of  the  water  tunnel  characteristics  is  given  in  Table  17.1  .  The 
flow  characteristics  depend,  of  course,  on  the  temperature  of  the  water 
which  can  be  varied  from  about  15  to  50  ”C.  The  velocity  profile  in 
laminar  and  turbulent  flow  is  shown  in  Figure  17.7  and  indicates  the  size 
of  a  No.  21  gauge  hypodermic  needle  probe  relative  to  the  tube  diameter. 

Experimental  fluid  velocity  raeasureraents  in  the  water  tunnel  described 
above,  are  covered  in  the  remaining  paragraphs  of  this  Section. 


Resistance-Power-Velocity  Relation 

The  relation  between  the  fluid  velocity  and  the  electrode  resistance 
and  power  has  been  measured  in  the  water  tunnel  under  a  wide  range  of 
conditions  with  the  No.  21  hypodermic  needle  probe.  The  electrode  resist¬ 
ance,  R,  was  measured  with  a  bridge  network  to  accurately  measure  the 
relatively  small  changes  in  resistance  with  the  velocity,  U,  and  power,  P. 
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Table  17.1  .  Water  Tunnel  Characteristics 


Tube  Diameter 

0.35  cm 

Tube  Length 

70  cm 

Length /Diameter 

200 

Tube  Area 

.096  cm^ 

Maximum  Velocity  (Turbulent) 

720  cm/sec  (lU  knots) 

Maximum  Velocity  (Laminar) 

154  cm/sec  (3  knots) 

Maximum  Fiov;  (Turbulent) 

55  cm-^/sec 

Maximum  Tlow  (Laminar) 

1 

7.3  cm^/sec 

The  applied  voltage, V,  was  actually  measured  and  the  power  computed  from 
the  measured  resistance  (PR  =  V'^).  Measurements  v^ere  carried  out  only  for 
laminar  flow.  The  resistance  measurementswere  performed  at  many  points 
in  the  velocity  range  20  cm/sec  U lOO  cm/sec  and  in  the  power  range 
0.!>  watt  -<  F  ■<  k  watt.  The  upper  limit  to  the  power  was  set  by  the  incep¬ 
tion  of  boiling  at  the  electrode  due  tc  the  electrical  heating  of  the 
water.  Examples  of  the  observed  data  are  shown  in  Figure  17,8  .  The  resist¬ 
ance  decreases  linearly  with  increasing  electrode  power  (U  =  constant)  for 
low  power  and  decreases  less  rapidly  at  higher  electrode  power. 

The  resistance-power-velocity  relation  follows  from  the  heat  transfer 
equation  (Sec.  12.5  ) 


P  =  2cAU  /VT  Q  ^  , 

and  the  resistance-temperature  equation  (Sec.  5.3  ) 

R  =  R„  i  1  -  (5  27r  +  , 


where  ST  Is  the  average  electrode  temperatuie  ilse,  k  accounts  for  the  non¬ 
linearity  of  the  variatior.  of  resistance  v.’ith  temperature,  and  is  a 

dimensionless  factor  which  accounts  for  heat  transfer  from  the  electrode 
volume  by  means  other  than  forced  convection.  The  data  of  Figure  17 ‘8 
may  be  used  to  determine  the  frontal  area,  A,  of  the  electrode  as  follows. 
The  measured  slope  of  these  curves,  (dR/dP)^  <r  0,  at  zero  power  is  conrpared 
with  the  above  formulas  by  differentiation. 

A  Q.\  —  0  '' 

where  this  expression  is  evaluated  at  zero  power  (  ZT  =  O).  Assuming  the 
values  appropriate  for  sea  water  at  20  C 
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3  =  .0213  per  °C  c  =  1j-.09  joule/ cra^/°C  , 

and  using  the  measured  values  of  U,  Ro,  and  slope,  the  value  of  A  is 
computed  emd  Is  shown  in  Figure  17.9  .  The  slow  variation  of  these  quan¬ 
tities  with  velocity  is  due  to  the  variation  of  due  to  thermal  conduc¬ 
tion  in  the  "boundary  layer  region  (A  =  constant).  The  expression  developed 
in  Section  12.5  for  Q,ll  fits  the  observed  data  when 

where  F  =  7  and  R  =  U  J^/-y  ,  and  J.  =  .008  cm  is  the  typical  dimension  of  the 
gap  in  the  hypodermic  needle  electrode.  The  factor  30  is  considerably 
larger  than  the  one  found  from  dimensional  analysis  (30  instead  of  6).  This 
could  easily  be  accounted  for  by  the  scatter  in  the  data  points  since  the 
factor  is  quite  sensitive  to  the  (small)  slope  of  the  curve.  The  frontal 
area,  A,  is  found  by  considering  the  asymptotic  value  of  at  large 

velocity  (  d?;i  1  as  U  —►  00)3  the  value  obtained  is 

,  -4  2 

A  =  4.0  X  10  cm  , 


which  is  what  might  be  expected  from  the  actual  dimensions  of  the  electrode 
gap. 

The  validity  of  the  two  equations  relating  R,  P,  Al'  and  U  over  the 
wide  range  of  velocity  and  power  used  in  this  experiment  may  be  established 
by  expressing  the  data  in  the  form 


where 


(r<  0) 


and 


(CK  >0) 


The  value  of  ol  Is  obtained  from  the  observed  data  by  noting  that 


where  all  the  quantities  on  the  right  are  measured.  All  the  data  points  of 
this  experiment  have  been  reduced  in  this  way  and  are  shown  in  Figure  17.IO. 
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The  theoretical  curve  tits  the  data  best  if  ve  choose  the  non-linearity- 
constant  to  be  k  -  0.63  (see  Addendum  No.  l). 

A  more  direct  relation  which  gives  the  water  velocity  as  a  function 
of  the  measured  resistance  and  power  is  obtained  in  dimensionless  form  as 
follows.  Solving  the  equation 

r  =  r(a)  =  -a  []l  -  to] 


for  a,  we  obtain 


oR. 


_  /  \  1  —  l/l  +  4kr 

a=a{T)  - - L - 

OCsn  -r  +  kr^-  2k^r^ 


ir^O)  . 


By  means  of  this  equation,  a  measurement  of  the  relative  resistance  change, 
r,  determines  a.  The  velocity  U,  is  then  given  by 


U 


PP 

2cA  ) 


Since  also  depends  on  velocity  (only  through  the  Reynolds  number  R), 

it  is  desirable  to  rewrite  this  equation  in  dimensionless  form  as  follows 


^  ^  3>  _ 


where  the  dimensionless  number  B  is*^ 


rip;g 

“  2cA> 


For  the  No.  21  hypodermic  needle  in  sea  water,  we  have 


2cAV 

Tr 


=  211  milliwatt, 


•!<For  a  cubic  electrode  volume  of  dimension..^,  we  have 


B  = 


2c7^ 


1T.18 


for 


Q 

c  =  U.09  joule/cm^sec 
A  =  li-.O  X  10"*^  cm^ 

-U  =  -Oil  cm^/see 

p  =  .0213  per  °C 
X.  =  .008  cm 


For  a  given  electrode  and  medium,  this  dimensionless  group  depends  onljf  on 
the  electrode  pover.  The  relation 


QA  /^  — 


—r+lir^ 


is  plotted  in  Figure  17.11a  for  the  ohserved  data  and  is  q,uantltatlvely 
expressed  hy  the  relation 


velocity 


power 

reslstBJtice 


The  auxiliary  graph  of  Q;,  R  vs.  U,  shown  in  Figure  IT.llh,  may  be  used 
to  obtain  directly  thei  connection  between  velocity  and  B/o!(r)‘~'  power/ 
resistance. 


Laminar-Turbulent  Transition 

An  effective  illustration  of  the  performance  of  the  U-meter  probe  is 
obtained  by  observing  the  U-meter  output  as  the  throughput  (cm^/sec)  of  the 
water  tunnel  is  slowly  increased  through  the  transition  region  at  critical 
P.ejTiclds  number,  F.  2300-  'Relnw  this  value,  the  flow  is  laminar,  and 
above,  the  flow'is^turhulent.  The  observed  velocity  fluctuation  signal  is 
shown  in  Figure  17.12  . 


U-meter  Output  in  the  Lisminai'- 
Figure  17,12.  ipurpulent  Transition  Region 
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The  signal  indicated  in  this  Figure  represents  the  fluctuating  velocity 
component  of  4  cps  bandvldth  centered  at  100  cps.  The  change  in  velocity 
for  the  two  flow  regimes  amounts  to  about  10  however,  this  change  occurs 
abruptly  at  the  transition  point  and  only  a  slight  change  in  the  valves 
which  control  the  flow  is  required  to  trigger  this  instability.  The  ef¬ 
fectiveness  of  the  measurement  is  indicated  by  the  signal-to-nolse  ratio 
between  the  two  regions  of  flow  which  amounts  to  better  than  a  factor  of 
100  (4o  db).  In  laminar  flow  there  are,  presumably,  no  velocity  or  tenqper- 
ature  fluctuations  in  the  100  cps  band  due  to  the  diffusion  damping  by  the 
relatively  lung  length  of  the  glass  tube. 


Output - Input  Relation 

In  a  given  velocity  field,  how  does  the  velocity  detector  output 
voltage  vary  with  the  input  voltage  to  the  sensing  element?  This  output/ 
input  relation  depends,  of  course,  on  the  fundamental  mechanism  by  which 
the  sensing  element  is  responsible  to  velocity  changes.  The  lnq)ortance 
of  an  experimental  measurement  of  this  relation  is  that  it  detenflines, 
with  the  present  detector,  whether  it  operates  on  the  basic  principle  of 
heating  the  water  by  an  amovint  dependent  on  the  water  velocity  or  whether 
one  of  the  complicated  electrochemical  processes  mentioned  in  Section 
5.2  is  operative. 

This  experiment  was  performed  by  exposing  the  detector  to  a  steady- 
state  turbulent  velocity  field  and  observing  the  magnitude  of  the  random 
output  voltage  as  the  voltage  applied  to  the  electrode  is  varied.  The 
water  tunnel  was  operated  steadily  at  a  super  critical  Reynolds  number 
(R  «  5200)  where  the  flow  is  turbulent  and  the  rras  velocity  fluctuations 
amount  to  about  4  ^  of  the  average  velocity  (4  knots).  For  the  actual 
moaourcm'ents  the  fluctuations  in  a  narrow  band(4  cps  at  150  cps),  where  the 
spectrum  is  flat,  were  recorded  on  a  Sanborn  recorder.  The  average  mag¬ 
nitude  of  the  fluctuations  was  estimated  visually  from  a  30  sec.  sample 
of  the  recording.  This  exptirlmental  technique  of  measuring  a  steady-state 
tmbiilent  velocity  has  the  advantage  that  the  i-elatively  small  changes  in 
roslstanco  do  not  have  to  be  measured  with  highly  stable  dc  equipment  emd 
w'kter  velocity  as  would  be  required  if  the  flow  velocity  was  a  constant 
(iuiiiiiiur  flow).  Thl...  is  analogous  to  the  advantage  of  a:  amplification 
over  dc  amplification. 

The  expected  magnitude  of  the  output  follows  from  t.'e  bridge  equation 
for  an  equal  arm  resistive  bridge  (which  was  used  for  t>>a  test)  (Sec. 

15.1 ) 

if-)  ■  H-f ]  - 

where  5V  is  the  fluctuating  output  voltage,  and  V  is  tie  voltage  applied 
to  the  electrode,  and  R  is  the  electrode  resistance.  The  relation  between 
the  voltage  fluctuations,  &V,  and  velocity  fluctuation i,  6U,  is  derived 
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as  follows.  The  factor  of  proportionality,  K, 
ance  and  velocity  fluctuations  is 


"between  the  relative  resist- 


where 


K 


u  I 

R  V  bW 


This  derivative  is  evaluated  "by  means  of  the  expression  (assvaning  constant- 
power-operation). 


and 


/  R  -  R»\  r 

L-  k^  =  r 

Q  =  1  + 

M 

and 


Performing  the  indicated  derivatives,  we  find 

I3  ■ 

Ji 

“  IT 

"gg  js _ j  M 

^  ”  ZQ  ^ 


The  Prandtl  number  (P)  and  kinematic  viscosity  (■?■)  arc  esevmed  ir'd‘=‘p'=‘r'''i‘=-nt 
of  temperature  over  the  temperature  range  of  Intarest.  Defining  the  fol- 
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lowing  quantities 


then 


and 


Since 


P. 

X 


/2< 


2.cA~u 


i-{  I 


F  ^ 

3 

M 


_  V‘ 


,.<6  PI 


ZcAt^ 


^  =  (f-) 


F.  -  o(  i-  izo<:'^ 

F.C  ' 

and  defining  the  function  f(o:)  such  that 

l-'Z'koi 


F°<) = 


(/-  c<  +  'koC^'f 


we  find 


K  =  //"“<)  ^  i^) 


The  quantities  a,  R  and  are  interrelated  hy 
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The  functions  defined  above  are  plotted  in  Figure  IT -13  over  the  range  of 
Reynolds  number, R,  and  temperature  parameter,  a,  of  interest  in  most 
experimental  work.  The  parameter  a  is  limited  by  boiling  in  the  electrode 
volume  usually  to  va2.ues  less  than  u  =  0.3.  It  is  observed  that  for  siach 
values,  the  function  f(a)  differs  only  slightly  from  unity.  If  this  factor 
is  neglected,  we  find 

On].y  the  number  Bo  depends  on  the  applied  electrode  voltage,  V: 


3 


/ 


hence,  it  follows  that  the  functional  behavior  of  the  input-output  relation 
is 

SV^ — 


This  is  the  characteristic  behavior  of  the  U-meter  which  is  based  on  the 
electrode  heating  effect.  If  the  velocity  dependence  of  the  probe  was 
due  to  an  eleotroche._ical  surface  process,  the  above  relation  would  be 
linear  in  V  Instead  of  cubic. 

The  observed  experimental  data  is  shown  in  Figure  17.1^.  The  relative 
output  voltage  of  the  velocity  detector  is  plotted  against  the  applied 
electrode  voltage  and  comparso  favorably  with  the  expected  cubic  relation. 
To  get  a  better  Indication  of  hov;  well  the  output  follows  the  cubic  curve, 
the  data  is  plotted  logarithmically  in  Figure  17. I5.  A  straight  line  of 
best  fit  through  the  observed  points  has  a  slope  of  3-2  which  is  close  to 
the  expected  value  of  3*0.  This  cubic  relation  is  seen  to  hold  over  three 
orders  of  magnitude  in  the  output  signal. 


Turbulence  Speotrum 

The  ablli  ty  of  the  velocity  detector  to  measure  high  freq,uency,  small 
scale,  turbulent  velocity  fluctuations  has  been  demonstrated  by  measuring 
the  speotrum  of  turbulence  in  pipe  flow.  This  is  accomplished  by  operating 
the  water  tunnel  at  supercritical  Reynolds  number  where  the  flow  is  turbu¬ 
lent.  The  probe  is  located  centrally  in  the  tube,  and  measures  the  axial 
turbulence  intensity.  The  experiment  was  performed  at  two  Reynolds  numbers, 
one  at  the  maximum  capability  of  the  water  tunnel  (R  =r  l8,600)  and  at  about 
1/3  that  value  (R  =  6,100).  The  corresponding  axial  velocitiesy  including 
a  correction  for  the  shape  of  the  vel.oolty  (3),  are  730  cm/sec  (l4.3  knots) 
and  240  cm/ sec  (4.7  knots).  The  spectrum  measurements  were  carried  out  by 
means  of  a  General  Radio  wave  analyzer  Type  736A  which  measured  the  smpli- 
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fied  signal  from  the  bridge  network.  The  bandwidth  of  the  analyzer  is 
constant  and  equal  to  4  cps.  The  output  of  the  wave  analyzer  was  meas¬ 
ured  by  a  visual  judgement  of  the  average  meter  reading  and  also  by  making 
a  visual  estimate  of  the  rms  amplitude  of  a  30  sec.  sample  of  the  random 
meter  output  signal  recorded  on  a  Sanborn  recorder. 

The  resulting  output  rms  voltage  spectrum  vs.  frequency  of  the  detec¬ 
tor  la  shown  in  Figure  17.16.  The  performance  of  the  velocity  sensor  is 
indicated  by  frequencies  involved  in  these  measurements  (up  to  20  kc)  and 
the  low  Internal  noise  level  observed  in  the  measurements.  The  turbulent 
energy  spectrum,  F(k)  Is  proportional  to  the  square  of  the  data  of  Figure 
17.16,  and  is  replotted  in  Figiire  17.17  as  a  function  of  the  wavenumber  k; 


k  =S£U  , 

f  ' 

where  U  la  the  water  velocity  on  the  axis  of  the  tube,  and  f  the  frequency. 
The  diagonal  line  at  the  lower  left  of  the  graph  may  be  used  to  convert 
the  linear  ordinate  to  a  logarithmic  scale.  The  data  for  both  Reynolds 
numbers  is  seen  to  coincide  fairly  well  with  the  solid  line  through  the 
data  points.  It  will  be  noticed  that  data  is  obtained  to  wavenumbers  as 
high  as  k  =  250  cm"^.  The  wavenimiber  corresponding  to  the  tube  diameter, 
d,  is  k^  =  d"^  =  2.9  cm~^;  the  wavenumber  corresponding  to  the  cutoff 
response  size  of  the  No.  21  gauge  needle  pi'obe  is  estimated  to  be 


~  (gap  diameter)  ~  . 05  cm 


=  120  cm 


-1 


The  dotted  curve  in  Figure  17.17  represents  the  corrected  energy  spectrum 
under  the  assumption  that  the  probe  response  falls  off  at  6  db  per  octave 
(~  k”"^)  over  the  range  of  the  correction;  this  is  based  on  the  statistical 
considerations  of  Section  14.1  and  the  end  of  Section  13.1  . 

The  rms  velocity  fluctuation,  u,  on  the  axis  is  related  to  the  energy 
spectrum  by  oo 

J F(^)dk  ^ 

where  U  is  the  axial  velocity,  N  is  a  numerical  constant,  d  is  the  tube 
diameter  and  the  spectral  density  is  normalized  so  that  F(o)  =  1.  .An 
estimate  of  the  size  of  the  blobs  or  lumps  of  fluid  over  which  the  v"' ocity 
is  correlated  is  given  by  ^ 

/  rfik)Jk  = 

o 

According  to  the  data  of  Figure  17.17  >  we  find  that 

dk^  =  to  ±2.  , 


17.28 


I 


17.  29 


that  is,  the  size  of  the  lumps  is  about  l/lO  of  the  tube  diameter.  This 
result  is  comparable  to  the  mixing  length  found  experimentally  for  turbu¬ 
lent  flow  in  smooth  pipes  (4).  The  constant  N  depends  somewhat  on  the 
Reynolds  number,  particularly  for  turbulent  flow  just  above  the  critical 
Reynolds  number.  The  measurements  performed  here  are  not  precise  enough 
to  make  a  distinction  between  the  value  of  N  for  the  two  Reynolds  numbers 
used;  the  approximate  value  found  here  is 

The  spectral  distribution  is  seen  to  follow  the  -5/3-Law  only  over  a  limited 
wavenumber  range,  and  at  the  highest  measured  wavenumber  range  the  spectrum 
falls  off  as  the  6th  power  of  the  wavenumber.  This  behavior  is  not  in 
disagreement  with  other  measurements  of  turbulence  spectra  for  fully  devel¬ 
oped  pipe  flow  (5>6)- 


Bolling  Noise 

If  sufficient  power  is  dissipated  in  an  electrode  in  a  flowing  ma<iium, 
the  fluid  is  heated  to  the  point  where  boiling  takes  place  in  the  electrode 
volume.  This  process  sets  a  practical  upper  limit  to  the  amount  of  power 
that  may  be  dissipated  in  ein  electrode  in  the  interest  of  performing  sen¬ 
sitive  velocity  measurements.  Experiments  have  been  performed  to  Investl^te 
this  process,  which  constitutes  a  backgx'ound  noise,  with  the  No.  21  gauge 
hypodermic  needle  probe  and  with  the  parallel  platinum  wire  probe  discussed 
in  Section  9-8  • 

The  boiling  process  is  characterized  by  its  more  or  less  abrupt 
beginning  once  a  threshold  electrode  power  has  been  reached.  The  noise 
signal  that  is  observed  is  due  to  the  random  fluctuations  in  electrode 
resistance  due  to  the  spontaneous  formation  of  bubbles  of  varying  size  in 
the  sensitive  volume  of  the  electrode.  If  &R  is  the  rms  resistance  fluc¬ 
tuation  about  the  average  value,  R,  an  expression  which  fits  the  observed 
boiling  noise,  and  which  is  useful  in  theoretical  analysis,  is 


where  P  is  the  electrode  power,  K  is  a  dimensionless  constant,  ^  is  some 
reference  power  level  of  the  order  of  the  threshold  value,  and  n  is  an 
exponent  with  a  value  between  10  and  25.  For  a  symmetrical  bridge  network, 
the  voltage  fluctuation,  &V,  at  the  bridge  output  is  related  to  the  resist- 
emoe  fluctuation,  8R,  in  one  of  the  arms  of  the  bridge  by 


where  V  is  the  voltage  applied  to  the  element  of  resistance  R.  The  varia- 
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tion  of  6V  (rms)  with  V  (rms)  is,  then, 


The  measured  output  signal  as  a  function  of  electrode  voltage  in  the  region 
where  boiling  is  important  is  shown  in  Figure  17.18  .  This  data  represents 
the  boiling  noise  in  the  100  cps  and  3OO  cps  band  and  was  measured  in 
laminar  flow  with  the  platinum  parallel  wire  probe.  The  theoretical  curve 
with  n  =  15  is  fitted  to  the  100  cps  data.  The  noise  depends  on  the  fre¬ 
quency  band  under  consideration;  the  total  broad  band  boiling  noise  increas¬ 
es  somewhat  faster  than  the  noise  in  the  100  cps  band.  Experiments  under 
various  conditions  indicate  that  the  exponent  n  assmes  values  between  10 
and  25.  It  is  apparent  in  Figure  17.18  ,  that  the  noise  fits  the  theoret¬ 
ical  curve  only  in  a  narrow  region  above  the  boiling  threshold,  and  that 
as  the  electrode  power  is  increased  appreciably  above  this  point,  the  noise 
output  levels  off.  Only  the  region  of  sharp  rise  near  the  threshold  is  of 
interest  in  connection  with  the  limitation  of  the  detection  equipment,  since 
the  boiling  noise  is  already  very  intense  for  power  only  a  small  amount 
above  the  threshold  power  level. 

The  spectral  distribution  of  boiling  noise  as  a  function  of  frequency 
is  shown  in  Figure  17.].9  •  The  erratic  nature  of  the  boiling  noise  is 
reflected  in  the  scatter  of  the  data,  however,  there  is  an  indication  that 
the  spectrum  shows  the  l/f  characteristic  over  the  range  of  the  measurements 
(30  cps  -  16  kc). 

The  constants  of  the  theoretical  expression  for  boiling  noise  are 
obtained  by  comparing  the  noise  to  the  signal  obtained  in  a  velocity  field 
of  known  turbulence.  The  resistance  variation  BR/S  (rms)  due  to  velocity 
fluctuations,  6U/U  (rms),  is 


The  resistance  variation  due  to  boiling  noise  is 


The  experimental  method  of  obtaining  the  constants  K  and  is  to  place 
the  probe  in  the  water  tunnel  in  turbulent  flow  and  increase  the  electrode 
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power  P  until  the  boiling  noise  equals  the  velocity  signal.  In  this  case, 


For  convenience,  let  us  define  to  be  the  electrode  power  level  where 
this  occurs  (see  Sec.  8.4  ) 

then 


The  following  values  are  obtained  experimentally. 


and 


8 

n:  .0213 

=  7  °C 

“a 

=»  0.15 

SU 

u 

o 

II 

K 

=  3*6  X 

per  °C 


10 


-5 


It  should  be  pointed  out  that  the  value  of  K  is  extremely  sensitive  to  the 
choice  of  because  of  the  large  value  of  the  exponent  n. 

The  dependence  of  the  electrode  power,  P,  on  velocity,  U,  to  produce 
the  same  level  of  boiling  noise  is  shown  in  Figure  17.20  .  The  noise  was 
chosen  and  fixed  at  a  value  appreciably  larger  than  the  velocity  signal 
produced  in  turbulent  flow.  The  measurements  were  performed  on  the  platinum 
parallel  wire  probe  and  the  effective  frontal  area,  A  <5?^  >  was  measured 
by  the  slope  of  the  resistance  vs.  power  curve  (at  zero  power)  and  found 
to  be 


AQ>,  4.5  X  10"^  cra^  . 

The  value  agrees  with  that  expected  from  the  physical  size  of  the  electrode 
volume  (  *  l).  The  average_ temperature  rise  at  the  fixed  level  of  boiling 

noise  in  this  experiment  is  /3T  =  12  °C.  The  uniformity  of  the  electrode 
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in  this  case 


(for  20  °C  ambient  temperature)  is 


“5  “  AT 


12  °C 


max 


100  °C 


20  °C 


15  ^  uniformity 


When  boiling  noise  is  large  enough  to  mask  the  turbulent  velocity 
measiurementa,  no  visual  manifestation  of  the  boiling  process  is  observed. 
Althouf^  operation  at  hi^er  power  levels  than  this  is  of  no  interest  in 
the  detection  equipment,  it  is  of  interest  to  observe  the  locations  in  the 
electrode  volume  where  boiling  first  takes  place.  The  extreme  case  of 
boiling  effects  which  are  visible  was  studied  by  photographic  means  as 
Illustrated  in  Figure  17<  21a  to  IT.Sld  .  In  the  first  Figure  (a)  the 
electrode  power  is  zeroj  and  in  the  others  it  is  of  the  order  of  100  watts. 
Only  a  smal]  increase  in  electrode  power  is  requii*ed  to  cause  complete 
boiling  once  boiling  inception  has  been  reached.  The  flash  photos  were 
taken  with  a  time  constant  of  3  >'■  10“^  sec. 


17-3  Detection  Equipment  Experiments 

The  primary  function  of  the  detection  equipment  is  to  detect  extremely 
small  fluctuations  in  temperature,  salinity  and  velocity  of  a  flowing  conduc¬ 
ting  fluid  medium,  such  as  sea  water. 

Measurements  have  been  made  with  the  detection  equipment  described  in 
Section  16.1  to  determine  the  conductivity  and  velocity  structure  ip  a 
tub  of  thoroughly  stirred  artificial  sea  water.  The  stirring  of  the  water 
produces  the  turbulence  which  is  measured  and  also  is  effeobive  in  removing 
large  scale  conductivity  structure  by  mixing  the  exi8tl.ng  temperature  and 
salinity  structure.  The  steady-state  temperature  and  salinity  structure 
which  remains  is  produced  by  the  slow  temperature  change  of  the  total  mass 
of  water,  evaporation  at  the  surface  of  the  water,  and  dissipation  of  the 
energy  associated  with  the  mechanical  stirring  of  the  v?ater.  The  water  is 
contained  in  a  No.  1  galvanized, tub, (22  inch  diameter,  9  inch  depth)  and 
the  volume  of  water  is  3-*^  ^  10^  cni^.  Two  eye-type  electrodes  of  approx¬ 
imately  30  ohms  resistance  are  used  as  sensors  and  are  centrally  located 
in  the  water  and  separated  from  each  other  by  a  distance  of  5  cm- 
electrodes  are  placed  in  the  Jet  from  the  propeller  for  stirring  the  water 
where  the  average  velocity  is  estimated  to  be  about  10  cm/ sec.  The  conduc¬ 
tivity  structure  in  the  bub  is  believed  to  be  due  primarily  to  temper¬ 
ature  structure  rather  than  salinity  structure.  This  is  based  on  estimates 
of  the  expected  temperature  and  salinity  structure  calculated  from  the 
observed  rates  of  change  of  average  water  temperature,  water  depth  varia¬ 
tion  due  to  evaporation,  and  power  input  by  the  stirring  ii.otor. 

The  magnitude  of  the  temperature  and  velocity  structure  is  determined 
by  comparing  their  aa.soclBted  signals  with  the  known  internal  noise  signal 
of  the  detection  equipment  as  the  electrode  power  is  varied.  This  method 
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is  descrilsed  in  Section  8.5  .  The  measureraents  were  performed  In  a 
narrow  boiid  of  frequency  from  2  to  6  cps  which  was  determined  by  an 
adjustable  Kronhite  Model  33O-M  filter.  An  appreciable  amount  of  the 
measured  fluctuations  in  the  properties  of  the  water  fall  in  this  band  for 
the  existing  flow  velocity  over  the  electrodes.  Let  P-j^  be  the  power  dis¬ 
sipated  in  each  electrode  from  the  40  ko  source,  and  Pg  the  electrode 
power  from  the  3-7  me  heater  source.  The  magnitude  of  the  temperature 
structure  in  the  passband  of  interest  is  determined  by  observing  the 
detector  output  as  the  power  P-]^  is  increased  from  a  small  value  with 
Pg  =  0.  The  observed  data  is  shown  in  Figure  17.22  at  very  small  values 
of  P^  the  output  is  due  exclusively  to  the  internal  noise  of  the  detector 
(Jolmson  noise),  and  above  a  certain  value,  Pr/v>  the  output  signal  power 
varies  in  proportion  with  the  applied  electrode  power.  If /I  denotes  the 
ratio  of  the  detector  output  power  to  the  noise  output  power,  we  find  that 
(Sec.  8.5  ) 


/I  -  /  t  I 


This  expression  is  valid  provided  the  electrode  power  is  not  high  enough 
to  cause  appreciable  heating  in  the  electrode  volume.  The  value  of 
corresponds  to  the  point  where is  twice  (+3  db)  the  detector  noise.  As 
shown  in  Figure  17-22  ^  the  value  of  is  found  to  be  O.25  uw  for  the 
2-6  cps  passband  of  the  detection  equipment. 

The  measured  valxic  of  Pj^^is  used  to  establish  the  magnitude  of  the 
effective  temperature  structure  as  follows.  When  Pi  =  P-rw/  the  contribution 
of  internal  detector  noise  is  equal  to  that  due  to  temperature,  l.e.. 


(Vn) -  ^  ( temperature ) 

or 


where  these  quantities  are  defined  in  Section  8.3  .  The  electrode  power, 
is  related  to  the  voltage,  V,  applied  to  the  bridge  by 

/^zfl 

Substituting  this  expression  we  find 
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where  BT  Is  tho  effective  temperature  structure  (nns)  of  the  witer  over 
the  "bandwidth  Af.  For  an  optimum  double  element  differential  bridge, 
this  reduces  to 


/  r^kvAf- 


Substituting  the  measured  values: 


then  we  find 


=  2.5  X  10  watt 
/If  =  U  cps 

F  =1.08  (+0.3  db) 


(3  =  .0213  per  C 

kT  =  4  X  10’^^  joules  , 


6T  -  36  p  C 


The  velocity  structure  is  detennined  by  setting  the  4o  kc  power  at 
Pi  =  P-py  and  vai-ying  the  heater  power  Pg.  The  quantity /I  in  this  case  is 
(Sec.  8.5  ) 

provided  P77V  •  observed  output  is  also  shown  in  Figure  17.22 

and  may  be  used  to  determine  P^^  which  depends  on  the  magnitude  of  the 
velocity  structure.  The  measured  value  of  heater  power,  Po  =  'Pzz>  '^^ere 
the  output  power  is  doubled  (  /\  b  4)  occurs  at 


K?  •  P,  , 


which  serves  to  determine  P^  which  is  found  to  be  P^^  =  4.4  raw  for  the  2-6 
cps  band  of  the  detection  equipment. 
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The  magnitude  of  the  turbulent  velocity  fluctuations,  6U,  over  this 
band  is  found  as  follows.  When  1*2  -  temperature  and  velocity 

signals  are  equal 

(temperature)  =  (velocity) 


or 


where 


(  “  !)■ 


The  value  of  A  and  U  can  be  estimated  from  the  experimental  conditions,  or 
measured  directly  as  follows.  The  electrode  resistance  change,  AR,  la 


AR 

Ro 


=  AT 


} 


where  Re  is  the  cold  resistance  and  the  average  electrode  temperature 
St  at  electrode  power  P  is 


ar 


p 

2cAU 


Differentiating  these  relations,  «e  liud  that  tho  rats  of  change  of  elec¬ 
trode  resistance  at  zero  power. is 


The  quantities  on  the  left  are  directly  measurable.  Substituting  this 
relation  in  the  expression  for  the  rms  value  of  6U,  we  find 


where 


z<^u<St 

R 


With  the  expression  for  6T  Involving  measured  quantities  we  find 
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^  e>3 


FkrA{- 


and  for  the  measured  values 


we  find 


Ro  =  27  ohms 


(Hi  = 


O.Ul  ohm/ watt 


Pjj  =  4.4  X  10"^  watts 


.012  =  1.2 


This  measured  value  of  turbulence  over  the  band  of  interest  is  lower  than 
expected,  presumably  because  only  a  relatively  small  band  of  the  spectrum 
of  velocity  fluotuatioiis  has  been  considered. 

The  optimum  power  level,  for  detecting  the  temperature  structure 
over  the  detector  noise  and  velocity  signals  is  shown  in  Section  8.4  to 
be 

/p  p2  ys 


and  the  signal-to-noise  ratio  at  this  point  is 


For  the  measured  valxies  we  find 


=  134  pwatt 


<  ■  358 


(25  db)  . 


At  this  point  the  mlnlriiura  detectable  temperature  variation  STyo  is 


=  / 


9 


/ 


Referring  to  Figure  17.22  ,  it  is  observed  that  the  curve  with 
Pg  =  0  for  measuring  the  temperature  structure  deviates  from  the  strai^t 
line  for  electrode  power  in  the  region  of  P^^.  This  is  due  to  the 

fact  that  the  electrode  power  in  that  region  is  large  enough  to  cause 
appreciable  heating  so  that  the  detector  becomes  responsive  to  turbulence. 
If  this  effect  is  included  in  the  expression  for  /I  ,  we  find 


which  is  the  solid  curve  in  Figure  17,22  ,  and  fits  the  observed  temper¬ 
ature  data  (Pg  =  0). 

A  measurement  of  the  lifetime  of  salinity  structure  over  the  band  of 
interest  was  performed  by  dumping  a  small  volume  of  tap  water  (about 
100  cc)  in  the  tub  and  observing  the  resultant  detector  output.  Samples 
of  the  signals  obtained  are  shown  in  Figure  17.23  ;  the  bottom  trace  is 
drawn  to  show  the  average  build-up  and  decay  of  the  nalinity  structure. 

The  decay  time  constant  which  fits  the  data  best  is  about  50  sec.  The 
volume  of  tap  water  was  Injected  as  far  ns  possible  from  the  propeller 
and  electrodes,  so  that  no  s<gnal  is  observed  until  after  a  definite  time 
delay.  The  Injected  salinity  structure  is  rather  thoroughly  mixed  by 
the  time  it  becomes  measurable  by  the  sensors.  The  background  signal  present 
in  these  traces  is  due  to  the  existing  temperature  structure  in  the  water 
(36  u  °C)  which  is  25  db  above  the  minimum  detectable  temperature  with 
this  detection  equipment  (I.9  °C). 


r(.h3 


ADmroUM  NO. 


Differentiating,  we  find  at  ambient  temperature 


Comparing  these  expressions  with  the  previous  ones,  we  find 


where  it  is  understood  that  the  functions  of  ^  on  the  rlg^t  are  evaluated 
at  T  =  0 .  Define  the  dimensionless  number,  k,  such  that 


and 


The  above  formulas  are  used  to  evaluate  k  and  ^  from  the  data  for  P(t) 
of  Figure  2.7*  At  20  “C  in  35  sea  water,  we  have 

P  =  +.0212  per  °C 
=  -3.21  X  10“^  °C"^ 

^  =  +3.86  X  lO'** 

k  =  +0.856 


A- 2 


REFERENCES 
Section  2. 


(1) .  Craig,  D.N,,  Electrolytic  Resistors  for  Direct-Current  Appllcationa 

in  Measuring  Temperatures,  U,S.  Bur.  Stds.,  J.  Res.,  225-33^ 
(RP1126),  (August  1938). 

(2) .  Prausnitz,  J.M.  and  R.H.  Wilhelm,  Turbulent  Concentration  Fluctuations 

Through  Electrical  Conductivity  Measurements,  Rev.  Sci.  Instru. ,  27 < 
191+1-43,  rilovember  1956). 

(3) .  Wenner,  F.,  Smith,  E.H.  and  F.M.  Soule,  Apparatus  for  the  Determination 

Aboard  Ship  of  the  Salinity  of  Sea  Water  by  the  Electrical  Conduc¬ 
tivity  Method,  U.S.  Bur.  Stds.,  J.  Res.,  711-32,  Research  Paper 
No.  223,  (1930). 

(4) .  Schleicher,  K.E.  and  A.  Bradshav,  A  Conductivity  Bridge  for  Measure¬ 

ment  of  the  Salinity  of  Sea  Water,  Conseil  perm.  int.  Explor.  Mer, 

J.  du  Conseil,  9-20,  (1956). 

(5) .  Jacobson,  A.W.,  An  Instrument  for  Recording  Continuously  the  Salinity. 

Temperature,  and  Depth  of  Sea  Water,  Trans.  Am.  Inst.  Elec.  Engrs., 

62,  714-22,  (1948)'. 

(6) .  Paquette,  R.O.,  Salinometers .  Physical  and  Chemical  Properties  of  Sea 

Water,  Publication  6OO,  National  Academy  of  Sciences  -  National 
Research  Council,  (1959)*  Pg*  128-31 

(7) .  Paquette,  R.G.,  A  Modification  of  the  Wenner-Smith-Soule  Salinity 

Bridge  for  the  Determination  of  Salinity  in  Sea  Water,  University 
of  Washington,  Dept,  of  Oceanography  Tech.  Kept.  No.  61,  Ref.  No. 

50-14,  (1958). 

(8) .  Hersey,  J.R.,  Electronics  in  Oceanography.  Advances  in  Electronics 

and  Electron  Pliysics,  Vol.  IX,  Academic  Press,  (1957)* 

(9) .  Lange,  N.A.,  Handbook  of  Chemistry,  9th  ed.,  Handbook  Publishers, 

Inc.,  (1956).  pg.  12o8-9 

(10) .  Robinson,  R.A,  and  R.H-.  Stokes,  Electrolyte  Solutions ,  2nd  ed., 

Butterworths  Scientific  Publications,  {1959)*  pg.  87-98 

(11) .  Thomas,  B.D.,  Thompson,  T.G.  and  C.L.  Utterbaok,  The  Electrical 

Conductivity  of  Sea  Water,  Conseil  Perm.  Intern,  p.  1 'Explor. 
de  la  Mer,  Jour,  du  Conseil,  £,  28-35,  (1934). 

(12) .  Electrolytic  Conductivity  Measurements,  Leeds  and  Northrup  Company, 

Catalog  EN-95,  (1953). 


R-1 


Section  3- 


(1) .  Reference  Data  for  Radio  Engineers.  International  Telephone  and 

Telegraph  Corp.,  4th  ed. ,  (1957)*  pg.  766 

(2) .  Von  Hlppel^  A.R.,  Dielectrics  and  Waven,  John  Wiley  and  Sons, 

(1954).  pg.  176-77 

(3) .  Saxton,  J.A.  and  J.A.  Lane,  Electrical  Properties  of  Sea  Water, 

Wireless  Engineer,  22,  269-75^  (October  1952). 

(4) .  Sverdrup,  H.U.,  Johnson,  M.W.  and  R.H.  Fleming,  The  Oceans, 

Prentice-Hall,  (1942).  pg.  l42 

(5) .  Siemens,  C.W.,  On  the  Increase  of  Electrical  Resistance  in 

Conductors  with  Rise  of  Temperature  Etc.,  Proc,  Roy.  Soc.  London, 
12,  351,  (1871). 

(6) .  Callendar,  H.L.,  On  the  Practical  Measurement  of  Temperature,  Phil. 

Trans . ,  ( London ) ,  178,  l60,  (1887).  '  ^ 

(7) .  Ling,  Sung-Ching,  Measurements  of  Flow  Characteristics  hy  the  Hot- 

Film  Technique,  Doctoral  Dissertation  Series  Puhlioatlon  No. 

12-905>  State  University  of  Iowa,  (1955). 


(8).  Corrsin,  S. ,  Extended  Ap 

pllcatinr.c  of  the  Hot-VJire  Anemometer 

Rev.  Scl.  Instru.,  4 

69-71,  (July  1947). 

(9).  Hinze,  J.O.,  Turbulence ,  McGraw-Hill  Book  Company,  (1959). 
pg.  112-16 


(10) .  Mueller,  E.F. ,  Precision  Resistance  Thermometry,  in  Temperature  - 

It's  Measurement  and  Control  in  Science  and  Industry,  Reinhold 
Publishing  Corporation,  (l94l).  pg.  162-79 

(11) .  Lion,  K.S.,  Instrumentation  in  Scientific  Research,  McGraw-Hill 

Book  Company,  (1959) •  pg.  154  ^ 

(12) .  Eggers,  H.R.,  Brueckenschaltungen  zur  Temperaturmessung  mlt 

Wlderstandsthermometern,  Archiv,  fuer.  Tech.  Messen,  J  222-1,  n  117 
p  T  39 -4b^  '(March  194l ) . 

(13) .  Geyger,  W. ,  Arch.  Tech.  Messen,  V  2166-2,  (l93l). 

(ill).  Schneider,  R.,  Messung  klelner  Temperaturdlfferenzen  mlt  der 
Hltzdrahtbrucke,  Arch.  F.  Teen.  Messen  V  212-3>  Lieferrmg  237, 
pg.  217-220,  (October  1955). 


R-2 


Section  4. 


(1) .  Eckart,  C.,  An  Analysis  of  the  Stirring  and  Mixing  Procesaes  In 

Incompressible  Fluids,  J.  Marine  Research,  7;  266-75, ( 1948 ) . 

(2) .  Dickson,  L.E.,  New  First  Course  in  the  Theory  of  Equations,  John 

Wiley  and  Sons,  (19^5). 


Section  5. 

(1) .  Thomas,  C.C.,  ‘Ihe  Measurement  of  Gases,  J.  Franklin  Inst.,  172, 

iHl-60,  (November  19II). 

(2) .  Rein,  H.,  Die  Thermo-Stromuhr,  Zeit.  fur  Biologie,  87,  39^-^l8, 

(1928). 

(3) .  Craig,  D.N.,  Electrolytic  Resistors  for  Direct-Current  Applications 

in  Measuring  Temperatures,  U.S.  Bur.  Stds.,  J.  Research,  21,  225-33, 
(RP112^)  (August  1938)'. 

(4) .  Cleverdon,  W.S.L.,  Can  the  Velocity  of  Water  be  Measured  by  Passing 

an  Electric  Current  Through  It^ ,  Scientific  American,  Supplement 
No.  2144,  (3  February  1917)* 

(5) -  Boyer,  M.C.,  The  Measurement  of  Velocity  of  Flowing  Water  by  Elec¬ 

trical  Methods,  Master's  Thesis,  State  University  of  Iowa,  (July 

IMT. 

(6) .  Boyer,  M.C.  and  E.M.  Lonsdale,  The  Measurement  of  Low  Water.  Velocltiea 

by  Electrolytic  Means,  Proc.  3r<i  Midwestern  Conf.  Fluid  Meoh.,  Unlv. 
of  Minnesota,  '455-82,  (1953). 

UN  •  \ .  1  *  t-i  -I  J  m  \t .  *  .  :a  ■  jet.  .. 

AIChE  J.,  4,  338-3^2,  (September  195S). 

(8).  Agar,  J.N.,  '.Diffusion  and  Convection  at  Electrodes,  in  Electrode 

Processes,  Disc.  Faraday  Soc.,  Qurney  and  Jackson,  (1947).  pg. 26 

(9).  Levich,  B.,  The  Theory  of  Concentration  Polarization,  in  Electrode 

Processes,  Disc.  Faraday  Soc.,  CJumey  and  Jackson,  (1947).  pg.  37 

(10).  Kolthoff,  I<M.  and  J.J.  Lingane,  Polarography,  Interscience  Pub¬ 
lishers,  (1952). 

(11).  Esklnazi,  S.,  Turbulence  Measurement  In  Electrically  Conducting 
Fluids,  Physics  of  Fluids,  1,  161-62,  (I958TI 

(12).  Delahay,  P. ,  New  Instrvanental  Methods  in  Electrochemistry,  Inter- 
science  Publishers,  (1954). 


R-3 


Section  5- 


(13).  Hinze,  J.O.,  Turbulence ,  McSraw-Hill  Book  Coripsuiy,  (1959)-  PS* 
73-122 


(14) .  Kovasznay,  L.S.G.,  Turbulence  Measurements .  in  High  Speed  Aero¬ 

dynamics  and  Jet  Propulsion,  Vol.  9;  Sec.  P,  213-85,  Princeton 
Univ.  Press,  (195*0. 

(15) .  Burgers,  J.M. ,  Hitzdrahtmessungen .  in  Handbuch  der  Experimental- 

physik,  Vol.  4,  Pt.  1,  pg.  637-67]  Wien-Harms,  (1931). 

(16) .  Kovasznay,  L.S.G.,  Turbulence  Measurements ,  Applied  Mechanics 

Reviews,  1^,  pg.  375-78,  (June  1959)* 

(17) .  Romano,  J.B.  and  A.  Kivnick,  Bibliography  on  Hot-Wire  Anemometry, 

Univ.  of  Illinois  Engineering  Experiment  Station,  TO  11  (1952). 

(18) .  Jacobs,  U.,  Arch.  tech.  Messen,  V  II6-3,  (January  1954)  and  V  ll6-4, 

(February  195*i-)* 

(19) .  Weber,  L.,  Schrlften  Naturwiss,  Ver.  Schleswig-Holstein.,  2,  313> 

(1894). 

(20) .  Oberbeck,  A.,  Ueber  die  Abkuhlende  Wirkung  von  Luftstromen.  Ann. 

d.  Phys.  u.  Chem. ,  56 .  397 .  ( 1895 ) » 

(21) .  King,  L.V.,  On  the  Convection  of  Heat  from  Small  Cylinders  In  a 

Stream  of  Fluid,  Phil.  Trane.  Roy.  Soc.  I.ond.  (A)  21*f,  14,  37^432, 

(22) .  Dryden,  H.L.  and  A.M.  Kuethe,  The  Measurement  of  Fluctuations  of  Air 

Speed  in  Turbulent  Flow,  NAOA  TR  No.  329/  (1928). 

(23) .  Dryden,  H.L.  and  A.M.  Kuethe,  The  Measurement  of  Fluctuations  of  Air 

Speed  by  the  Hot-Wire  Anemometer,  NACA  TR  320,  (1929). 

(24) .  Ziegler,  M.,  The  Construction  of  a  Hot-Wire  AiTemometer  with  Linear 

Scale  and  Negligible  Lag,  Proc.  Konlnkl.  Ned.  Akad.  Wetenschap., 

11,  3,  (1934). 

(25) .  Simmons,  F.G.,  Shielded  Hot-Wire  Anemometer  for  Low  Speeds.  J.  Sci. 

Instru.,  407-11,  (1949)* 

(26) .  Kovasznay,  L.S.G.,  The  Hot-Wire  Anemometer  in  Supersonic  Flow.  J. 

Aero.  Sci.,  No .  9 »  (1950) •  *" 

(27) .  Richardson,  E.G.,  Two  Hot-Wire  Viscosimeters,  J.  Sci.  Inst.,  6, 

337-43,  (November  I929T 


Section  5* 


(28) .  Ling,  Sung-Ching,  Measurements  of  Flow  Characterlatlca  ty  the  Hot- 

Film  Technique,  Doctoral  Dissertation  Series  Publication  No.  12-905, 
State  University  of  Iowa,  (1955 ). 

(29) .  McAdams,  W.H.,  Heat  Transmission,  3rd  ed. ,  McGravr-Hill  Book  Company, 

(I95i^).  pg.  - 

(30) .  Kramers,  H.,  Heat  Transfer  from  Spheres  to  Flowing  Media,  Physica, 

12,  61-80 j  (June  1946). 

(31) .  Davis,  A.H.,  Convective  Cooling  of  Wires  in  Streams  of  Vlacous 

Liquids ,  Phil.  Mag.,  Series  6,  47,  1057-92,  (June  192k-). 

(32) .  Richardson  (1929).  See  Reference  (27). 

(33) .  Burgers  (l93l).  See  Reference  (15). 

(3U).  Plret,  E.L.,  James,  W.  and  M.W.  Stacy,  Heat  Transmission  from  Pine 
Wires  to  Water,  Ind,  Sng.  Chem.,  IO98-IO3,  (19W). 

(35) .  Richardson,  E.G.,  Measurements  of  Water  Flow  and  Pressure  Set  Up  by 

Ships  in  Motion.  Trans.  North-East  Coast  Inst.  Engrs.  and  Ship- 
builders,  Vol.  64,  Pt.  6  (discussion),  pg.  273-88,  (April  19^8); 
also  Pt.  7  May /June  (1948)  p  Dl4l-4. 

(36) .  Macovsky,  M.S.,  The  Measurement  of  ^rbulence  in  Water,  David  Taylor 

Model  Basin  Report  67O,  (October  194S). 

(37) .  Breslin,  J.P.  and  M.S.  Macovsky,  Effects  of  Turbulence  Stimulation 

on  the  Boundary  Layer  and  Resistance  of  a  Ship  Model  as  Detected  by 
Hot  Wires,  David  Taylor  Model  Basin  Report  724,  (August  1950)* 

(38) .  Middlebrook,  G.B.  and  E.L.  Piret,  Hot-Aneinometry  -  Solution  of  Some 

Difficulties  in  Measureivient  of  Low  Water  Velocities,  Ind.  Eng.  Chem., 

42,  1511,  (1950). 

(39) .  Marui,  H.  and  S.  Matsubara,  Application  of  the  Hot-Wire  Measurement 

to  Water  Current,  Bull.  Fac.  Engng.,  Yokohama  Nat.  Univ. ,  2,  15-21, 
(March  1953). 

(40) .  Richardson,  E.G.,  Apparells  a  fll  ^aud,  Institut  de  Mecanlque  des 

Fluides  de  I'Unlveraite  de  Paris,  (l954), 

(41) .  Hubbard,  P.G.,  Constant  Temperature  Hot-Wire  Anemometry  with  Ap¬ 

plication  to  Measurements  In  Water,  PhD  Thesis,  University  of  Iowa, 
(June  1954). 


R-5 


Ijection.  3- 


(42) .  Ling  (1955).  See  Reference  (20), 

(43) .  Stevens,  R.G.,  Borden,  A.  and  P.E.  Strausser,  The  Develo-pment  of  a 

Hot  Wired  Turbulence  Sensing  Element  for  Use  In  Water,  Eavid  Taylor 
Model  Basin  Report  No,  953^  195^  )• 

(44) .  Ling,  S.C.  and  P,G.  Hubbard,  The  Hot-Film  Anemometer;  A  Mew  Device 

for  Fluid  Mechanics  Research,  J.  Aero  Sci. ,  23,890-1,  (September 

i95^y^ 

(45) .  Patterson,  A.M. ,  Development  of  a  Hot-Wire  Instrument  for  Ocean 

Turbulence  Measurements ,  Tech.  Memo.  5T-2,  Pacific  Naval  Lab., 
Esquimalt,  B.C.,  (December  1957). 

(46) ,  Borden,  A.,  Time  Constants  and  Frequency  Response  of  Coated  Hot- 

Wires  Used  as  Tui-bulence -Sensing  Elements,  Hydrodynamics  Lab., 
David  Taylor  Model  Basin  Report  952,  (June  195T)- 


Section  6. 

(1) .  Lion,  K.S.,  Instrumentation  in  Scientific  Research,  MoQraw-Hill 

Book  Company,  (1959)*  pg.  120-3 

(2) .  Elrod,  H.O.,  Jr.,  and  R.R.  Pouse,  An  Investigation  of  Electro¬ 

magnetic  Flowmeters,  Trans.  ASME,  7^.  569/  (1952) 

(3) .  Grossman,  L.M.  and  A.F.  Charwatt,  Measurement  of  Turbulent  Velocity 

Fluctuations  by  Method  of  Electromagnetic  Induction,  Rev.  Sci. 

Inst.,  22,  741-7,  (1952). 

(4) .  Creeth,  J.M.,  Electrokinetlc  Effects ,  from  Electrical  Phenomena  at 

Interfaces,  J.A.  Butler,  Ed.,  Methuen  and  Co.,  (l95l)-  Pg-  75-101 

(5) .  Harnwell,  G.P.,  Principles  of  Electricity  and  Electromagnetism. 

2nd  ed.,  McGraw-Hill  Book  Co.,  (1949)-  PS-  106 

(6) ,  Delahay,  P.,  New  Instrumental  Methods  in  Electrochemistry,  Inter¬ 

science  Publishers,  IncT)  (195^)*  Chapter  9 

(7) .  Nemst,  W.,  Z.  Physlk,  Chem. ,  47,  52,  (1904). 

(8) .  Agar,  J.N.,  Diffusion  and  Convection  at  Electrodes,  in  Electrode 

Processes,  Disc.  Faraday  Soc,,  Gurney  and  Jackson,  (1947)*  P8*  26 

(9) .  Levich,  B.,  The  Theory  of  Concentration  Polarization,  in  Electrode 

Processes,  Disc.  Faraday  Soc.,  Gurney  and  Jackson,  (1947).  pg.  37 


R-6 


Section  6. 

(lO).  Harnwell  (19^9) •  See  Reference  (5). 


pg.  307 


(11) .  Rotlnson,  R.A.  and  R.H.  Stokes,  Electrolyte  Solutions,  2nd  ed., 

Butterworths  Scientific  Publications,  (1959)-  Pg*  97-9 

(12) .  Thomas,  B.D.,  Thompson,  T.G.  and  C.L.  Utterhack,  The  Electrical 

Conductivity  of  Sea  Water,  Conseil  Perm.  Intern,  p.  I'Explor.  de  la 
Mer,  Jour,  du  Conaell,  g,  28-35,  (193*+). 

{13).  Sverdrup,  H.U.,  Johnson,  M.W.  and  R.H.  Fleming,  The  Oceans,  Prentice- 
Hall,  (1942).  pg,  68 

(14) .  Adams,  L.H.  and  R.E.  Hall,  The  Effect  of  Pressure  on  the  Electrical 

Conductivity  of  Solutions  of  Sodium  Chloride  and  of  Other  Electrolytes, 
J.  Physical  Ohem.,  2l49-63,  (l93l). 

(15) .  Fox,  F.E.,  Herzfeld,  K.F.  and  G.D.  Rook,  The  Effect  of  Ultrasonic 

Waves  on  the  Conductivity  of  Salt  Solutions,  Physical  Review,  70, 
329-40,  (September  1  and  15,  1946). 

(16) .  Tlie  Oceans  (1942).  See  Reference  (13).  pg.  8l 

(17) .  The  Oceans  (1942).  See  Reference  (13).  pg.  69 


Section  7* 

(1) .  Guggenheim,  E.A.,  Thermodynamics,  North  Holland  Publishing  Co., 

(1950). 

( 2 )  .  Eckart ,  C . ,  Properties  of  Water,  Part  II.  The  Biiuatlons  of  State  of 

Water  and  Sea  Water  at  Low  Temperatures  and  Pressures,  Amer.  Journ. 
of  Scl.,  256.  223-40.  (April  1958). 

(3) .  O.S.  Navy  Hydrographic  Office,  Tables  for  Sea  Water  Density,  H.O. 

Pub.  No.  615,  U.S.  Navy  Hydrographi c  Office ,  ( 1952 ) . 

(4) .  Sverdrup,  H.U. ,  Johnson,  M.W.  and  R.H.  FlemlnK,  The  Oceans,  Prentice- 

Hall,  (1942).  Chapter  VI 

(5) .  Handbook  of  Chemistry.  9th  ed..  Handbook  Publishers,  Inc.,  (1956). 

pg,  804 

(6) .  Bridgeman,  P.W.,  Dimensional  Analysis,  Rev.  Ed.,  Yale  University  Press, 

(March  1931)-  pg.  36  ff 

(7) .  Dorsey,  N.E.,  Properties  of  Ordinary  Water  Substance,  Amer.  Chem. 

Soc,,  Monograph  Ser.  No.  8I,  The  Relnhold  Publishing  Corporation, 

(1940). 


Section  7- 


(8) .  Handbook  of  Chemistry  and  PhyalcB,  Vol.  38 j  Chemical  Rubber  Pub. 

Co.,  (1956-57). 

(9) .  American  Institute  of  Physics  Handbook,  McGraw-Hill  Book  Co.,  (1957 )• 

(10) .  Handbook  of  Chemistry  (1956).  See  Reference  (5). 

(11) .  Thorae.s,  B.D.,  Thompson,  T.G.  and  C.L.  Utterback,  Tlie  Electrical 

Conductivity  of  Sea  Water,  Conseil  Perm.  Intern,  p.  I'Bxplor.  de  la 
Mer,  Jour,  du  Conaen^  2>  28-35,  (193^^)- 

(12) .  Foilak,  M.J. ,  The  Uae  of  Bleetrlcal  Conductivity  Measurements  for 

Chlorlnity  Determination,  J.  Marine  Research,  13,  228-31j  C195*<-). 

(13) .  The  Oceans  (1942).  See  Reference  (4).  pg.  51 

(14) .  Saxton,  J.A.  and  J.A.  Lane,  Electrical  Properties  of  Sea  Water, 

Wireless  Engineer,  269-75>  (October  1952). 

(15) .  National  Academy  of  Sclences-National  Research  Council,  Physical 

and  Chemical  Properties  of  Sea  Water,  NAS-NRC  Publication  600, 

(1959). 

(10) .  Knudsen,  M. ,  Ijydrosraphical  Tables,  G.E.C.  Gad,  Copenhagen,  (I9OI). 

(17) *  Cox,  R.A.  and  N.D.  Smith,  The  Specific  Heat  of  Sea  Water,  Roy.  Soc. 

Proc.,  51-62,  (August  1959;. 

(18) .  The  Oceans  (1942).  See  Reference  (4).  pg.  69 

(19) .  .Standard  S-peclflcatlons  for  Subatltive  Ocean  Water  ASTM  Designation; 

D  1141-52,  of  Manual  on  Industrial  Water  and  Industrial  Waste  Water, 
2nd  ed.,  (1959).  Pg-  398 

(20) .  The  Oceans  (1942).  See  Reference  (4).  pg.  185 

(21) .  May  and  Black,  Synthetic  Ocean  Water,  Naval  Research  Laboratory 

Report  P-29O9,  (August  1946). 

(22) .  Robinson,  R.A.  and  R.H.  Stokes,  Electrolyte  Solutions .  2nd  ed., 

Butterworths  Scientific  Publications,  (1959).  pg.  463,  466,  467 

t 

(23) .  Chambers,  J.F.,  Stokes,  J.M.  and  R.H.  Stokes,  Conductances  of  Con¬ 

centrated  Aqueous  Sodium  and  Potassium  Chloride  Solutions  at  25^, 
Jour,  of  Physical  Chemistry,  60,  985-6,  (July  1956). 


R-8 


Section  7' 


(21+).  Chambers,  J.F. ,  The  Conductance  of  Concentrated  Aqueous  Solutions 

of  Potassium  Iodide  at  23'^  and  of  Potassium  and  Sodium  Chlorides  at 
30'*',  Jour,  of  Physical  Chemistry,  62,  1136-13,  (September  19$8). 

(25) .  Shedlovsky,  T.,  The  Electrolytic  Conductivity  of  Some  Unl-Uniyalent 

Electrolytes  in  Water  at  25'-',  Jour.  Amer.  Chem  Society,  51+,  ll+ll-’sB, 
(April  1932). 

(26) .  International  Critical  Tables,  Volume  VI,  (1929).  pg.  233 

(27) .  International  Critical  Tables,  Volume  III,  (1929).  pg.  79 

(28) .  Cooper,  R.,  The  Electrical  Properties  of  Salt  Water  Solutions  Over 

the  Frequency  Range  1-400  Mc/s,  Journal  of  the  Institution  of  Eleo~ 
trlcal  Engineers,  2^,  Part  III,  69-75,  (March  I9I+6). 

(29) .  Hasted,  J.B.,  The  Dielectric  Properties  of  Water,  in  Progress  in 

Dielectrics,  Vol.  3,  Blrks,  J.B.  and  J.  Hart,  Editors,  John  Wiley 
and  Sons,  (1961).  pg.  103-1+9 

(30) .  Von  Hlppel,  A.R,,  Dielectric  Materials  and  Applications.  Published 

Jointly  by  The  Technology  Press  of  M.I.T.  and  John  Wiley  and  Bona, 

(1951^).  PS.  361 

(31)  •  International  Critical  Tables,  Volume  V,  (1929).  pg.  67 

(32) .  International  Critical  Tables,  Volume  V,  (1929).  pg.  15 

(33) .  Hasted,  J.B.,  Rltson,  D.M.  and  C.H.  Collie,  Dielectric  I^opertles 

of  Aqueous  Ionic  Solutions,  J.  Chem.  Pi+ys.,  lo,  1,  (ig^S). 

(31*).  International  Critical  Tables,  Volume  V,  (1929).  pg.  229 

(35) .  Hobinson  and  Stokes  (1959).  See  Reference  (22).  pg.  515 

(36) .  American  Public  Health  Association,  Standard  Methods  for  Examination 

of  Water  and  Waste  Water,  11th  ed.,  American  labile  Health  Association, 

(1960).  pg.  34-5,  Il5-l6 

(37) .  Rossum,  J.R.,  Conductance  Method  for  Checking  Accuracy  of  Water 

Analyses,  Analytical  Chemistry,  21,  631,  (19^9). 

(38) .  Wilcox,  L.V.,  Electrical  Conductivity,  J.  American  Water  Works 

Association,  42,  775,  (1950). 

(39) .  Manual  on  Industrial  Water  and  Industrial  Waste  Water,  ASTM  Special 

Technical  Publication  No.  148-D,  2nd  ed. ,  (1959),  (Tentative  Method 
of  Test  for  Electrical  Conductivity  of  Industrial  Water,  pg.  3^5, 

D  1125-59T). 


Section  7‘ 

(40) .  Rotlnson  and  Stokes  (1959)-  See  Reference  (22).  pg.  463-5 

(41) .  Robinson  and  Stokes  (1959) •  See  Reference  (22).  pg.  45? 

(42) .  Handbook  of  Chemistry  and  Physics  (195^~57).  See  Reference  (8). 

pg.  1982 

(43) .  Handbook  of  Chemistry  and  Physics  (1956-57).  See  Reference  (8). 

pg-  2079 

(44) .  American  Institute  of  Physics  Handbook  (1957).  See  Reference  (9). 

pg.  4-70 

(45) .  Saxtonj  J.A.,  Electrical  Properties  of  Water,  Wireless  Engr.,  26, 

288,  (1949). 

(46) .  International  Critical  Tables,  Volume  III,  (1929).  pg.  233 

(47) .  Jones,  0.  and  B.C.  Bradshaw,  The  Measurement  of  the  Conductance  of 

Electrolytes.  V.  A  Redeter^nation  of  the  Conductance  of  Standard 
Potassium  Chloride  Solutions  in  Absolute  Units,  J.  Amer.  Chem.  Soo., 
1780,  (1933). 

(48) .  International  Critical  Tables,  Volume  VI,  (1929).  pg-  254 

(49) .  The  Oceans  (1942).  See  Reference  (4).  pg.  106  ff.  Charts  III  to 

IV 

(50) .  The  Oceans  (1942).  See  Reference  (4).  pg.  74l 

(51) .  Kuiper,  G.P.,  The  Earth  as  a  Planet  -  The  Solar  System  II,  University 

of  Chicago  Press,  (1954).  pg.  215 

(52) .  Eckart,  C.,  An  Analysis  of  the  Stirring  and  Mixing  Processes  in 

Incompressible  Fluids,  J.  Marine  Research,  266-75,  (1948). 

(53) -  Wheelon,  A.D.,  Spectrum  of  Turbulent  Fluctuations  Produced  by 

Convective  Mixing  of  Gradients,  Physical  Review,  105,  1706-10, 

(March  1957)- 

(54) .  Wheelon,  A.D.,  J.  Geophys.  Res.,  6^,  854,  (1958). 

(55) .  Lieborraann,  L.,  The  Effect  of  Temperature  Inhomogeneltles  in  the 

Ocean  on  the  Propagation  of  Sound.  J.  Acoustical  Soc.  of  Am.,  23. 
563-70,  (September  1951)! 


R-10 


Section  7‘ 


(56) .  Urick,  H.J.,  Pharo,  L.C.  and  E.  Skudrzyk,  A  New  Method  for  Measur- 

InR  the  Thermal  Microstructure  of  the  Sea,  Trans.  Am.  Geophys. 
Union,  237-40,  (April  1958). 

(57) .  Batchelor,  G.K.,  The  Theo^  of  Homogeneous  Turhulence,  Cambridge 

at  the  University  Press,  (l953).  Chapter  VI 

(58) .  Hinz.e,  J.O, ,  Turbulence,  McGraw-Hill  Book  Co.,  (1959)*  PR.  I8I- 

204 

(59) *  Proudman,  J.,  Dynamical  Oceanography,  John  Wiley  and  Sons,  (I9l33)< 

(60) .  KtiausSj  J.A.,  All  Estimate  of  the  Effect  of  Turbulence  in  ttie  Ocean 

on  the  Propagation  of  Sound,  Jour.  Acoustical  Society  of  America, 
(May  I95S). 

(61) .  Pochapsky,  T.E,,  An  Estimate  of  Turbulent  Velocities  in  the  Ocean. 

Hudson  Labs.,  Columbia  U.  Tech.  Kept.  No.  ^7,  AD  2l4  felL,  (March 

1959). 


Section  9. 

(1) .  Morse,  P.M.  and  H.  Feshbach,  Methods  of  Theoretical  Physics, 

Part  II,  McGraw-Hill  Book  Co.,  (l953).  pg.  1261 

(2) .  Watson,  G.N.,  Bessel  Functions,  Cambridge  University  Press,  (1922), 

pg-  390 

(3) -  Byrd,  P.F.  and  M.D.  Friedman,  Handbook  of  Elliptic  Inte^als  for 

Engineers  and  Physicists,  Springer-Verlag/'^orlin,  (19547-  pg- 
164,  Formula  No.  282.01 

(4) .  Smythe,  W.R.,  Static  and  Dynamic  Electricity,  McGraw-Hill  Book  Co., 

(1950).  pg.  203,  Prob.  No.  39 

(5) -  Morse  and  Feshbach  (1953)-  See  Reference  (1).  pg.  1300 

(6) .  Smythe  (1950).  Seo  Reference  (4).  pg.  121-2 

(7) -  Burfoot,  J.C.,  Probe  Impedance  in  the  Electrolytic  Tank,  Brit. 

J.  Appl.  Phys.,  6,  67-8,  (February  1955). 

(8) .  Hobson,  E.W,,  The  Theory  of  S^iherlcal  and  Ellipsoidal  Harmonics, 

Cambridge  at  the  University  Press,  (1931)-  pg-  451,  433 


B-11 


Section  9. 


(9).  Bateman,  H.,  Partial  Differential  Equation  of  Mathematical  Phyalca, 
Cambridge  University  Press,  (l959)-  PS- 

(10) .  Morse  and  Feshbach  (l953)-  See  Reference  (1).  pg.  ia6l,  I3OI 

(Part  II) 

(11) .  Smythe  (1950).  See  Reference  (4).  pg,  90 

(12) .  Smythe  (1950),  See  Reference  (4).  pg.  109,  Prob.  No.  58 

(13) .  Kober,  H.,  Pictionary  of  Conformal  RepreaentationB.  Dover  Publi¬ 

cations,  (1957). 

(14) .  Smythe  (1950).  See  Reference  (4).  pg.  114 

( 15 )  .  Hartive!.!.,  G. P. ,  Principles  of  Electricity  and  Electromagnetism. 

2nd  cd , ,  Irea^iar-Hill  Book  Co . ,  ( 1949 ) .  pg.  42 

(16) .  Morse  and  Feshbach  (1953).  See  Reference  (l).  pg.  1210 

(17) .  Gyring,  C.F.,  Mackeovn,  S,S,  and  R.A.  Millikan,  Fields  Currents 

from  Points,  Physical  Review,  (May  1928). 

(18) .  Butler,  J.A.V.  (Ed.),  Electrical  Phenomena  at  Interfaces.  Misthuen, 

(1951). 

(19) .  Randles,  J.E.B.,  Kinetics  of  Rapid  Electrode  Reactions,  in  Elec¬ 

trode  Processes,  Disc.  Faraday  Soc.,  Guraey  and  Jackson,  (1947)- 
pg.  11 

(20) .  Glasstone,  S.,  Laldler,  K.L.  and  H.  Eyring,  The  Theory  of  Rate 

Processes,  McGraw-Hill  Book  Co , ,  ( 1941 ) . 

(21) .  Grahame,  D.C.,  Electrode  Processes  and  the  Electrical  Double  layer. 

Annual  Review  of  Physical  Chemistry,  6,  337-58»  (1955)' 

(22) .  Jones,  0.  and  S.M.  Christian,  The  Measurement  of  the  Conductance  of 

Electrolytes.  VI.  Galvanic  Polarization  by  Alternating  Current, 

J.  Amer.  Chem.  Soc.,  57.  272,  (1935 

(23) ,  Robinson,  R.A.  and  R.H.  Stokes,  Electrolyte  Solutions .  2nd  ed., 

Butterworths  Scientific  Publications,  (1959)- 

(24) ,  Kortum,  G.  and  J.O'M.  Bockris,  Textbook  of  Electrochemistry, 

Vols.  I  and  II,  Elsevier  Publishing  Company,  (1951)* 


R-12 


Section  9- 


(25) .  Bockrls,  J.O'M.,  Modern  Aspects  of  Electrochemistty ,  New  York 

Acadeinjc  Press,  ( 195^ ) . 

(26) .  Falkenhagen,  H. ,  Electrolytes,  Oxford  Univ.  Press,  (193^)* 

(27) .  Named,  H.S.  and  B.B.  Owen,  The  Physical  Chemistry  of  Electrolytic 

Solutions,  3rd  ed.,  Heinhold  Rib.  Corp.j  (1956). 

(28) .  Faraday  Society,  Electrode  Processes,  Discussion  No.  1,  Gumey  and 

Jackson,  (19^7). 

(29) .  Delahay,  ?,,  Hew  Instrvaiental  Methods  in  Elecirochemlstry,  Inter- 

science  Publishers,  (1954). 

(30) .  Gupta,  S.R.  and  G.J.  Mills,  Precision  Electrode-Less  Conductance 

Cell  for  Use  at  Audiofrequen^es,  Ct.  Sci.  Instru. ,  33T~3l3-14, 
(1958). 

(31) .  Calvert,  R.,  Cornelius,  J.A.,  Griffiths,  V.S.  and  D.I.  Stock, 

The  Determination  of  the  Electrical  Conductivities  of  Some 
Concentrated  Electrolyte  Solutions  by  Using  a  Transformer  Bridge, 

J.  Phyii.  Chem.,  62  ,  47>53',  (1958). 

(32) .  Blake,  Q.G.,  Conduct Ime trie  Analysis  at  Radlo-Freauency .  Chemical 

Publishing  Co.,  (l952). 

(33) .  Delahay  (195^).  See  Reference  (29).  Part  III  by  C.N.  Rellley 

(34) .  Regel,  A.R.,  Electrodeless  Method  of  Measuring  Electrical  Conduc* 

tlvity  and  Possibilities  for  Its  Use  in  Physlochemlcal  Analysis,'*' 
Zhur.  Neorg.  Khim. ,  1,  1271-S,  (1956). 

(35) .  Ester son,  G.L.,  The  Induction  Conductivity  Indicator,  The  Johns 

Hopkins  Univ.,  Chesapeake  Bay  Inst.  Tech.  Rept.  XIV,  Ref.  No.  57"3> 

(1957). 

( 36 )  .  Harwell ,  K. E . ,  Radio  Frequency  Salinity  Instrument.  Model  E.  Agric . 

and  Mech.  College  of  Texas,  Dept,  of  Oceanography,  Tech.  Rept.  IV, 

(195)+). 

(37) .  Harwell,  K.E.  and  A.J.  Druce,  Wien  Bridge  and  Twln-T  Salinity 

Instruments ,  Agric.  and  Mech.  College  of  Texas,  Dept,  of  Oceanog¬ 
raphy,  Tech.  Rept.  V,  (l95^). 

(38) .  Pritchard,  D.W.,  The  In  Situ  Measurement  of  "Salinity”  With  the 

Induction-Conductivity  Indicator,  Physical  and  Chemical  Properties 
of  Sea  Water,  National  Acadeny  of  Sciences  -  National  Research 
Council,  Pub.  6OO,  (1959)-  Pg-  1*16-31+ 


R-13 


Section  9. 


(39) .  Huebner,  Gr.L.,  Note  on  Radio  Freq.ueney  Salinity  Measuring  Equipment 

at  Texas  and  M.  College,  Physical  and  Chemical  Properties  of 
Sea  Water,  National  Academy  of  Sciences  -  National  Research  Council, 
Pub.  600,  (1959)-  pg.  155 

(40) .  Schlemer,  S.W.  and  D.w  Pritchard,  An  Induction  Conductivity  Temper¬ 

ature  Indif'°^~or.  Tech.  Report  XXV,  Chesapeake  Bay  Inst.,  Johns 
Cniv. ,  (1961). 

(41) .  Musha,  S.,  Continuous  Measurement  of  the  Salinity  of  Sea  Water  by 

a  Hlgh-Prequency  Apparatus,  J.  Chem-  Soc.  Japan,  Pure  Chemistry 
Section,  77»  140-4,  (1956).  (In  Japanese). 

(42) .  Welsby,  V.G.,  The  Theory  and  Design  of  Inductance  Coils,  John  Wiley 

and  Sons,  (l^SoY. 

(43) .  Lion,  K. S.,  Instrumentation  in  Scientific  Research.  McGraw-Hill 

Book  Co.,  (19591^^  pg.  120-3 

(44) .  Borden,  A.,  Time  Constants  and  Frequency  Response  of  Coated  Hot 

Wires  Used  as  Turbulence-Sensing  Elements.  David  Taylor  Model  Basin 
Report  952,  (June  1957)* 

(45) .  Evans,  U.R.,  The  Corrosion  and  Oxidation  of  Metals t  Scientific 

Principles  a<tu  Practical'’ApplicatlonB,  Edward  Arnold  Publishers, 

(19^0). 

(46) .  Wernick,  S.  and  R.  Pinner,  The  Surface  Treatment  and  Finishing  of 

Aluminum  and  Its  Alloys,  2nd  ed. ,  Robert  Draper  Publisher,  (1959)- 

(47) .  Von  Hlppel,  A.R.,  Dielectric  Materials  and  Applications,  The 

Technology  Press  of  M.I.T.  and  John  Wiley  and  Sons',’  (^954). 

pg.  181 

(48) ,  Reference  ^ta  for  ^dlo  Engineers,  International  Telephone  and 

telegraph  (Jof^.,  4th  ed.,  (1?57)'  pg-  62-71 

(49) .  Jones  0.  and  S.M.  Christian,  The  Measurement  of  the  Co.cduotance  of 

Electrolytes.  VI .  Qn.lvanic  Polarization  by  Alternating  Current, 

J.  Amer.  Chem.  Soc.,  97,  272,  (1935). 

(50) .  Einstein,  P.A. ,  Factors  Limiting  the  Accuracy  of  the  ElectroLvtic 

Plotting  Tanks,  Brit.  J.  Appl.  Phys. ,  2,  49-55,  (1951). 

(51) .  Thiele,  R.  and  J.  Himpan,  The  Choice  of  Electrode  Materials  for 

Field.  Mapping  in  Electric  Tanks,  (in  German),  Die  Telefunkenrohre , 
Vol.  10,  56-57,  (1940). 


Section  9. 


(52) .  Shipley,  J.W.  and  C.P  Goodeve,  The  Law  of  Alternating  Current 

Electro3.y8ia  and  the  Electrolytic  Capacity  of  Metallic  Electrodes, 
Amer  Electroehem.  Soc.,  'jZ,  3T9~^02,  (1927). 

(53) .  Jones,  G.  and  G.M.  Bollinger,  The  Measurement  of  the  Conductance  of 

Electrolytes  III.  The  Design  of  Cells.  J.  Am.  Chem.  Soc.,  53, 

411-451  (1931). 

(54) .  Jones,  G.  and  D.M.  Bollinger,  The  Measurement  of  the  Conductance  of 

Electrolytes.  VII.  On  Platlnlzatlon .  J.  Amer.  Chem.  Soc.,  57, 

2B0-4,  (1935).  ■ 

(55 ) •  Ives,  D.J.G.  and  J.H.  Pryor,  The  Conductometric  Evolution  of  the 

Ionisation  Functions  of  the  Monohalogenoacetlc  Acids ,  J.  Chem.  Soc., 
pg.  2104-14,  (1955)'. 

(56) .  Feates,  F.S.  and  D.J.G.  Ives,  Ionization  Functions  of  Cyanoacetlc 

Acid  in  Relation  to  the  Structure  of  H9O  and  the  Hydration  of  Ions 
ana  toiecuies,  J.  Chem.  Soc.,  pg.  4796-61!^,  U950J.  — — — — 

(57) .  Kuipers,  P.G.,  Hew  Developments  in  the  Field  of  Electrolytic 

Conductivity  Measurements,  in  Instruments  and  Measurements,  Vol.  1, 
Academic  Press  Publishers,  (196I).  pg.  420-6 

(58) .  Ellas,  L.  and  H.I.  Schiff,  J.  Phys.  Chem.,  60,  595,  (1958). 

(59) .  Brody,  O.V.  and  R.M.  Fuobs,  Dipping  Electrodes  for  Precision 

Conductimetry,  J.  Phys .  ChemT,  w,  177,  (3.956^ • ' 


Section  10. 

(1) ,  Smythe,  W.R.,  Static  and  Dynamic  Electricity ,  McGrav-Hlll  Book 

Co.,  (1950).  pg.  44o,""231,  2iB 

(2) .  Hamvel.1,  G.P.,  Principles  of  Electricity  and  Electromafsietism, 

2nd  ed. ,  McGraw-Hill  Book  Co . ,  ( I949 ) .  pg-  341,  585 

(3) .  Hamwell  (1949).  See  Reference  (2).  pg.  62 

(4) .  Bateman,  H.,  Partial  Differential  Equation  of  Mathematical  Physics. 

Cambridge  University  Press,  (1959).  368,  l4l 

(5) ,  V/ebster,  A.G.,  Partial  Differential  Bquat ions  of  Mathematical  Physics 

2nd  corr.  ed.,  Dover  Publications,  (1955)-  pg.  225 


Section  10. 


(6) .  Smythe  (1950).  See  Heference  (l).  pg.  135 

(7) .  Kellogg,  O.D.,  Foundations  of  Potential  Theo^,  Dover  Putli cations , 

(1953).  pg.  I2S 

(8) .  Bateman  (1959).  See  Reference  (4).  pg.  406 

(9) -  Smythe  (1950).  See  Reference  (l).  pg.  60 

(10) .  Batemsui  (1959).  See  Reference  (4).  pg.  409 

(11) .  Morse,  F.M.  and  H.  Fesh'bs.ch,  Methods  of  Theoretical  Physics .  Part 

II,  McGraw-Hill  Book  Co.,  (1953).  pg.  1206 

(12) .  Morse,  P.M.  and  H.  Feshhach,  Methods  of  Theoretical  Physics,  Part 

I,  McGraw-Hill  Book  Co.,  pg.  766 

(13) .  Watson,  G.N.  ,  Bessel  Functions,  Csimbrldge  University  Press,  (1922). 

pg.  401,  Section  13.4.  NOTE:  K(x)  =  |  F  ||  ;  |  :  1,  . 

Differentiate  this  formula  with  respect  to' either  constant  parameter. 

(14) .  Vfateon  (1922).  See  Reference  (ij).  pg*  39u 

(15) .  Smythe  (195O).  See  Reference  (l).  pg.  233 

(16) .  Lord-  Rayleigh,  B.,  The  Tlieory  of  Sound,  Volume  II,  Dover  Publi¬ 

cations,  (1945).  Appendix  A,  pg.  ltS7-91 

(17) .  Daniell,  P.J.,  The  Coefficient  of  End-Correction  (I),  Phil.  Mag. 

20,  137-46,  (July  1915). 

(18) .  Daniell,  P.J.,  The  Coefficient  of  End-Correction  (ll),  Phil.  Mag. 

20,  248-56,  (August  1915). 

fl9).  Stratton^  J.A. ,  Electromagnetic  Theory.  McGraw-Hill  Hook  Co., 

(1941).  pg.  205 

(20) .  Milne -Thomson,  L.M. ,  Theoretical  Hydrodynamics.  4th  ed. ,  The  Mac¬ 

Millan  Co.,  (i960).  pg.  496 

(21) .  Robinson,  R.A.  and  R.H.  Stokes,  Electrolyte  Solutions ,  2nd  ed., 

Butterworths  Scientific  Publications,  (1959).  pg.  310-13 

(22) .  Wong,  J.H.,  Theory  of  Self-Diffusion  of  Water  in  Protein  Solutions. 

A  New  Method  for  Studying  the  Hydration  and  Shape  of  Protein  Mole¬ 
cules,  J.  Ainer.  Chetn.  Soc.,  76,  4755,  (195^). 


R-16 


Section  10. 


(23) .  Fricke,  H.,  The  Maxwell -Wagper  Dlstierslon  in  a  Suspension  of 

Ellipsoids,  Jour,  of  Phji'sieal  Chemlstiy,  57 1  93^-7.  (December 
1953)^ 

(24) .  Frlcke,  H.,  Electric  Conductivity  of  &  Suspension  of  Homogeneous 

Spheroids .  Physical  Review,  24,  575-^7 t  (November  1924). 

(25) .  Smythe  (1950).  See  Reference  (l).  pg.  208,  No.  80  to  84 

(26) .  Byrd,  P.E.  and  M.D.  Friedman,  Handhook  of  Elliptic  Integrals  for 

Engineers  and  Physlclsta,  Springer-Verlag,  (l95^)- 

(27) .  King,  L.V.,  On  the  El.ectrlcal  and  Acoustical  Conductivities  of 

Cylindrical  Tubes  Bounded  hy  Infinite  Flanges ,  Philosophical 

Mag.,  l4o,  (193<5). 

(28) .  Einstein,  P.A.,  Factors  Limiting  the  Accu^cy  of  the  Electrolytic 

Plotting  Tanks,  Brit.  J.  Appl.  ^ys.,  2,  49-55,  (l951)*  The 
F-factor  of  this  Reference  Is  the  inverse  of  that  in  this  Report. 

(29) .  Jones,  G.  and  S.M.  Christian,  The  Measurement  of  the  Conductance 

of  Electrolytes.  VI.  Galvanic  Polarization  hy  Alternating  Current, 

.1.  Amer.  Chem.  Soc.,  272,  (1935)- 

(30) .  Agar,  J.N.  and  T.P.  Hoar,  The  Influence  of  Change  of  Size  In 

Electro- Chemical  Systems,  in  Electrode  Processes,  Disc.  Faraday 
Soc.,  Gurney  and  Jackson,  (1947).  pg.  15B 

(31) .  Kupradze,  G.D.,  Polarization  Phenomena  While  Measuring  the  Resist¬ 

ance  of  Electrolytic  Conductors  In  Conditions  of  Nonunlform  Sym¬ 
metrical  Electrical  Field,  (Trudy  Gruzin.  Polltekh.  Inst. )  1954, 

No.  35,  163-8;  Referat.  Zhur.  Klilin.  1955,  A’obtr.  No.  54716.  (Also 
Chem.  Ahs.,  51-70  1,  52,  3.958). 

( 32 )  .  Kaaaner,  L .  I . ,  Compulativn  of  1/he  Current  Dlntrihutlon  on  Electrodes 

by  Means  of  Confomi  Images,  (Inst.  Soviet  Trade,  Kharkov),  Zhur. 

Fiz.  Khira.  Vol.  30,  pg.  .1760-6,  (1956).  (Also  Chem.  Abs.,  11127  F, 
11,  3957). 


Section  11. 


(1).  Mi3,ne-ThomsQn,  L.M. ,  Theoretical  Hydrodynamics.  4th  ed. ,  MacMillan 
Company,  (i960).  pg.  456 


R-17 


Section  11. 


(2) ..  Dryden,  H.L. ,  Murna^an,  F.P.  and  H.  Bateman,  Hydrodynamic  a , 

Dover  Putlications,  (1932).  pg.  78-83 

(3) .  Milne-Thomaon  (i960).  See  Reference  (l),  pg.  Ill 

(4) .  Courant,  R.,  Differential  and  Integi'al  Calculus,  Interacience 

Pu-blishera,  Vol.  I,  (l94Ti.  pg.  291 

(5) .  Grobner,  W.  and  N.  Hofreiter,  Integraltafel,  Unbestlnniite  Integrale, 

Vol.  I,  2nd  ed. ,  Springer-Verlag,  (1957}.  pg.  66,  No.  241-133 

(6) .  Birkhoff,  Q.  and  E.H.  Zarantonello,  JetB,  Wakea,  and  Cavities , 

Academic  Preas,  (1957)-  PB*  7 

(7) .  Von  Karman,  Th.,  Berechnung  der  Druckvertellung  an  Luftschlffkorpern, 

Abh.  Aerodyn,  Inst.  Aachen7  6:1,  (I927),  Berlin,  Julius  Springer. 
Translated  in  Nat.  Advisory  Comn.  Aeronautics,  Tech.  Memo  No.  574, 
(1930)  and  Bereehnung  der  Druckvertellung  an  Luftschiff-Kbrpem, 

Abh.  aus  dem  Aerodynamlachen  "Jnst7~der^ Tech.  Huchschulen  Aachen. 

Heft.  7,  S  3-17- 

(8) .  Schllchting,  E.,  Boundary  Layer  Theory.  4th  ed.,  McQraw-Hill  Book 

Co.,  (i960).  pg.  185-7 

(9) .  Prossling,  N.,  Evapox^ation,  Heat  Transfer,  and  Velocity  Distribution 

In  Two-Dlmenslonel  and  RotatlonalJy  Symmetrical  Laminar  Boundary- 
Layer  Flow,  NAPA  TO  1432.  (February  19583. 

(10) .  Glauert,  M.B.  and  M.J.  Llghthill,  The  Axi symmetric  Boundary  Payer 

on  a  Long  Thin  Cylinder,  Royal  Soc.  of  London,  230,  l6{i-203,  (1955)* 

(11) .  Schllchting  (i960).  See  Reference  (8).  pg.  450-1 

(12) .  Iamb,  H.,  Hydrodynaml cs ,  6th  ed. ,  Dover  Publications,  (1932)> 

pg-  7 

(13) .  Schllchting  (i960).  See  Reference  (8).  pg.  146-55 

(14) .  Schllchting  (i960).  See  Reference  (8).  pg.  4l6 

(15) .  Prandtl,  L.  and  0.0.  Tietjens,  Applied  Hydro-  and  Aeromcchanlen , 

Vol.  II,  Dover  Publicatione,  (19^).  PB-  iSB 

(16) .  Karplus,  W.J.,  Analog  Simulation,  McQraw-Hill  Book  Co.,  (1958). 

Chapter  6 


R-18 


Section  11. 


(17) .  Pierce,  J. ,  Hess,  J.L.  and  A.M.O.  Smith,  Velocity  Distributions 

and  Shapes  for  Free  Streajnline  Bodies  Having  Wedge -Shaped  Noses, 
Douglas  Aircraft  Company  Report  No.  ES  29123,  AD  206  Sh2,  (August 

1958). 

(18) .  Ling,  Sung-Ching,  Measurements  of  Flow  Cl.'^acterlstlcs  by  the  Hot- 

Film  Technique,  Doctoral  Dissertation  Series  ^'’hlication  No.  12-905 > 
State  University  of  Iowa,  (1955 )< 

(19) .  Schllchting  (i960).  See  Reference  (8).  pg.  l44 

(20) .  Schllchting  (i960).  Gee  Reference  (8).  pg.  412,  455 


Section  12. 

(1) .  Bira,  R.B.,  Stewart,  M.E.  and  E.N.  Lightfoot,  Transport  Phenomena, 

John  Wiley  and  Sons,  (i960).  pg.  315 

(2) .  Schllchting,  H.,  Boundary  Laver  Theory,  4th  ed.,  McOraw-Hill  Book 

Co.,  (i960).  pg.  288-92 

(3) .  Carslaw,  H.S.  and  J.C.  Jaeger,  Conduction  of  Heat  in  Solids,  2nd 

ed.,  Oxford  University  Press,  (1959T 

(4) .  Morse,  P  M.  and  H.  Feshhach,  Methods  of  Theoretical  Physics,  Part 

II,  McGraw-Hill  Book  Co.,  (19537^  piTTsSC 

(5) .  Ling,  S.,  MchsurementB  of  Flow  Characteristics  by  the  Hot-Film 

Technique,  Doctoral  Disa.  Scries  Puhllcation  No.  12-905,  State 
University  of  Iowa,  (1955). 

(6) .  Ford,  R.,  Differential  Equations,  2nd  ed. ,  McGraw-Hill  Book  Co., 

(1955).  PS-  77 

(7) .  Schllchting  (i960).  See  Reference  (2).  pg.  II9 

(8) .  McAdams,  W.H. ,  Heat  Transmission,  3rd  ed. ,  McGraw-Hill  Book  Co., 

(1954).  pg.  230 

(9) .  Drew,  T.B.,  Trans.  Am.  Inst.  Chem.  Engrs.,  26,  (l93l)- 

(10) .  Toor,  H.L.,  Heat  Transler  in  Forced  Convection  with  Internal  Heat 

Generation,  AlChE  J.  4,  319-23>  (Septemher  1956). 

(11) .  Topper,  L.,  Chem.  Eng.  Scl.,  13,  (1956). 

(12) .  Chamhre,  P.L. ,  The  Laminar  Boi..ndary  Layer  with  Distributed  Heat 

Sources  or  Sinks,  Appl.  Scl.  Res.  Section  A,  6,  393-^01,  ( 195^ ) • 


R-i9 


Section  13. 


(1) .  Hinze>  J.O.,  Turtiulence ,  McGraw-Hill  Book  Co.,  (1959)"  PB-  219-36 

(2) .  Batchelor,  G.K. ,  The  Theo^  of  Homogeneous  Turbulence,  Cambridge 

at  the  University  Press,  (1953)-  Chi^ter  6 

(3) .  Prandtl,  L.  and  O.G.  Tietjens,  Fundamentals  of  Hydro-and  Aero¬ 

mechanics,  Dover  Publications,  ( 1957 ) •  Pc-  ^9-77 

(4) .  Davenport,  W.B.,  Jr.  and  W.L.  Root,  Random  Signals  and  Noise, 

McGraw-Hill  Book  Co.,  (1958). 

(5) '  Uberoi,  M.S.  and  L.3.G.  Kovasznay,  On  Mapping  rnd  Measurei^nt  of 

Random  Fields,  Quart.  Appl.  Math.,  375 >  (January  1953 ) 

(6) .  Tsien,  H.S.,  Engineering  Cybernetics,  McGrav;-Hlll  Book  Co.,  (l95^+)> 

pg.  20,  127 

(7) .  Schllchting,  H. ,  Boundary  Layer  Theory,  4th  ed. ,  McGraw-Hill  Book 

Co.,  (i960).  pgrsnT 

(8) .  Kamke,  E.,  Differentlalglelchungen  Losungsmethoden  und  Losungen, 

3rd  ed . ,  Chelsea  Publishing  Co. 7  (19^)*  pg.  ^75 

(9) .  Darwin,  C.G.,  Note  on  Hydrodynamics.  Proo.  Camb,  Phil.  3oc., 

342,  (1953)- 

(10) .  Lighthlll,  M.J.,  Drift,  Jour.  Fluid  Mech.,  1,  31-53^  (1956). 

(11) .  Schllchting  (i960).  See  Reference  (7).  pg.  116-21 


Section  l4. 

(1) .  Dryden,  H.L.  and  A.M.  Kuethe,  The  Measurement  of  Fluctuations  of 

Air  Speed  by  the  Hot-V/ire  Anemometer,  NACA  TR  320 f  ( 1929 )  • 

(2) .  l.iberol,  M.S.  and  L.S.G.  Kovasznay,  On  Mapping  and  Measurement  of 

Random  Fields,  Quart.  Appl.  Math.,  375 >  (January  1953). 

(3) .  Dryden,  H.L.,  Schubuuer,  G.B.,  Mock,  V/.C.,  Jr.,  and  H.K.  Skramstad, 

Measurements  of  Intensity  and  Sca.'..e  of  Wind-Tunnel  Turbulence  and 
Their  Relation  to  Critical  Reynolcs  Number  of  Spheres,  NACA  No. 

581,  (1937). 

(4) .  Ziegler,  M.,  A  Complete  Arrangement  for  the  Investigation,  the 

Measurement  and  the  Recording  of  Rapid  Airspeed  Fluctuations  with 
Very  Thin  and  Short  Hot  Wires,  Proc.  Koninkl.  Ned.  Akad.  Wetenschap. , 
^,  663,  (1931). 


R-20 


Section  l4. 


(5) -  Carslaw,  H.S.  and  J.C.  Jaeger,  Conduction  of  Heat  In  Solids, 

2nd  ed. ,  Oxford  at  the  Clarendon  Press,  (1959)* 

(6) .  Lighthill,  M.J.,  llie  Response  of  Laminar  Skin  Friction  and  Heat 

Transfer  to  Fluctuations  in  the  Stream  Velocity,  Proc.  Roy.  Soc.  A, 
224.  1-23,  (1954). 

(7) .  Rott,  N.  and  M.L.  Rosenzweig,  On  the  Reanonse  of  the  Laminar 

Boundary  Layer  to  Small  Fluctuations  of  the  Free-Stream  Velocitjir, 

J.  Aeorspace  Sciences,  27,  74l-7>  (Octoher  1966). 

(8) .  Glauert,  M.B.,  The  Laminar  Boundary  Layer  on  Oscillating  Plates 

and  Cylinders,  J.  Fluid  Mech.,  1,  97*110>  (l95^)- 


Section  15. 

(1) .  Hague,  B.,  Alternating  Current  Bridge  Methods,  5th  ed.,  Sir  Isaac 

Pitman  and  Sons,  (1957). 

(2) .  Hague  11957).  See  Reference  (l).  pg.  75 

(3) .  Hague  (1957).  See  Reference  (l).  pg.  559-62 

(4) .  Seletzkj-.  A.C.  and  L.A,  Zurcher,  Sensitivii,y  of  the  Four-1^ 

Bridge.  Elec.  Fng. ,  723-8,  (1939^ 

(5) .  Heaviside,  0.,  On  the  Best  Arrangement  of  Wheatstone's  Bridge 

for  Measuring  a  Given  Resistance  with  a  Given  Galvanometer  and 
Battery,  Phil.  Mag.  ,'^,nDJ7'Wf3y^ 

(6) .  Rayleigh,  Lord,  On  the  Gensitlveness  of  the  Bridge  Method  in  its 

Application  to  Periodic  Electric  Currents,  Proc.  Roy.  Soc.,  42, 

203-17,  {1891)^ 

( 7 )  .  Goodwin ,  R  D . ,  Design  of  Simple  Resistance  Thermometer  Bridges  fof 

Wide-Range  Control  at  Low  Temperatures,  Rev.  Sci.  Instrum. , 
497-500,  (June  1958) 

(8) .  Murray,  W.M.  and  P.K.  Stein,  Lectures  on  Strain  Gage  Techniques, 

Presented  at  the  Department  of  Engineering,  University  of  Calif¬ 
ornia  at  Los  Angelos,  (August  1957). 

(9) .  Freeman,  J.J.,  Principles  of  Noise,  John  Wiley  and  Sons,  (1958)* 

pg.  217-23 

(10).  Van  der  Ziel,  A.,  Noise,  Prentice-Hall,  (195*+).  PS-  ^-9 


R-21 


Section  15 • 


(11). 

(12). 

(13) . 

(14) . 

(15) . 

(16) . 

(17) . 

(18) . 

(19) . 

(20) . 
(21). 

(22). 

(23) . 

(24) . 

(25) . 


Hoadley,  G.B.,  The  Science  of  Balancing  an  Impedance 
Journal  Franklin  Inst.,  22B,  733-54,  U939).  ~ 

Kupfmuller,  K. ,  Ueher  die  Konvergenz  der  BruekenraesaverfRVvar. 

E-U.M.,  204-8,  (1933).  - - ' 

Hague  (1957).  See  Reference  (l).  Pg-  297-303 

Poleck,  H.,  Die  Abglei chkonvergenz  1361  WechBel3trom-MoRan^}i-T.j..i,--P 
Arch.  f.  Tech.  Mess.,  J90-3>  PS-  1-4,  (October  1951)“.  - - 

Hague  (1957).  See  Reference  (l).  pg.  585 

Frils,  H.T.,  Moise  Figures  of  Radio  R^gg.lYgrs,  Proc.  IRE,  32  419.2s 

(July  1944).  — '  ■’ 

Bennett,  W.R.,  Electrical  Noise,  McGraw-Hill  Book  Co.,  (i960). 

pg.  165-8 

Harris,  W.A.  Fluctuations  In  Vacuum  Tube  Amplifiers  anH 

Systems .  RCA  Rev.,  I,  505-24,  (April  1941);  6,  115-24,  ( July''l94l). 

Van  der  Zlel,  A. ,  Fluctuation  Phenomena  in  Seml-Cpndn>.tr.^p 
Academic  Pres.s  Inc.,  (IsWT-  Chapter  5  — ' 

Van  der  Ziel  (1954).  See  Reference  (10).  pg,  258-61,  209.18 

Langford-Smith,  F,,  Radlotron  Desiaaer' s  Handbook.  4th  ed. .  (iqi?^^ 

pg.  694-99  '  ^ 

Edson,  W.A.,  Vacuum-T  .he  Oscillators,  John  Wiley  and  Sons  (los?) 

pg.  374-80  "  '  ^ 


Laurence,  J.C.  and  L.G.  andes,  Auxiliary  Eaulpment  and  Technlauen 
for  Adapting  the  Constanv -Temperature  Hot-Wli-e  Aneniometw>.  . 

Problems  in  Air-Flow  Measurements,  NACA  TN  2843,  (Novenniar  195^. 


Ossofsky,  E.,  Constant  Temperature  Operation  of  the  Hot-w..  Anemcm. 
eter  at  High  Frequency,  Rev.  Scl.  Instru. ,  j^,  (PeeamhoT. 

1948). 


Von  Hippel,  A.R.,  Dielectrics  and  Waves,  John  Wiley  and  Sons 
(1954).  pg.  3 


R-22 


Section  IT- 


(1) .  Schiichting,  K.,  Boundary-  I^a^^erjn^c 

Co.,  (i960).  pg.  10-11 

(2) .  Schiichting  (i960).  See  Reference  ( 

(3) .  Schiichting  (i960).  See  Reference 

(4) .  Schiichting  (i960).  See  Reference  v 

(5) ,  Laufer,  J.,  The  Structure  of  Turbul; 

Flov^  NACA  Repcrti  117'+,  (195.^  )• 

(6) .  Hinze,  J.O.,  Turbulence,  McGraw-Hil.' 

pg.  520-33 


Best  Available  Copy 


R-23 


